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SscTioif A —Mathsuaticj.l dND PaiaicAL Scisscss 

DiscuBtion on the Eledncal Stale of the Upper Atmosphere 
(March 4, 1926 ) 

Sir EbUBSt Rdthkbfokd Dunng the last few years there have been a 
number of new lines of attack bearing on the problem of the constitution and 
electrical state of the upper atmosphere The work of Lindemann and Dobson 
on falling meteors has suggested that the pressure of the upper atmosphere 
calculated on the ordinary theory is seriously m error, and they conclude that 
the atmosphere above the isothermal layer of temperature about 220" A rises to 
about 300" A For heights of the order of 100 km the pressure may be 10 to 
100 times the ordmary calculated value If these deductions are valid they must 
be taken into account in considering the amount of ionization at various hmghta 
due to the sun's rays, and of the ionisation due to the very penetrating radiation 
in Ae atmosphere brought to light recently by the work of Kolhdrster and 
Millikan 

Th^ IS stiU some doubt as to the origin of this radiation, the intensity of whieh 
inoreasos with height above the earth It may be, as Prof C I R Wilson has 
suggested, that it is of terrestrial rather than of cosmical ongin, and may be 
due to the high velocity electrons and consequent radiation which should be 
present m strong electncsl disturbances like thunderstorms No donbt the 
ionization m the upper levels is much increased by the " auroral ” rays which 
extend down to about 100 km above the earth 

The presence of a conducting region in the atmosphere, which on modern views 
IS to be ascribed to ionization, has been postulated by Schuster and by Chapman 
in explanation of the diurnal variation of the earth’s magnetism The passage 
of riectnoal waves round the earth early indicated the necessity of assuming 
a oonduchng or " Heaviside ” layer, as it has been termed, in the upper atmo- 
sphere Thu view was given defimtcncBS by the work of Ecclos and others who 
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showed thftt ionised gnaes could refract and absorb eleotnoal waves pasting 
through them This aspect of the question has been recentlj developed by Sir 
Joseph Larmor who has shown that the long free path of the elrotrona in the 
upper atmosphere is of paramount importance in producing scattering and 
refraction of radio-waves He has estimated that a comparatively sparse dis- 
tribution of ions would be sufficient to bend the rays round the earth These 
calculations have been followed in the last year by new and successful expen- 
menta by Prof Appleton and Barnett and by Rose and Barfield, who have 
obtamed convincing evidence that the waves are reflected or refracted at night 
time by a region m the upper afmosphcrc about 80 km in height for waves of 
about 400 metres in length These important observations have brought to 
light that the downeomiug rays show marked polarization, effects no doubt 
connected with the action of the earth’s magnetic field on the motion of the 
free electrons m the effective layer 

The question ansos whether the effei ta observed at mgbt can be explained 
by the ionization of the upper atmosphere due to the penetrating rays and 
tfaa auroral rays Taking into account that at low pressures the electron haa 
a long hfo before being attached to a molecule and also the very slow recombina- 
tion of the ions, the equilibnum number of ions in the upper atmosphere due to 
the penetrating radution may easily amount to 10,000 per cubic centimetre or 
even higher It thus seems as if the lomzation observed at night is of the right 
order of magmtude to fall m with the general observations of reflection or 
refraction of electrical waver at high altitudea, and may be of a magmtude also 
to ezplam the variations of the earth’s magnetism 1 imagine the question 
18 stall tvbjvdtce whether the downooming waves from the Heaviside layer are 
due to an actual refraction of the beam or to a type of specular reflection If 
the latter be true, it seems necessary to postulate a sharp increase of the total 
number of ions per cubic centimetre at a certain level m the atmosphere The 
effioienoy of reflection will depend mainly on the number of free electrons and 
the length of their free path It may be that the actual concentration of 
electrons at night may at some points vary very rapidly with height due to the 
presence in the air of compounds formed m day tunc by the sun’a ultra-violet 
rays. While recent research has shown that electrons bberated from helium 
mttogen and oxygen have a long average life before becoming attached to a 
molecule, it la well known that small traoea of impuntiea may have a great 
influence on the average free h£e of the electron. The presenoe, for example, 
of OMne or other compounds m the air may possibly have a large effect in 
ocDMOtion If thu should prove to be the case, the amount of ozone m the 
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•tmoiphere observed by Dobson may have a direct influence on its electrical 
state 

The main discussion to my mind should centre round the following points — 

(1) The mean free path of electrons and the rate of recombination of ions 
at various heights in the upper atmosphere 

(2) The magnitude and origin of this ionisation 

(3) The amount and distribution of ionization reqmred to explam the 
observations upon downcoming eluttnc waves both as regards intensity 
and polanzation 

(4) Are the downooming electric waves due to reflection or to refraction of 
the mcident beam by an ionized layer 1 

There can be no doubt that a continuation of the direct experiments, so 
successfully begun, for studying the propagation of electric waves m oiu atmos* 
phere will give us most valuable information ujpon the subject of our discussion 

Prof S Cbapuak Direct simultaneous measures of temperature and pressure 
up to 2fi kilometres, by sounding balloons, give complete mformation as to the 
variation of pressure, density and temperature over this range The temperature 
falls m the first 10 km from 285° absolute to 220°, and then remains constant 
up to 20 or 30 km The temperature above this height was a subject 
merely for speculation until Lindemann and Dobson published them theory 
and discussion of meteors They concluded that the temperature remains at 
220° up to 60 or 00 km , after which it nses (perhaps rather rapidly) to about 
300°, which 18 its value np to about 140 km , thus at this height Uie air is 
warmer than near the ground This nse of temperature is inferred from the 
estimated densities of the air between 60 and ISO km , the density at 100 km 
being more than 10 times as great as it would be if the temperature had remamed 
at 220° Higher up the difference between the estimated density and that 
oalculated on the latter assumption is still greater The mean free molecular 
path, oaloulatod on the assumption that the air is mainly mtiogen over this 
range, moreases from about 1cm at 90 km to about 10 cm at 130 km 

Above thu level, even if the temperature were fully known, the pressure and 
dmsity could not be mferred without a knowledge of lie composition, ss to which, 
at present, there is much uncertainty In the lowest 10 km the air u 
thoroughly mixed by winds, but at some height H m the stratosphere diffusive 
separation may begin, the heavier constituents settling out so that the proportion 
ol the lighter constitnents steadily moreases upwards Up to about 100 km. 
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the pressure and density do not depend much on H, but the composition is 
largely affected by it H 20 km and H =» BO km would give very different 
results If we take H =. 20 km as a likely value, mtrogen is still the main 
constituent at 100 km , its molecules being about BO time* as numerous as 
those of oxygen and hehum Above 150 km there will be very httle oxygen, 
and such lighter gases as are present (possibly hehum and hydrogen) should be 
the mam constituents 

The question of the composition at 90 or 100 km is of interest m connection 
with the auroral spectrum The conditions there, in any case, are by no means 
those of a largo excejis of hehum, as supposed by McLennan and Shrum in 
their discussion of the auroral spectrum The auroral spectrum shows that 
nitrogen and oxygen (accepting the identification of the green auroral Imo by 
Mcl^icnnan and Shrum) are present at auroral heights At the lower auroral 
levels this is quite in accordance with expectation, but aurorte are said to appear 
up to heights of BOO km and more The evidence for this, given by StBrmer 
and Yegard, seems quite satisfactory The presence of nitrogen and oxygen 
at such levels seems exphcable only on the assumption that the atmoephere 
IS partly supported at great heights by elcctncal forces, such as were discussed 
by Atkinson m his cntacism of Vegord’s theory of the aurora If such eleotneal 
forces operate, either permanently or merely temporarily when aurora occur, 
they may have the effect of allowing the lighter gases, hydrogen and helium, 
to escape altogether , a suggestion which would, if substantiated, explain the 
rather remarkable absence of hydrogen and helium lines from the auroral 
spectrum, though a simpler explanation would be that mixing occurs up to 
auroral heights so that these gases occur only in the same minute proportions 
as m the lower atmosphere 

Another matter of interest concerning the upper atmosphere u the highly 
conductmg layer, the existence of which is indicated by the diurnal magnetic 
variation, accordmg to the theory of Balfour Stewart and Schuster The 
conductivity of the layer must be of the order 3 X 10“*, which is so great as to 
be difficult to explain But recently Appleton and Barnett have assigned 
10* as a lower limit to the number of electrons per cubic centimetre at the level, 
about 80 km high, at which wireless waves are reflected at night From this 
it appears that the specific conductivity must be at least 3 X 10"’* c g s nmts 
at this height , a layer having tius specific conductivity would require to be 
1,000 km thick to account for the total conductivity 3 X 10"* This excessive 
thickness can be reduced to a more reasonable figure, however, if the lonustum 
by day IS several times as great as by night (as the dinmal magnetw vanations 
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themselves mdicste), and if allowance is made for the increase m the mean free 
path above 100 km The downward extension of the conducting layer, by day, 
into regions where the mean free path is less than at 100 km , may not add very 
much to the total conductivity There seems no longer, however, any insuper- 
able difficulty in supposing the thickness of the conducting layer to be of the 
order of !200 or 300 km , without assuming an excessive specific conductivity 

Prof C T R Wilson Among the factors which determine the clectncal 
state of the upper atmosphere thunderstorms may be by no means the least 
important From a statistical study of the distribution of thunder storms* 
Mr C R P BrookscoDcludedthataboutl.dOOthunder-stormsareontheaverage 
in progress at a given moment, producing about 100 lightmng flashes per second 
The quantity discharged m aflushf is of the order of 20 coulombs, and the potential 
difference which causes the discharge is of the order of 10® volts Thus the power 

expended in producing lightmng by all the thunder-clouds in action at a given 
time is of the order of 10** watts or 10*® ergs per second, t e , about 1/10,000 
of the energy receiveil by the earth from the sun per second 
Not only is the elcctno power expended by thunder-clouds large, but each 
factor m the power (the current and the e m f ) has an order of magmtude which 
suggests the possibility of important effects on the electrical state cf the upper 
atmosphere 

On the one hand, there is the possibility that thunder-clouds may supply to 
the upper atmosphere an upward current sufficient to maintain the positive 
potentul difference (of the order of 10® volts as shown by measurements of the 
potential gradient in fine weather regions) which exists between the uppw 
atmosphere and the earth, and to balance the downward current which flows 
in the fine weather regions in consequence of this potential difference (of the 
order of 1000 amperes for the whole earth) 

Again the large e m f of a thunder-cloud is likely to make it act as a source of 
p-rayi and of X and y-radiations of energies ranging from 10* to 10® volts, { ».« , 
up to values exceeding the energy of the hydrogen nucleus and oorreaponding to 
the most penetrsting type of radiation that has been imagined For a particle 
of energy exceeding about 10,000 volts will, in general, gam m the strongest 
part of the field of a thunder-cloud (if moving approximately along the direction 
of the force) mrae than sufficient energy per cm to make up for that lost m 

* C. E, P, Brooks, Meteorological Offioo, ' Oeophyrioal Memoirs,' 24 
t 0 T R. WOson, ' PhU 'ftans.,' A, vol 221, p. 73 (1920) 
t 0 T. R. Wibon, ‘Proa Chmb ^ul Soo vol 32, p 934 (1025) 
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onoounten ; and when it haa acquired energy exceeding a few hundred thousand 
volts the loss of energy per cm will be of the order of 1 ,000 volts only and 
thus small compared with that derived from the Held If the acceleration not 
only of the primary p-rays but of the secondary and higher order ^-particles, 
ejected by those which have already been accelerated, bo taken into account 
it 18 easily seen that the energy spent in producing penetrating corpuscular 
and y radiation may be large — possibly approaching that which is expended 
in producing lightning discharges 

Penetrating p-rays from thunderclouds may traverse the upper atmosphere, 
and under the influence of the magnetic field re-enter the atmosphere m widely 
scattered regions, con tn bating perhaps to auroral phenomena and to the 
penetrating radiation, studied by Kolhdrater and recently by Millikan, to which 
a oosmical ongm has generally been assigned 

Sir Henry Jackson Systematic measurements of the variations in the 
mtensity and the direction of signals received from Radio telegraph stations 
have been taken for some years by skilled observers, and their analysis showed 
clearly they were subject to seasonal, diurnal and other effects, and that the 
Sun’s altitude had a great effect on them, but nothing more defimte than this 
was obtained 

However, in considering the effect of electro-magnetic waves on a wireless 
reoeiver it was deduced that the variations could be accounted for if two or more 
waves from the same source and of the same frequency reached the receiver 
simultaneously but at different phases of their oscillationB, and, for some of the 
effects in directional work, if one of them was polarised in a different plans to 
the others 

The fading effects noticed with short waves can also be attributed to the same 
causes 

The recently published work on the Kennelly-HeaviBide layer theory waa 
studied, and experiments cuned out to try if deflections and conduction by some 
such agency as this layer could be detected and measured Several observers have 
been successful in doing this, by different methods, and their colleotive reeulta, 
pnbhshsd independently, go far, I think, to establish the validity of the idea 

There ore, however, many calls upon this layer which requite consideration 
to oocount for all the varying results that ore now obtamed m Radio oonuanoi- 
cations which cannot be attributed to locality, apparatus or to personnel. 

The variations expenenced with long waves are well known, but with vejy 
short waves, say under 100 metres, another phenomenon is noticed, and. with 
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Admu«Ity peinmuion I will quote a very looent example o( thw and observe 
this i« not an effect that can be attnbated to two waves at different phases 
affecting the receiver 

A vessel on a long voyage transtmts a 12 metre wave every 4 hours and also 
other wave lengths at stated periods under a carefully organised programme 
The 12 metre signals were received by a station near her port of departure 
during the first hundred miles of her voyage then lost altogether till she reached 
1 100 miles then heard occasionally dtinng daylight up to about 4 600 miles 
then lost till she rearhed the end of her voyage 6 000 miles when a very clear 
signal was again received The small losi of signal strength if any at this dia 
tanoe is noticeable and many other observations on these short waves confirm 
this though signal strength vanes enormously but not necessanly lecreaaiiig 
much with distance A longer wave (neanng 100 metres) was received from 
the same vessel up to 1 000 miles then lost and only heard twice dunng the 
remainder of the voyage 1 hree other waves intermediate between these are 
received intermittently during some | art of tbe day and communication baa 
been maintained with these dunng the whole voyage 

Fading is often very prominent with all these short waves and at tunes double 
iadmg IS noticed \e a short ponod of small amplitude superposed on one of 
long penod with large amplitude Distortion of long dashes causing an audible 
wave of varying pitch and intensity and also the missing of short dots are 
also noticeable 

These results mdicate that the layer must exercise but bttle attenuation cm 
short waves which show small loss of enetgy m their passage along it and that 
it appears to deflect down some wave-lengths at various places some distance 
apart and others possibly at all pomts on the earth s surface and that two or 
mors waves must sometimes reach the receiver at varying and different phases 
of their oscillations to account for the extraordinary fadmg effects that are so 
often noticed with them 

It a layer that will fulfil all these functions a physical posmbility t If not, 
what u the cause of these variations ! 

Prof B V Appibton In attempting to obtain information about the eleo 
tncal state of the upper atmosphere from wueless data it » found that the 
evidenos obtained from short distance traniuniseioas is much more direct and 
much more easily interpreted than u that from transmissions over longer 
distances The reason for this is two fold In the first place, by studying the 
deviation of wireless rays through large angles by the atmosphere we tt« able 
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to ertunate very directly the electron-concentration of the lonitod layer 
Secondly, in short distance transmissions, there is, m most cases, a ground ray 
arriving at the receiving station, which, acting as a reference ray, enables 
us to study the amphtude and phase of rays reaching the receiver via the 
atipospbcre 

Dimng the last few years two expenmental methods,* specially suitable for 
investigating the upper atmosphere by means of short-distance transnuBMOns, 
have been developeil at Cambndgo The application of these methods yielded 
a direct expenmental proof of the existence of the ionised layer In the first 
type of experiment the wave-length of a transmitter was changed continuously 
through a small range, and the mtorlerenco maxima and mimma were observed 
at a receiving station 80 miles asray This experiment showed that signal 
" fading,” at such distances, was duo to the interference of two or more sets of 
waves arriving at the receiving station, and also gave an estimate of the path 
differences between them To prove that the mterfenng rays came down from 
the upper atmosphere methods of examining the electno and magnetic forces 
in the stationary wave system at the ground were employed By comparing the 
signal variations produced on a loop and on a vertical antenna at the same tune 
and place, it was possible to measure the angle at which the downoonung rays 
reach the ground From the results of such experiments we may estimate (a) the 
height of the ionised layer, (6) the relative mtensities of the ground and atmo- 
spheric rays, (e) the “ reflection (oefficient ” of the lomzod layer, and (d) the 
state of polanzatioD of the stmosphrno rays 
The study of atmosphonc mfluenoes on ultra-short wave transmission leads 
to a theoiy of imprisoned and escaping rays and wave-lengths. Due to the 
fimte electronic content of the ionized layer, wave-lengths less than a certain 
ontical value are not bent back to the earth and escape vu the atmosphere. 
Further, only oertsm rays of wave-lengths slightly higher than the minimum 
wave-length are bent back An mterpretation of these phenomena gives 10*— 
10* as the order of magmtude of the maximum number of electrons per cubw 
centuuetre m the layer 

The rays deviated by the atmosphere have been examined and found to be m 
general elUptioally pdanzed, as is to be expected according to the magneto-iomo 
theory Thu theory shows that the efiect of the earth’* msgnetic field causes 
the atmosjfiiere to act like a quartz crystal, m that rotstioa of the plane of polaii- 
xaUoD take# place for tnuumisaiOB along the axw and doable rafraotton for 
* AfiptetoD sod Bsmett, 'Nstoro,' Msmh 7, IMS) ‘Boy. Soc. Proo.,* A. tU. 10», 
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tmnamiuioti at nght anglea An exanunabon of the expressions for the refrac- 
tive index and the absorption coefficient for such cases shows, as one would 
expect, that the influence of the magnetic field is most marked when the mean 
free path of the electron is large, so that we have hero a satisfactory explanation 
of mght-time directional errors 

Thos, Bummanxing, we find that wireless phenomena demand the existence 
of an lomxed layer, the maximum electron concentration of which is 10‘— 10* 
per cubic centimetre The lomzed layer deviates very long waves by reflection, 
because theohango of coudmtivityissulHoiently sharp within a wave-length, and 
deviates short waves by magneto louio tofiaotion In the latter case, to account 
for low attenuation one must assume, a« Larmor first pointed out, that the 
frequency of the waves is less than the frequency of the electron collisions 
with the molecules Diurnal variations of wireless phenomena all seem to be 
exphoable by assuming that the under boundary of the effective stratum is 
higher at night than during the day, and higher m winter than in summer 
The evidence so far obtained indicates a day-tune under-boundary at 50 to 70 
km , which rises to 80 to 120 km at night 

Dr R L Smith-Bosg (with Mr B H BARnELs) In the March issue 
of the Proceedings of the Society* a paper was published by us which 
desonbed in some detail a theoretical and experimental investigation of wireless 
waves as received on the earth’s surface It was first of all shown in this 
paper that for waves arriving at an inclined angle to the earth’s surface, the 
directions of the electric and magnetic forces rssultiiig from the combination 
of mcideDt and reflected waves should depart from the normal directions of 
these forces m the case of waves propagated horizontally along the earth’s sur- 
face From expenments described in a previous paperf it was found that on 
wave-lengths above 1,000 metres, and owing to the high conductivity of the 
earth, these departures were so small as to make it impoesible to distinguish 
between lumaontally prop^ted waves and those smving m a downward 
direetiion Later expenments, earned out on wave-lengtiis of about 400 metres 
have, however, given more defimte and interesting results 'The results obtained 
M» dssonbed in the recent paper referred to above, and prove that at times in 
tiM adf^botirifood of sunset and m the hours of darlmsss, some of the received 
waves wen travelling in a downward direction, evidently the result of deflexion 
fran tiie upper ataiosphere Simultaneously with these expenments a method 

• 'Roy Soc Pw„’ A, vol 110. p 680 (19J6) 

t ' Roy. Soo. Proo ; A. vol 107, p. 687 (10S5) 
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of meaatinng the uwtantaneoua relative intensitiea of the electric and magnetic 
foroea at tlie ewth’a eoiface waa developed Thu method, which la very ainular 
in nature to that just deaenbed by Prof Appleton and Mr Barnett, also 
gave direct proof of the exiatence of downoonung waves A combination of 
these experiments provided several methods of measuring the angle of incidence 
uid relative intensities of these waves, and these were found to give mutually 
consistent results In an example cited in the paper, the angles of incidence 
vaned from 13° to 34°, and the latter value is shown to correspond to a height 
of deflecting layer of about 88 km which is in good agreement with the results 
of other investigators The intensity of the downcoming waves was found to 
be of the same order as the direct wave along the earth's surface which was 
received simultaneously 

Further mvestigation on this matter is desirable since it will undoubtedly 
lead to a greater knowledge of the physics of the upper atmosphere WiUi 
the object of obtaining more definite results we propose to carry out 
experiments with a concentrated beam of radiation projected at defimte angles of 
inmdenoe towards the upper atmosphere, and to locate and investigate the 
deflected waves on their return to the earth’s surface Practical considerations 
necessitate that this work should be earned out on shorter wave-lengths, and 
the prdunmary expenmental work u already m progress 

Prof W H EociJts Preceding speakers having marshalled the available 
evidence for the Heaviaide layer, it may be moat useful for me, while agreeing 
broadly with the conclusions drawn from that evidence, to refer to some other 
points of view and other agencies For mstance, in connection with wireless 
phenomena at short distances from the transmitting station, the dimmutioa 
of the density of the air with increase of height, which causes the lower atmo- 
sphere to act as a prism with its bass on the ground, taken together with 
difrracticm, must not be ignored Considet a source from which eleotno waves 
of length 20 metres, 600 metres and 20,000 metres are being simultaneously 
emitted, and consider especially the raye emitted horuontally Up to distances 
of 100 km. all these waves can be detected by an oidinaiy aenal—beyond 
that distance the 20 metre waves vimish but the others remain perceptible 
This, I suggest, indicates diffraction of the longer waves, as is sujqiorted by the 
feet that an aenal cm a high mast or hill can detect the abort waves paaung aloft 
like the beam of a searchlight I want to suggest also that variations of signal 
strength at these short dutanoes may be due to variations m or movemeats of 
the lower atmosphere. (The well-known vertical osmllations of pilot balloons 
at a height of 10 km suggest movements of the air ) 
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Bejond 100 lun in daylight the 20 metre iignale are oomidetely loet the 
others are continuously perceptible It has been found (r 7 by Hollingworth) 
that after falling off with distance the long wave signals increase up to a distance 
of 400 km Here it seems that the lonired atmosphere is aiding diffraction and 
the pnsmatio action At 700 km the lost 20 metre signals reappear though the 
tangent plane through the source passes 100 km above This suggests that the 
honsontal rays from the source have followed a trajectory perhaps only W km 
m height at its apev and now grace the ground again Rays starting with an 
upward angle from the source would on this view descend to earth at greater 
distances and perhaps at graeing incidence These possibilities have caused me 
to remain unconvmced by Prof Appleton a use of the skip of short waves 
to deduce the maximum electron density at a sharply defined Heanside surface 
nearly 100 km high This possible explanation bv aid of non intersecting 
and gradually bending trajectories of varying height demands cmsiderable 
thickness in the Heaviside layer It is perhaps in disaccord with Sir Joseph 
Laimor s recent review of an old theory for ho appears to doubt ionic tiending 
m the lower atmosphere and supports the whispering gallery view which 
assumes the formation of a thin caustic layer of radiation in the sky 

The preceding remarks refer to daytime propagation At mght the 20 metre 
waves make a larger skip say 4 000 miles and are poked up at all distanoee 
beyond the 600 metre waves are picked up at all distances to 13 000 miles and 
the 20000 metre waves go everywhere Measurements are available on the 
medium wave lengths and show that m the great fluctuations of strength beyond 
2 000 miles Uie maxunura may exceed the strength calculated for a perfectly 
conducting flat earth with a non absorbing atmosphere This seems one of the 
best proofs of the existence of the Heaviside layer for otherwise we must believe 
that the earth u flat 

Dr 0 H B Dobson The evidence obtained from radio telegraphy indicates 
that the upper atmosphere at a height of some 130 to 80 km is oonsidetably 
ionized or may contam a moderate number of free electrons We shall see 
that there is evidence of an entirely different nature which supports such a 

view 

Large numbers of meteors have been observed by Mr Denning and his 
asiooiatea If the frequency with which meteors appear at any height be 
examined, it u found that the most frequent height for a meteor to appear 
IS about 110 km and the number decreases regularly above and below this 
kvcl When, however the height of disappearance is plotted we find that the 
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msin maximum oocun at 80 fem. but that a secondary maximum also ocoors at 
46 km , with a region between 60 km and 60 km , where very lew meteors 
disappear Any errors of observation would tend to smooth out this minunum 
frequency, and that its existence is shown at all is an indication of the aocuraoy 
of ^e observations All the meteors dealt witii are of similar character, and 
there is no evidence that the two maxima are due to two types of meteor 
The only suggestion which would seem to account for thia type of frequency 
curve is that the atmosphere above and below CO km is dilTeient From other 
oonaidetations of meteor ohservations, we have evidence that while the air up 
to 60 Ifm has a temperature of about 220° A , that above 60 km has a much 
higher temperature The observed minimum of frequency may be explamed 
by this change of temperature 

We know that or one is formed from oxygen by the action of ultra-violet 
light of wave-lengths shorter than about 1800 A, so that we should expect 
that It would be fonned in the upper layers of the atmosphere by sunhght 
Owing to the rapid absorption of these short waves, it is probable that the ozone 
would be formed chiefly at a height of about 60 km. 

Prof Lmdemaiin has pointed out, thatwhUe other constituents of the atmos- 
phere arc nearly transparent to the wave-lengths emitted by the sun, and have 
absorption bands only m the infra-red, ozone has absorption bands both in 
the visible and ultra-violet regions, and hence it« radiation eqmhbnum tem- 
perature will be relatively high Thus we should expect the highest layers of 
the atmcMphere where ozone is present to be wanner than those below, as has 
been indicated by meteor observations 
In addition to forming ozone, the sun’s ultra-violet light will ionize the air, 
and produce the conducting layer indicated by radio observations 
Again, Dr Chree has shown that days on which much ozone is present, are 
associated with high magnetic character, which may be due to the increased 
lomzation Measurements of the amount of ozone to be made shortly at Chile, 
where the results should not be disturbed by changes connected with variations 
of barometnc pressure, will afford interesting comparison with magnetic 
data 

Dr G C SittFSON The country has every reason to be proud of the work 
just described, for it is of fundamental importance to our knowledge of the upper 
atmosphere I think there is no doubt that Britain now leads the world m this 
branch of knowledge and research We are pleased that Sir Arthur Schuster 
should be present to bear of the later developments of the work which ho started 
so long ago 
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Prof F A Lindjulawn I wm much interested m Prof C T R Wilson s 
suggestion that 1 000 million volt eieotroca might be obtained from hghtmng 
diBchatges li this somewhat startlmg idea proves to be true and it should be 
easily susceptible of verification, it would introduce a new and potent factor 
into geophysical speculation I can scarcely believe however that it can accoimt 
for the loniaation in the upper air which the discussion we have just heard seems 
to force us to accept If the major part of the current which Prof Wilson attn 
butes to lightning were t( appear in the form of such electrons they might if 
highly eflSoiKit produce enough ions but it seems inconceivable that they should 
produce them all above a certain height as is necessary to account for the wireless 
phenomena 

The main problem namely to explain the production if the required ionisation 
therefore remains In daytime it is simple enough for it can be attnbuted to 
solar loniaation This explanation breaks down at night when most of these 
experiments were made To attribute them to electncal effects such as autor® 
seems fanciful since these iccui very much higher up and are much too erratic 
to account for such a regular phenomenon as the Heaviside layer Ions 
caused by sunlight could scarcely persist m sufBuent numbers at heights so 
low as are demanded The only suggestion I have heard which does not seem 
impossible on the face of It was mentioned to roe by Mt R dE Atkinson He 
pomted out that the pereistenci i fiomzation through the night would be accounted 
for if the osone produced by the sun s radiation broke up into ions In this 
case the ionisation would be maintained as long as there was osone to break 
up The layer would gra lually ascend as the night progressed since recom 
bination would take place most rapidly at high pressures Ihiislly if Dr Dob 
son and I are nght m our view that there is a sudden rue m temperature between 
50 and 60 km it would be natural that there should be lomsation mamly above 
t^s height For the rate of decomposition of osone would be negligible in the 
cold region at 220° between 1 1 and 60 km but would be considerably greater 
at the temperatures about 300° which we believe to obtain above 60 km The 
whole hypothesis of course stands and falls with the assumption that osone 
breaks up into ions accurate experiments on this question seem most 
desuable 
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On Wave Renatance. 

By Horace Lamii, F R 8 
(Received Febriuuy 27, 1926 ) 

The case here considered is that of a solid whose dimensions are small 
compared with its depth below the free surface, travelling horizontally under 
water The particular case of a circular cylinder advancing at nght angles 
to Its length was easily solved from considerations of group- velocity * The 
more difficult problem of the sphere was worked out by Havelock^ by direct 
calculation of the pressures exerted on its surface In a subsequent paper| 
this rather arduous process was avoided by a calculation of the travelling 
pressures, applied to the free surface, which would produce the same wave 
system The work done by these must be equivalent to that which, in the 
actual case, is expended on the sphere to maintain ita motion The same 
principle was further employed by him to find the wave-resistance of other 
solids at revolution, in particular that of a spheroid 
There would appear to be room for an investigation on a more general plan 
in which no restnction is made as to the form of the sohd, which affects only 
the values to be attributed to certam constants (familiar in another connection) 
in the final results For example, it is not necessary even to assume that the 
solid IS moimg m one of the directions of free “ permanent translation ” of 
which It IS capable, and some attention is paid to cases where this condition 
IS departed from As a further variation from previous methods a small 
viscous force is introduced, and the work done against resistance is equated 
to the dissipation of energy 

1 The velocity-potential at any pomt P in an unlimited mass of hquid, 
due to the motion of a sohd through it, is expressed m terms of a distribution 
of double sources over the surface of the solid by the formula 

iffl. (1) 

where r denotes the distance of F from a surface-element S8, and the differentia- 
tion d/dn is m the direction of the outward normal The auxiliary function is 

* ‘ Ann dl m*tenuUo»,’ vol *1, p *37 (1918) , • Hydiudynamiof,- Arts. 847, 849 
t • Roy Soo. Proo voL 91, p 880 (1917) 
t ‘ Rcy. Soo Proo ,' voL 93, p 364 (1918) 
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the velocity-potential of a fluid imagined to occupy the name space as the 
8<did, and to be confined by a thin ngid envelope coincident with the 
boundary, where accordingly 


^ ^ 
^ 3n 


(2) 


To evaluate (1 ) at points whose distance is la^e compared with the dimensions 
of the sobd, wc take an origin in the interior, say at the mean centre, and 
denote by (r|, z^) the cu-ordmates of P, and by (ir, y, t) those of a surface 

element 88 Then, writing 


we have 


Hence, 


•■j V(^i* ^ yi*+ r,*), 

i = I -( = ^i + yyi + ”1 ^ 

f »‘i fi’ 

^ 1 _ -I' *>»yi + "*i 

3n f ~ ft* 


(3) 

ii) 


appTomnately, where (on the right-hand side) I, m. n arc the direction-oosmes 
of the normal to 88, drawn outwards 

Suppose, now, that the solid is movmg with unit velocity in the direction Cte, 
without rotation We have then 


where 

A = jj^(<fS, C'=(J^<f8, 

These quantities A, C', R' are recognized as inertia-coefficienta occurring m 
the general expression for the energy of an infinite mass of liquid of unit 
density duo to the translation of a solid through it with velocity (u, v, w), 

VIZ * 

2T«AM*-f Be*4-C«>*-f-2A'tw-i-2BW + 2C'«i> (7) 


(8) 

(6) 


Agam, on the present supposition we have 

(8) 

and therefore, from (4), 
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( 9 ) 
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where Q denotes the volume of the solid, since 

||a)l(iS=-Q, j|®wd8 = 0, [ja«dS = 0 

Hence, finally, 

Ijt;, ^Ql^' + Cy» + B'r, 

*■1* 

The effect of the motion of the solid at distant pomts is therefore that of a 
double source, but the axis of the source does not necessarily comcide with 
the direction of the translation, which has been assumed to be that of the 
axis of * 

If, however, the axis of t coincides with one of the three mutually perpen- 
dicular directions of pormanout translation* of which the sohd is capable, the 
coefficients C' and B' will vanish In what follows it is assumed m the first 
instance that this is the case Then 

47C^ =.(A-|-Q)*,/f,» (12) 

2 Proceeding now to the wave problem, we take the origin of co onlinates m 
the free surface of the fluid and the axis of * vertically upwards The sohd 
will be supposed to move m the w plane with velocity c m the Mgattne direction 
of X, at a depth/ 

If we mtroduoe a small fnctional force varying as the velocity the pressure- 
equation IS 



(13) 

terms of the second order in the velocity being neglected 
the surfaoe-clevation we have, for * == 0, 

Hence, if denotes 

+ s--‘i 

These conditions are satisfied by 

(U) 

^ = e*‘x (a y). ^ == (*. y). 

where x (*, y) is any solution of 

(16) 

provided 

(16) 

(aH (t)C=y, itC=- - a 

Hence, 

(17) 

a = - J|i ± KT, where <t = y/(sk), 
* ‘ Hydrodyoamios,' Ait U4 

(18) 


( 10 ) 

( 11 ) 
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the eqoue of being neglected In partioukr, the free waves consequent on 
an uutia] state 

(19) 

are giveq by 

wn «jt y(x, v). (20) 


C - e ‘•‘(coeot + ^8motW(®>y) 


(21) 


3. In the annexed figure positions of the solid are indicated by their vertical 
projections on the free surface Thus, the ongin 0 represents the position at 



X 


the instant for which the value of ^ is required, whilst T corresponds to the 
position at some antecedent tune t, so that OT » ct 
If the Bofad had been suddenly started from T with velocity c towards 0, 
everything being previously at rest, the consequent value of ^ would have 
been, to a first approximation, 

*-H»l («) 

where r denotes distance from the centre of the solid, and 

H-=(A-)-Q)c/4it (23) 

by (12) 8ince / denotes the depth of the solid, we have 

r* =(»+/)• + <5*. (24) 

where denotes distance from T in the horuontal plane 
Since 

1 = (26) 


VOL. OXI.— 1 
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the formula (22) becomes 

*'/*'> (26) 
To correct this for the influence of the free surface, where ^ must ^0, we add 
-Hp-*'^-*'£j«(iU;i)d/t, (27) 

and obtain, for the initial surfate velocity 

= 2Hpc-V^J„(itd))tdit (28) 

4. Now suppose that, everythmg being at test to begin with, the solid (at T) 
18 suddenly moved from rest to rest through an inhmtesunal step cS( towards 0 
The nett result of this will be to leaic the surface initially at rest, but with an 
elevation 

i; - 2H 8« (* (Lo) i dk (29) 

Hence, comparing with (20) and (21), the subsequent history of the surface 
would be given by 

^ - 2tH 8t (* Ij; Jo (*(») o ik (30) 

provided the real part only be retained in the end 
Since 

(31) 

the motion n-presented by (30) may bo regarded as made up of rectilinear 
wave-trams whose directions of propagation are distributed in azunuth about T 
Now, refernng to the figure, the distance of any pomt P of the free surface, 
whose co-ordinates are x, y, from a rectilinear wave-front through T will be 
(ct - z)cos <{» — ysin iji 

where is the angle which the normal to the wave-front makes with Ox This 
expression takes the place of <5 oos x m (31), and since the integrand is penodio 
with respect to X, with the penod 27t, whilst x differs only from iji by a constant, 
we may replace x by iji as independent variable, with the same range of inte- 
gration Thus, 

(32) 

Begarding the travel of the sobd from infinity to the positwii 0 as made up 
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of »uch infimtemnuil steps cSt, we integrste wiUj respect to t from 0 
obtain 


« lo ]-»ip — ♦ (<J — fa) cos ij 


CO, and 
(33) 


as the surface-vahie of ^ at the instant requited 

The interpretation of this result by approximate methods has been explained 
elsewhere * As regards the integration with respect to I, the more important 
elements are those for which I differs bttle from the value (*) which makes 
47 ^ fa* cos 8ince we are concerned only with positive values of k, this 
implies that cos iji > 0 Hence writing k «e + i', where 

/(-=.y/f*<08*<|), (14) 

wo have, for small values of k', 


Ip - » (<7 - ic cos <^) = Jp — » (U — c cos ij/) V, 
where U is the group- velocity correspondmg to the wave-velocity e ( 
U =5 ic cos ij) This gives 

^ = ir ^ 

« J-j, 1J-, p I ifaccos J 


(36) 
)>, or 

(36) 


approximately, where g ^ i cos ij; -f y sin t}( The limits of have been here 
contracted to ± Jit, since cos iji must be positive, whilst those of k' have been 
extended to ± * i *>“ce owing to the fluctuation of the periodic term only 
mutually destructive elements are, on the whole, thus introduced Now, by a 
known theorem we have 


according as g « 0 Hence 

Bec» (38) 

c* 

where 

K ^gl(? cos* (ji, p, ^ p/c cos i|i, g = r cos 1(4 -h y sic <j/, (39) 

provided g > 0 If g < 0, the result is negligible, on the present appronma- 

tim. 

The integral m (38) can be approximated to by Kelvin’s method t We write 

* ‘ m. Hag viA 31 , Ik 63 » (leiO) 

t ' Bor flot- Prao,’ TaL it, p 80 ( 1887 ) t ' Mstk and Phyt. Papers,’ voL 4 , ^ 303 

0 3 
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Owing to the fluotuatione of the penodio factor (r*^) m the integral, the 
mort important element* are thoee for which the argument la nearly etatwnary 
Hence, putting (ji aa 6 -j- w, where 0 i* a toot of F' (9) => 0, and therefore 

F(+) = F(e) + l«‘F"(e)+ - (*i) 

the variation of ij/ m the re maining factors of the integrand may be neglected, 
and the lumt* of ci may at the same time be extended to ± « without eenoue 
error. Now from (40) we have 

F'(i|>) _ -gamili + yeoeji , y (42j 

F(ij/) rco».H-yBm4i cos 4, 


li -ton*9|F(e) = »**, 

the value of ^ is reduced to depend on the integral 

j” 

where m is of course to be taken positively We obtam finally 


« -Jtp/c* roe* 0, Pi = p/« coe 6, (47) 

and 0 IS deternuned as a function of r, y by the equation F' (6) = 0, or 

rtBn0 + y(l+2tan'e)=O (48) 

We have alw the proviso 

i:LO80 + y8m0>0 (40) 

The equation (48) shows that there are two values of tan 6 within the range 
of ij'i provided j:*> 8y* Since their product u J, one value will be numerically 
/ess, and tbeothernumencally greater, than tan~ ^ The sign to be attnbutad 

to m (46) will be + m the former case and — in the latter. 

It 18 now convenient, adopting a suggeiitaon of Mvin,* to wnte 


• Math, and Phys. FSpefs,' voL 4, p. 413 
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and to regard the position of a point (*, y) as determined by the two para- 
meters a and 6 Taking (48) in conjunction with (SO) we have 

a = a COB 0 (1 + am* 6), y ~ — o sin 0 cos* 0 (61) 

It appears from (49) that a must be positive The equations just written show 
that the two valueB of tan 0 wilt be positive in that quadrant of the plane m 
which x is positive and y negative On account of the symmetry with respect 
to the ains of x we may confine our attention to this quadrant The two values 
of 0 may bo then taken to lie between 0 and Jir Denoting them by 6j, 6«, 
and the corresponding values of a by Ui, a^, we have 

^ ^ ^ 

The calculation of the surface value of d^/dz would follow the same course, 
but since the vanous expressions would merely contain an additional factor h, 
or S' as the case may be, under the integral signs, the results can be written 
down at once Thus 

6 Our initul assumption of a frictional force varying as the velocity implies 
a dissipation of energy at a rate equal to 2p tunes the kmetio energy This 
must be equal to Rc, where R is the resistance experienced by the moving 
solid Hence, 



where the mtegtatiou la taken over the boundary of the fluid, 1 1 , practically 
over that portion of the free surface for which * > 0 We may further ignore 
alt tenns m the integral which do not vamsh when j* - - 0 The formula thus 
reduces to 

R = jj ^ dxdy, (67) 


Ulnm oret the free surface. 
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Now from (61) or from a Bimpte geometric oalculaticm we find 

«j;8y-|^)ja8O = 2co»‘6|J-tan*0|a5o8O (68) 

d(a 9) 

Hence 

R = f j'jgec* 6, e (ioi<i6, 

+ jJ«ec^0Be “‘•cia,d0*} (6t) 


The range of Oj and «, w fr >m 0 to <» 4(t regar la 6, and 6, we may ( onfint 

our attention aa has been said to the fourth quadrant of the plane xy and m 


tan * to the result is found when we finally niakt p -• 0 to be 

V2 


>‘9e 


(60) 

(61) 


As Havelock has pointed out in relation to the particular case of the 
sphere this integral can be expressed in terms of the Bessel Function* 

K»(t) I* f “"■’“cosh nudu (62) 


In fact putting sec 6 cosh J*/ and taking account of the recurrence 
formula 

K. ,0 K, (i)-^K.(') (68) 

we find 

I -ie •{!{,(«) + (n i)K, (a)) (B4) 


where oc -j ^r//c* A graph if R as a funi tion of c is also given by him ft 
mdicates a maximum in the neighbourhood of c ==■ ‘^(gf) 

It remains only to insert the value of H appropriate to the particular form of 
the soLd For the sphere wo find puttmg in (23) A Q — 

where I is the radius 

R = 31 (66) 


* 1 follow the noUtlon of Watson, Ihoory of B«m« 1 Functions, whoie tables are also 
given 
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whefe M' is the hum of fluid displaced by the sphere If c ;=> ■\/<?/) ^ 

R=. 0*2733 Wg 

For a prolate spheroid moving in the direction of its polar axis (21) we find 

1“) 

where e is the excentncity of the mcndian For the oblate form 

H = - V (1 - . (67) 

where b is the equatorial radius * 

6 We have not been concerned with the surface elevation In calculating 
it we may put p — 0 at once, wherever this does not make the expressions 
indeterminate It results then from a comparison of (20) with (21) that the 
difllerence from the calculation of ^ will (insist in a factor ti/a after the integral 
signs m (33) The results < an therefore bo written down at once We have 

? - Cl + Ct, (68) 

where 

+ <*')• 


It 18 unnecessary to dwell on the interpretation, which would follow the 
same bnes as in the case of a pressure point tiavelling over the surface, which 
has been discusseil by Kelvin and other wnters, but it is to be noted that the 
elevation is now finite at the origin where 6, =0, 6» ■= iir There remains, 
however, a mathematical infinity at the cusps of the isophasal Imes, where 


tan 01 




but the formula (58) shows that the integral of the 


snr&oe-elevation over any finite area, however small, is still finite 
7 It has been assumed so far that the solid u moving along one of its axes 
of permanent translation, and that the remaining axes ate honxontal and 
vertical, respectively It is plam, however, smee the mertaa coefficient A 
does not appear m (11), that a tilt about the first-named axis would make no 
dtSerenoe. The ease is altered if the body has a yaw in the horizontal plane 
Let A«, Bo, Co be the principal mertu coefficients of translation, so that the 
furmula (7) reduces to 


•2T=.Aott*4-B(,»*-fCoW* 
‘Hydrodyosmiot,’ trU. 109, lOS, 114 


(71) 
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We will suppose in tie first place that the axis to which Co refers is rerticsl, 
whilst that of Ao makes an angle la with the direction of motion, The coefficients 
in (11) have then the values 

A = Ao cos* « 4- Bo sin* co, C' = (Ao — Bo) sm w cos lo, B' 0 (72) 

We must now add to (22) a term 

K ^ where K = ^ (73) 

rtp r 4rt 

The only difference will be that, so far as this term is concerned, the factor 
oos iji ID (32) must be replaced by sin with the final result that we must 
replace the factors H sec* 0,, and H sec* 6, which appear in the values of 
and ^ by 

(H I- K tan Oj) sec* 6i and (H + K tan 6i) sec* 0„ 

respectively Similarly in the values of d^Jds and we must replace 

H sec* 01 and H sec* 6| by 

(H + K tan 0i) sec* 0i and (H + K tan 0|) sec* 6, 

Allowing for the different signs of tan 0 in the first and fourth quadrants we 
now find 

■E - (*’ (H» f K* tan* 0) sec* 0 e' 'rfO 

15^ (IH* 1 JK*) (74) 

where I is defined by (01) and 

J I* tan* 0 sec* Oc”^"'’*(i0 

-i.-{lt,W+(l + 2)K.(.)), (T») 

as may be proved by the same substitution as in (61) 

The conespondmg values of the surface-elevation are found by replacing 
H in (69) and (70) by H -f K tan 0i and H 4- R tan 0s, respectively. The 
wave-pattern is now no longer synunetneal with respect to the direction of 
motion If the angle w m (72) liis between 0 and lit, and A* > Bo, the waves 
will be higher m the quadrant where tan 6i and tan 0, ate positive, i e , on the 
side towards which the yaw is The reverse will be the case if A« < Bo 
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11 the solid hu a tilt ^ m the vertical plane of motion, the inertia coeffii lents 


A = Ao cofl* p 4- Co sin‘ p, C' = 0. B' =« (A« - C#) sm p cos p (76) 
We must now add to (22) a term 

B'c U = - B'c r e“* " Jo (fo3) k dk (77) 

Compensating this so as to make ^ 0 at the surface, as in (27), we find that 

the addition to the imtial surface value of m (28) is, m the present case, 
aero The wave resistance, and surface-elevation, are therefore given 651 the 
same formula as m the case of symmetry, provided wo substitute the value of 
A from (76) 


On the Eleetrcstatw Potential Energy, and the Bhornbohedral 
Angle, of Carbonate and Nitrate CrystaU of the Calcite Type 
By 8 Chapman, F B S , J Topping, M 8e , and J Morhat,l, M Sc 
(R eceived februar> 23, 1926 ) 

^ 1 Introdnelum 

$ 1.1 This paper is a sequel to, and an extension of, one with a somewhat 
similar title by W L Bragg and 8 Chapman,* in which it was shown that, on 
certain natural assumptions, the rhombohedral angle could be caleuiated for 
the well-known isomorplioua senes of carbonate crystals of the calcite type 
The detailed results and the method of calculation were not described This is 
done in the present paper, where also the results of a parallel calculation for a 
smular possible senes of nitrate crystals is given, the only knoun nitrate 
crystal of this type, however, is that of sodium, the corresponding potatwium 
salt crystallising m the aragonite form f 
§ 1 2 As the underljung pnnciples of the method have been desenbed in the 
paper cited, they need only receive bnef mention here The crystals considered 
are supposed to consist of positive and negative ions, namely, metallic 10ns 

* 'Roy, Soo Proo ,’ A lol 106. p 346 (1024) 

♦ W L. Bragg ‘Roy Soc. Proe A vol 105, pp 16 and 370 (18M). 
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(doubly charged, like da'*"*' m the carbonate neriee, or ein^y charged like Na'*' 
m the nitrate case), and loniaed groiipe COj (« « , CJ J, O'", O'", 0~") or 

N(V (*e .0 ) The detailed arrangement of these groups 

IS described m § 2 4, but if the CO, or KU, groups are treated as wholes, the 
arrangement of the positive ami negative ions is similar to that of the ions in 
a simple cubic crystal of tbe toi k salt type, except that the cubic lattice is 
contracted -into a rhombohedral lattice parallel to one diagonal , this 
diagonal thus becomes the trigonal axis of the crystal The edges meeting in 
the trigonal axis are inclined to one another at an an^e (the “ rhombohedral 
angl? ”) of about lOiJ", instead of 90“ in the case of rock-salt 
§ 1 4 The equilibrium of the crystal is supposed to be maintamed by the 
]ouit action of electrostatu forces (attractions and repulsions) between the 
various lona, together with certain other repulsive foaes such as those which 
come into play at close approximations (collisions) of molecules in gases These 
will be referred to as <Ae repulsive forces , they are known to vary much more 
rapidly with distance between the ionic centiee than do the electrostatic forces, 
namely, by the mnth or some higher power of tbe inverse distance m the former 
case, as against the second in the latter case The repulsive forces between 
other than immediately adjacent ions are therefore probably negbgible, and it 
will be assumed here that this is so , each 0 ion is m contact with two equidistant 
tla'*"*' (or two Na++) ions, and each Ca^^ (or Na'*"*') ion is in contact with six 
equidistant 0 ions (jCf } 136, where the relative distances of the next 
nearest (non adjacent) pairs of ions are all given ) 

S I 4 In a state of stable equilibnumthe whole set of ions w ill adopt a grouping 
which renders the total potential energy a roinunum The change of potential 
energy corresponding to any small iirst-otder change m the innic grouping will 
therefore be sero (that is, of the second order) If a dujdacement is considered 
in which tbe form and size of the CO, (or NO,) ionic groups remain unaltered, 
and in which also the distance between neighbouring jwin of 0 and Ca (or O 
and Na) ions is preserved, there will be no change in the potential energy of the 
repulsive forces, in so far as the above assiunjition (J I 3) is correct , the whole 
change will be in the electrostatic potential energy, The size of the CO, (and 
NO,) groups, and the distance between n^ghbounng 0 and Ca (or Na) ions are 
known from X-ray measurements (but c/ § 13), they do not sv^ce to deter- 
mine the rhombohedral anj^e a This, therefore, may be treated as a variable 
parameter, and if the electrostatic potential energy corresponding to several 
values of « IS calculated, the value of a which makes tliat energy a minimum 
should correspond to the equilibrium or actual value of a As described in the 
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fonner paper, the reeulte on the whole confirm this expectation, though their 
interpretation ih not without ambiguity, owing to some uncertainty aa to the 
exact position of the foroe-contrea within the ions The cjuestions involved 
here are discussed in § IT of this paper 
§ 1 5 Smee carbonates of difierent metals are under discussion, the distance 
between the centres of immediately adjacent O and metallic ions will vaiy from 
one salt to another * Thus the geometry of the wnic lattice will lie taken to 
involve two vanable ratios or parameters, which correspond to the rhombohedral 
angle a and to the ratio of the distance between an 0 ion and an adjacent metallic 
ion, to the distance between an O ion and the neighbounng G ion In the 
actual calculation it is found convenient to replace these by two alternative 
parameters t and X (c/ §§4 3 and 2 3) 

$16 The calculation therefore relates to the electrostatic jiotential energy 
(per unit volume or unit cell) of an infinite lattice of point charges involving 
two parameters (, X The results can be indicated graphically by contour or 
equipotential Imes on a diagram m which I and X are ordinates, these hues 
being drawn so aa to pass through points (or pairs of values of X and t) for which 
the electrostatic potential energy has a constant value On the same diagram 
hno* (called configuration turves) can be drawn which indicate the relation 
between X and t, as a u varied, as above deecnbed, for a crystal m which the 
sue of the CO* wn and the distance between an O ion and the metallic ion 
are fixed The equipotential lines indicate how the energy vanes in such a 
change of configuration , where the configuration curve toucliee an equi- 
potential hne, a state of maximum or minimum potential energy is indicated 
This will correspond to an equilibrium configuration of the given crystal 
In the present paper two such diagrams arc drawn (figs 3 and 4), 
one for carbonate crystals and one for nitrate (rvstals (q/’ § 121) Fig 3 
coven a wider range of the paroractets than does the corresponding figure 
on p 374 of the fonner paper cited above 
When combined with the corresponding values of the potential energy 
ansing from the repulsive forces, the present calculations have wider applica- 
tiona than are made in this jiaper Some of these it is hoped to discuss in a 
later paper m collaboretiou with Dr J E Lennard-Jones 
Subsequent to the former paper by W L Bragg and S Chapman, a theoretical 
calculation of the form of a simpler senea of oryetala (rutile and anataae), 
involving one parameter only instead of two, has been made by M Bom and 

* Hw slae of the 00, ionla group is supposed to be the same In all the memben of the 
ealelte seslef di osystide i this group is so tightly bound together by deotrastatio foroes 
that Ttriatioot in the motaUio inn are uidikely to afieot the CO, group apptedably 
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0 Bollnow,* vusng a method given by Ewaid f The reeult* appear to be m 
satisfactory accord with obeervation 

The authors wish to acknowledge the advantage they have denved from 
consultations with Prof W L Bragg on some of the physical questions mvolved 
in this paper 

Thf Electrostaiic Potbntial Enbboy or a Calcite Lattice op Point 
Chaboes 

§ 2 Geomelnoal DtMnplton and Analysts <ff tlie LaUioe 
J 2 1 The point rhargis of the lattice to be considered he in j^anes, spaced 
at constant distance d apart, perpendicular to the tngonal sms of the crystal 
Let d denote a vector of magnitude d, having the direction of the tngonal 
axis Then, starting from a given plane, numbered sero, the sueceeaive planes 
will be numbered « (« = ± 1, ± 2 ), eorreeponding to a displacement 

sd from the given plane 

In each jdane there he either only CO, groups of chargee, or only Ca chargee, { 
and planee of the two kinds occur alternately Cbooemg a CO, plane for the 
plane « -= 0, all the planee for which » is even will be CO, ^anee, while those 
for which » IS odd will be Ca planes 

$ 2 2 In any piano the C or Ca ions are situated at the comers of an equi- 
tnangular network , these networks are of the same dunensions and similoriy 
orientated in all the planes The sides of any such elementary tnani^e, taken 
in order roimd the triangle, may be represented m direction and magnitude 
by three vectors 0^, a,, a,, of equal length a 
These vectors wll clearly satisfy the equation 
a, + a, + a, = 0, 

so that the third can be expressed m terms of the first two Taking any point 
of such a network as origin, the position of any other point of the network 
can be speiifieil by its displacement vector from the ongin, in the foroi 
wa, +»a„ 

where « and n are any positive or negative mtegers this expression suffices, 
without ambiguity, to represent all points of the network 
* Born and Bollnow, " Zur Gitterthsorle des Butds ” In • Nsturw vol 18, p MB 
(1925)) and “Zur Gittertheorie des Anstas ’’ in ‘ Naohr d Gss d Wiss zu OUttinsen ' 
(1926) 

t Bom, * Atomtheone des Fcslon ZusUndes,” 2nd Aufl., p 727 (1926) 

+ The metalUo ions will be referred to, for defintteneM, fs Ca Ions ) but they will simply 
signify double positive chargee, ind may be lom of any other roetai (otraing eaibonate 
oystals isomotphous with oaioite 
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§2,3 In auccoMive planes these networks are not immediately above or 
below each other, when viewed parallel to the trigonal axis There is a dis> 
placement of the network in plane a + 1, relative that in plane », of amount 
§ (#1— «j) , consequently, the net-points in plane s -f 1 lie over the centres 
of alternate triangles of the network in plane « the further displacement of 
the network m plane s 2 makes the net-pomts in this plane lie over the 
centres of the remaining triangles in plane t The still further displacement of 
the network m plane a 3 (the total shift relative to plane a being Bi—as) 
makes the net-points m this plane he over thoee in plane a If the plane » 
IS a CO, [Jane, the plane s -f- 3 will be a Ca plane, and vice versa not till 
plane s -j- 6 is reached are both the disposition and the kind of charges at 
the net-pomts the same as m plane s 

In any CO, plane the three 0 ions of any CO, group he at equal distances 
Xa (where X is a positive fraction) from their central C ion along three alternate 
members of the set of six radii of the network through this ion , that w, relative 
to this C ion their positions are given either by XS), Xa,, Xa, or by 
— Xs,, — Xa,. In each ('0, plane the arrangement is the same for all the 
CO, ionic groups, and the two arrangements occur alternately in successive 
CO, planes Hence the CO, groups m planes a and « (- 6 (» being even) differ 
in the arrangement of the O ions around the C ions , not till plane » -(- 12 
IS reached does the arrangement in plane s recur completely 
§24 The positions of the whole set of charges in the lattice (wluch for 
brevity will be termed the lattice L) may be conrisely specified as follows, 
rdatrve to a C ion in the CO, plane « — 0 For definitenees the 0 ions m 
this plane will be supposed to be displaced from the C ion of the same t'O, 
group by the amounts — X(a,, a„ a,) Let 1, »», n denote any positive or 


negative integers, 

and e the (positive) electronic charge 


Let 

r,.m . = f ”»*1 + 

(lA) 



(IB) 


r".„.. = r,...,+|(a,- a,) 

(Ic) 


Than the planes for which a w even are CO, planes, in which the C ions are 
at points r, or r", as follows, while the 0 ions ate displaced 

by arther -f X or ~ X times a,, a„ a, from the C ion of their CO, group, as 
indicated below , for convenience in pnntmg, the suffUee s, ih, n to r, r', r"^ 
are omitted 

CO,0ane a 121 121+2 121 (-4 12f+6 121+8 121 )-10 
Positiona oi C ions r r" r’ r r" r' 

Sign ofx — + — + — + 
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For example, m the plane « ^ 12/, there are chargee 4« (C ions) at the pointe 
r, „ , and charges — 2r (O tone) at the three eeta of pointa r - X*i, r — X»,, 
r - XBj 

The pianos for whu h « is wld are Ca planes, and there are charges 2e (Ca ions) 
at the points r, r' r" as follows 

« 121 +-1 121 I 3 121+1 121+7 121 f 3 121+11 

Positions of Ca ions r’ r r" r' r r” 

In this specifii ation the implied suffixe* », m, n take all the values obtained 
by letting 1, m n have anv zero positive or negative integral values 

^2 1 This whole lattioo of pomta specified relative to a given C ion, and 
excluding this ion, will be termeil the lattice Lg If we change the origin to 
a neighbouring Ca ion say, in the plane s-^- 1, we must subtract d + J (a, — a^) 
from all the above position vectors The corresponding lattice of points, 
excliiiling the Cs ion at the origin, will be termed the lattice Lq, Similarly, 
if we change the origin to any one of the three 0 ions at -Xai, — Xa, or 
— xa, the corresponding lattices, excluding the 0 ion chosen as origin, will 
be termed the lattices L, L|, L, 

Fig 1 shows the positions of the ixuuts r, r' r" represented by dots, cireles 
and crosses projocted on the plane x - 0 The vectors a, a,, are also 
indicated 



§2 6 Each 0 ion may be regarded as m “ contact ” with two Ca ions, 
which are those immediately adjacent to it For example, the O.ion at 
- - Xa, (relative to a C ion in the plane s 0) is in contact with two equi- 
distant Ca ions at the points d + J (aj — aj) and — d + -J (a, — Bj) 

Each Ca ion IS ui contact with six equidistant 0 ions taking any such 
Ca ion as origin, the relative positioii veoton of the six 0 ions are 
-d+i(a,-a,)- Xa„-d+l(B,-a,)- Xa^ - d -f ^ (a, - a,J- Xaj 
together with these same vectors reversed 
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The distttnoe / between a pair of adjacent 0 and Ca ions m given by the 
equation * 

/« ^ (- d + Ja, - 4a, - Xa,. - d + 4a, - 4a, - Xa,) 
in which the right-hand side is simply the square of the first of the position 
vectors just indicated 

Since (d, a,) -= 0. (d, a,) — 0, (a,, a,) = - 4a* we have 

() - \fa- ( la* -2(X- J) 4 4a*, 

=- d"- f (/- - ? I 1)»- W 

§ 3 The ElectTwAalte Potential Energy of the Lattice 

§ 3 1 The crystal lattice is supposed to extend to infinity in every direction 
The total electrostatic potential energy of the crystal is 4£EV, where E refers 
to any one of the point charges, and V to the electrostatic potentuvl at that 
point due to all the remaining charges the summation is to be extended 
over all the charges The sum will, of course, be infinite , what we wish to 
know IS the value of the sum (^\, say) extended over the hve ions of one CaCO, 
molecule, viz 

W - 4 {4cVc - 3 2eVo + ‘2eVo»}, 

where Vo, Vo, Vc* denote the value of V at the rorreeponding ions , owing to 
the symmetry of the stm< tun , V has the same value at all ions of the same 
kind 

Writing the last equation m the fonn 

W-4c{4Vo-3 2Vo-l-2Vo.}, (3) 

W/4« may be interpreted as the potential at a point P due to a composite 
lattice (Lp) of chargee, constituted of a lattice whose arrangement relative 
to P IS the same as that of the lattice Lc (§ 2 5) relative to a C ion, but with 
all the charges quadrupled , a lattice geometnoally the same as (§ 2 6), 
but with all the charges doubled , and three lattices of type L,, L, L, (§ 2 6) 
but with all the charges doubled and reversed 

4 3.2 It may readily be vonhed that the charges of the lattice Lp are arranged 
as follows in successive planes », reckoiung » -* 0 as the plane through P 
normal to the trigonal axis The charges m each plane will form groups 
amanged at and around the points of the same eqaitriangukr networks as 
are apectfied (relative to a C ion) m 1 2 4 The chargee at and around each 
mtoh point can be described ss a cliatge d: fie <*t the lattice-point, together 
with a group of charges m which the total charge is zero Four kinds of 
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these group# occur, which will be denoted by the letters Q„ 0*, G, , they 
are lUustratod m ftg 2, the centre of each group being supposed situated at 
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A lattice-point The arrangement of the lattice-point charges and the group# 
around them, m the various planes, is as shown m Table I 
{33 To determine W ({31) wo have to calculate the potential of this 
composite lattice of charge# at P Thu ha# been done by re-dividing the 
lattice into (a), the chargee :£8e at the lattice-points in all the plane# (but 
excluding the origin, tf §25), (P) the set# of neutral group# in all the plan## 
# ?# 0, and (y) the sets of neutral groups in the jdane » = 0 The potential# 
corresponding to these parts of Lp will bo denoted by V„ Yp, V,, respeotivdy, 
and will be considered m this order 
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Table I 



§ 4 The PoleiUial of the Chargee ± Be at the Lattux Pointe 
§ 4 1 The first part of the potential to be considered is that due to the 
chargee ± 8e at the lattue point* whose poeitions are given in Table I (§ 3 2). 
These points may be dmdetl into three groups according as their positKm 
vectors are expressed by r (for s — 12 i — 0, 3, b, 9) , r (for *—121=^ 
1,4,7, 10), or r' (for s — 12 i -2,6,8,11), m any one such group the points 
may be divided into linear senes in each of which m, n remain constant and t 
vanee The distance between consecutive points in each linear senes is i d, 
and positive and negative charges alternate along each senes , such a senes 
IS therefore eleotncally neutral as a whole 
§ 4 2 The potential at a pomt P duo to such a linear senes of charges ± Be, 
alternately positive and negative and arranged at equal distant es 3d, h 
deduoible from a formula given by Modelung * and is 

"I 

UxMl 

In this formula p denotes the magnitude of the vector p = PN, where N is 
the foot of the perpendicular from P on to the Ime, and x denotes the distance 
of N from the nearest positive charge along the line 
• Madehmg, 'Phys Zeit.’vol 19, p S24(19I8) The fonotioa K. U a Bnsel funotion 
of hnaginuy argument 0/ Q N Watoon, ' Theory of Bomi 2 IWtion*,' p 78 (Cambridge, 
I99tl) VahMS of K«(m) to 20 deomial places have been glreii by AIdu (* Hoy Soo. Proo ,’ 
h, vdI 64) for a range of s from 0 to 12 at mtorvais of 0 1, PW the present woric It was 
band oOBVsnlmit to oonitmot a table, using the ordinary Interpolation formula, giving 
▼atoes of K,(«) over the tame range of s, but at intervals of 0 001 


TOL. 
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In the present case the potential u lequued at the origin so that in the 
above three groups of charges p and x have the following values — 

Group r p — mai+nai i _ 0 

Group r p ~ »»a^ -j »a + J (a, - a,) x — d 

Group t' p — »aai f na, + 1 (Uj — a,) x — id 

The calculation of the potential at the origin luo to the senes »t = a = 0 

in the group r (in which case p 0) cannot be made by the above formula 
the potential of this senes is charly — 

' J 

-16e/3d log, 2 

the factor 2 being included to aci unt for the < barges on both sides of the 
origin 

543 The total potential is given by summmg the above senes (m equation 
(4) ) fur all the values of p in the throe groups obtained when m and n take 
all positive and negative integral talues (really mfiiute in number) But 
for the present purpose it ls unnecessary to consider values of I and p that is 
values of I m and n which make the argument of K (iwlp/6d) greater 
than 12 

Thus the total expression for the potential of these charges becomes 

~ “ S' T [~ 

+ lKo(40 + Ko(t'v/l9)+Ke(«) 

+ K«(2<V'7)+Ko(<V31)H K„{<\/37) 

-1 K«((V43) + Ko(2('v/13) +Ko((V'6l) 
+ K«(<-v/07)+iKo(8r) hK„(«V73) 

+ 2Ko(7r)} 

+ K*((V3) + 2Ko(3<) + KoiilV^) + 2Kfl(f-v/2l) 
+ 2Ko (3/ V'3) + 2Ko m + 2K„ (t y/i9) 

+ Ko (4f V3) + 2Ko (< V67) + 4Kc (W ^7)] (6) 

where for convenience the parameter t => no/SdVs is introduced (^ $ 1 S) 
Equation (fi) may be written 

V.- -{64s/6d)rilog.2-(y(0] 
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where / (() is the sum of the Ko fimctions — ^the expression in square brackets 
in equation (6) The factor Qiej&d may be written (192«/6) )J/2n \/3, 
and consequently wo can wnte equation (6) in the form 

V. = - (192s/ft) ^.(X.O, (6) 

where 

( X, 0 == { X«/27t V3) ti log, 2-6/ (()] and fc -= Xo 
The distance b defines the size of the COs lomc group, and is the constant 
distance from the C ion to the 0 ions of the same group 

Values of (X, t) were calculated for a senes of values of X at intervals 
of 0 06 from 0 to 0 26, and for values of ( at mtcrvals of 0 2 from 1 4 to 3 2. 
The values of ^. ( X t) are given in Table II 


Table II — Values of (X, t) 



$ 6 Thf Potential of the Neutral Oroups m the Planee s ^ o 


§ 6 1 To obtain an expression for the potential of the sets of neutral groups 
in the other planes, we make use of a formula proved by Madelung* (using 
rectangular oo-ordmates) for the potential of a plane network of charges The 
network considered consists of two parallel bne senes of charges so arranged 
that the charges lie at the comers of piarallelogranis with sides a, 6 and angle 
^ In the special case a ~ b and ^ — 60°, it can be shown that, in terms of 
obbque co^rdinatw (x, y) along the sides of the parallelogTams, Madelung’s 
formula reduces to ’ 


V 




4wE 

oV3 


(7) 


whore E u the charge at each point of the network , * denotes distance 
measured perpendicular to the network and K| is a constant The accent (') 
* Uadeturg, loe ««< 

D 2 
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m the eummation sign indicatee that although I and m may be zero, they do 
not take gimultaneous zero values 

This fonmila can be applied to find the potential of a network at each point 
of which there is a 0,. Gj, Q, or G4 group of charges 
§ 0 2 Potentuil of a Network o/" G, or G, Oroupg ■— tVinsider new co ordinate* 
(5i n) such that 

2nxja S and 2-Ky/a ^ 1) Also wnte p — 2TtX 
Then a G4 group of charges consists of a charge 2ie at a point, together with 
charges — 8e at the points (p, 0), (0, — p) and (— p, p) relative to this Hence 
the potential of a network of Gj groups is given by the formula (7) in which 
E ^ 24e, less three similar expressions in which E = 8r and (1) 5 “ replaced by 
5 — p, (n) IT) by >1 + p, and (ill) 5, i) by ^ -f p, i) -- p respectively 
Thus in the resultant expression for V the last two terms in (7) disappear 
the first factor m the summed terms remains as above (since all members of 
the G4 groups m a plane have the same z) , and the tngonometncal factor in 
(7) becomes ~ 

24 cos (15 - mri) - 8 00s (15 - mr) - IP) 

— 8 cos ((5 — — mp) — 8 008 (f5 ~ mi) + ip + «♦?)» 

which readily reduces to 

8 cos (15 — tnr)) {2 sm* ^ip + 2 sm* Jmp + 2 sin* } (1 + m) p} 

— 32 sin (I 5 — mr;) sm J ip sm j mp sm J (1 + w) P (8) 
In the present paper the only rdevant valuee of (5, t)) are 

(а) 5 = 1 ) — 0, in which case the second term m (8) vanishes for every 

combination of 1 and m. 

(б) 5 =■ 1) = iot which the sum of the values of the second term in (8) 

for all values of 1 and m is zero , since the valuee of thia term 
for corabiDatioQB of 1 and m euoh as (2 3) and (3 2) cancel, and 
sm (I 5 — muj) vanishes when I = m 
Hence the potential of a network of G 4 groups u — 

V = 8e/a exp (S,*) ^ (I. m) cos (15 = m»j), (9) 

where 

^ (1. m) 2 [sm* iip + sm* Jmp + sm* * (H w) ?]/(!• + Im + ««)». 
and 

80 = - (4w/oV3) (I* + Im + m*)* 

Since a reversal of the sign of p leaves ^ (I, m) unaltered, it u clear that the 
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potential of a network of G, groops is the same as that of a network of Gj 
groups 

§ 6 3 PoterUtal of a Network of Q, Groupg —A Gj group of charges consists 
of a 2Gt group together with the following additional charges — 24e atthe centre 
of the group and charges 4e at points (p, p), (— p, — p), (2p, — p), (— 2p, P), 
(— p, 2P) and (p, — 2P) relative to the centre The potential of a network, 
about each point of which there is a group of these additional charges, is obtained 
br taking the original formula (7) and subetituting E = — 24e, together with 
SIX Mimilar expressions in which (i) B == 4e and (u) is suitably altered in each 
case, as in arriving at the expression (8) 

It is clear that the resultant formula will involve 
— 24 CoS (l^ — WT]) d 4 cos (IP — mi] + 1 — rap) 4 4 cos (I^ — mi) 4- 1 4- Ump) 
4- 4 cos — mi) 4-214- mP) 4- 4 cos (15 — mi) — I — mp) 

4- 4 cos (15 - mi) — 1 4- 2wp) 4- * cos (15 - »wj — 21 4- «P), 

which reduces to 

— 8 cos (15 — mi]) {2 sin’ J(1 ] 2m)P 4-28m‘ J(2l4-»»)P -t-!l8in*i(I — m)P} 
Hence the potential of a network of Oj groups is 

V == (8e/o) rS exp (Kp*) {2^ (1, m) - iKI, m)) cos (I? - mi)), (10» 

where 

(p(l, «) = 2{sin’ J(I4 2m)p-f 8in*^(2l4-m)P4-8in* J(I— m)p}/(iS4-lm4-m*)* 
§ 5 4 Potenlwl of a Netroork of 0, Oroupg —It is clear from fig 2 that a 0, 
group of charges consists of a 64 group, together with a G4 group in which 
(1) the charges have been reversed in sign and halved, and (u) the displacements 
of the charges doubled 

Hence the potential of a network of G, groups is 

V -= 8e/a S'S exp (8oJ) (I, m) - H (21. 2m)} cos (I? - mi)) (11) 

§ 5 5 The formuIsB (9), (10), (11) give the potential at the ongin (f^e to a 
plane network of either G,, Q4, Gj or Q, groups of charges in a plane at a distance 
* from the origin, and displaced relativelv to the origin as indicated by (5, 1)) 
It 18 now necessary to oombmc these formulae so as to obtain the complete 
potential for all such planes, the distribution of which is indicated in Table L 
It 18 oonveniejit to write 

8 M = - (4w*/90 (I* 4- Im + m»)* (C/ § 15 1 ) 
X«^(l,m), Y = 2^(I,m)-^i(I.m) and Z = ^(l, m) - i ^ (21, 2m) 
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Hence m tbie notation we have, for the potential of the G, and G4 group* on 
both sidoe of the central plane * = 0 — 

2 (8e/a) S'S X [{exp S -J- oxp 68 f exp 78 + } 00s fit (I — m) 

+ exp 38 + exp. 98 -f- ], 

for the potential of the Gj groups on both sides of the central plane — 

2 (8e/a) TS Y [{exp 48 |- txp 88 [ exp 168 + } los (I - m) 

+ exp 128 -1 ] , 

and fur the jiutential of the G, groups on both sides of the central plane — 

2 {8c/o) rS Z [{exp 28 | exp 108 f- exp 148 + } coa Jx (1 - «i) 

f oxp 68 + ] 

In the subsequent numerical caliulations the exponential terms bejrond 
exp 88 may be neglected Omitting these, the potential of the whole set of 
neutral groups outside the plane j = 0, ut given by — 

V, = (ICe/o) e'x [X (exp 8 + exp 68 + exp 78) c(« }« (J - m) + X exp 38 
-f Y (exp 48 f exp 88) cos (I — m) 

+ Z exp 28 . coa |rr (J — w) + Z exp 68] 

= - (1920/6) ^4(X.O (12) 

where ^(i(X, <) is the expression m square brackets multipbed by — X/12 
since 6 = Xo 

Owing to the presence of the exponential factor this aeries (X, f) w rather 
quickly convergent for the values of X and t considered, and its evaluation 
involves no serious difficulty The values of X, t) for the values of X and I 
considered are given in Table III 


Table III —Values of (X, <) 
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§ 6 PoUfiiial oj the Neutral Groups tn the Central Plane s=0 
§ 0 1 A group of cliargcs G, (fig 2) can b« resolved into four tunes the 
stun of groupe JG, and Go (fig 2), the position vectors of the vertices of these 
groups, relative to their centres, being respectively ±Xaj, ± httj, ± Xa| and 
± X(ai -»i). ± X(a,-a3), ± X(a, - a.) 

The potential at P of a group JO, at the point »naj + na, relative to P is 
that of a charge 6e at a distance r from P, where r = ito and 

and of SIX charges ~ c at distances from P whoso squares are the following 
multiples of a® - 

(m ± X)* — (?u ± X)n -1 n® — ± X (2m — n) + X* 

>«* - m (n -t X) 4 (n ± X)* = ± X (2n - m) 4- X‘ 

(„, i X)« - (w ± X) (n ± X) 4- (« ± X») -- ± X(»« + n) 4- X» 

Hence, the potential of a IG, group (tn, n) is 


_ ^ ±xto^2i+iY._ (1 + 

there being really seven terms inside the bracket corresponding to the alter- 
native upper and lower (4- and — ) signs The quantity in the bracket can be 
expanded as a power senes iii X The resulting expression for the potential 
of this JO, group (m, n) is, therefore, as follows, correct to the power X* — 


if 4-1. 27 ,,/w* 

2« IF 16 F 128 2 ' P 


2m* 

P‘ 


4- 


F*)] 


(13) 


Similarly, the potential of a group Go at the same net-pomt (m, n) is given 
by 


3r|3X» , 9 (3X»)*_181 (3X®)* 
' 2a IF 16 "IF" 128 F 


, 231 27 
2 


(3XV (j’-f + S). 


(H) 


where the ratio X is replaced by X-y'S, because thesiee of the hexagonal group 
Ge IB \/3 tunes that of JG, Apart from this, the difference between the expan- 
sions for the two groups arises because of their different orientations relative 
to the network, and the ibiferenoe in the signs of the chargee 
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ThepotentmlatPofa Gigroupatthegivennet poitit(>n n)w4(2p„ , + a, ,) 
The potential of the whole set of Q, groups m the central plane is obtained by 
summing 4 {2p^ * + <rn «) for all positive and negative integral values of m and 
n Thu summation can be simplified because the network of groups ran be 
divided into six exactly similar sec ton and the net pomts in one sector are 
represented by the values of n from 0 to m — 1 m itself varying from 1 to 
infimty The potential for the groups in one sector u therefore obtained by 
summing the expression 4 „ 4 ,) for these values of nt and n Con 

sequently, the potential for the whole set of neutral groups in the central plane 
u 

V, = 24 l' (2p., + o„,) (16) 

§6 2 To render the summed power senes m X suitably convergent the 
values of p* , and o* , are calculated separately for the points (m n) — 
(1 0) (2 0) and (2 ]) The c irresponding part of 24££ (2pn k + ira, «) 
u given by 

24(2p, 0 + 2p, 0 + 2pj ,) - (48c/«) {(6 - 2(1 - X + X‘) » 

-2(1 + X+a*) l-2(l-X') ‘) 

+(2v/3 -2(3-3X4-X‘) * 

-^() + 3X+X') »-2(d + X‘) ») 

+ (3-2(4-2X+XS) ‘ 

-2(4 1-2X+X*) J-l(4-X») ')} 

together with — 

24(<r,o + oso f<J8i)--(24r/o){(6-2(l-3X + 3X’‘) » 

-2(1 \ 3X + 3X*) t-2(l h3X“) ») 

+ (2-v/3-2(1-3a + 3X'’) • 

-2(3 4-3X4 3X‘) *-2V3 (3-3A“)-») 
-f{3-2(4 6X4-3X‘’) ‘ 

-2(4 4-6X4-3X«) '-2(44-3X‘) »)} 

To obtain the values of p* , and a„ , for the remaining groups it is necessary 
to calculate the values of — 

I 

where p takes the values 3 6 7 and also the values of 
and £ 
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Now 



It li therefore neceesary to find S n' (m — n)' = S n' {m — n)' where r 
I* an integer We have 

- 1' + 2' + 3' + + *»' 

“ r+1 + i*"' + .fi h , 

where B,, Bj, are Bernuulh'a numbers if r is even, the last term in this 
expansion is a multiple of tn, whilst if f is odd, the last term is a multiple 
ofm« 

Using this expansion the summation n' (m — nf can be expressed as 
a sum of multiples of negative integral powers of tn, for all the necessary values 
of f Thus the double summation will involve S', = II 1 /m”, where p is 
an mteger > 1 Values of S, = SI 1/m' are given in tables from which S', 
can be found 


£ !/*•= 2 2 


+ ri ) 




3 J 

2 4 la 3 5 ' 


2 4 6 l4 6 7 


■• 4 + 


4 

3 


8 '». 


i As' 1 ^67 1 7_g, 

2 4 30 12 * 2 4 6 42 80 * 


j- “I 6 T 9 631 q, 

30 40 56'^'® 


= 0 5216 793, 
on substituting for S',, S',, 
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SimiUriy, 

i l/fc“ = 


h5J^|-L_s 

2 4 12 3 n 


I 5 7 9 f 1 
2 4 CU 6 7 


2 3(1 

5 7 1 1 Q, .579 


2 4 6 42 80 


, 6 7 9 11 \ JW 
^' 2 4 6 8 30 16 ! 


In a sinulac manner it i» found that 


Let 


SSI/*' = 0 0033 4468 7 

SSmV*’ = 0 0041 3866 7 

SS w*/*'* = 0 0061 6501 2 

SS w"/*''* - 0 0064 6466 2 


„231 27 /m* 2m* , m* \ 

^ 128 2 ‘ F "*■ *'»/ 


Then, sulwtituting the above value*, M — 0 0071 0179, and, consequently, 

- SS i + M = 0 0023 722 and ^ SS ^ - M = 0 0002 408 
128 K* 128 k' 


§ 6 3 All the quantities involved in the p„ „ and rj^.n suramationg have 
thus been evaluated (</ equations (13) and (14) ) Hence, the {lotentia] Y, 
for the plane of Gi groups is given by (cf equation (15) ) — 

V^=24(2pi.<, + 2pt,«+2p*., + e,o + e».„ + Oii)+24 S ”s‘ (2p« . + »„.,) 
=» 24 (2pi 0 4- 2pj 0 + 2pj 1 4- < tj,o 4- et « 4- ffi i) 

-4«(3e/2a)[X*(0 6216 793)4- X*(0 0177 666)4- X*(0 0002 408)] 
4-24(3e/2o)[3X‘(0 6216 793) 4-9X*(0 0177 666) + 27X‘(0 0023 722)] 

(16) 

The potentuil of the 0, group of changes snirounduig the point P, corre- 
sponding to m = n 0, IS not included in this expression (16) 
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Writing b~ Xa we can express (16) in the form 

V, = (l92«/&) ^(X), (17) 

where ^ (X) is the function obtained by multiplying the nght-hand side of 
equation (16) by Xa/l»2e 

The valuee of Vy were lalrulated for a senes of values of X at intervals 
of 0 06 between 0 and 0 25 The values of ^ (X) are given m Table IV, 
and they are the same for all the values of the other parameter t 


Table IV — Values of ^y (X) 



§ 7 Potential of the Complete Componte Lattice of Charges Lp 
The potential of the complete composite lattice of charges Lp, at the point P, 
18 obtained by adding the throe sets of results corresponding to the three parts 
{«, p, f) of the c^culation, which are given by the fonnul® (6), (12), and (17) 
{cf Tables 11 III, and IV) The final results are given by 

V, + Vp 4 Vy (192e/6) F (X, t), (18) 

where the values of F (X, /) are given in Table V 


Table V -Values of P (X, t) 



§ 8 Eleotrostalus Potential Energy of the Carbonate Senes of Crystals 
The electrostatic potential energy W of the carbonate cryetali per molecule 
u given by (ijf § 3 1)- 


W=-(96e*/6) P(X,0 


(19) 
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This may be expressed m heat units pet gram molecule of the crystal on 
(i) multiplying bv the number of molecules per gram molecule and (u) divldmg 
by the mechamcnl equivalent of heat J 
Thus the electrostatic potential energy per gram molecule for the carbonate 
senes of crystals is given by 

- (96^ jb) F{X,t) 6 062 X 10**/J calories, 
where e is expressed in electrostatic units, b in centunetres, and J => 4 184 X 10^ 
ergs per calorie 

§0 Cdcidalton for the N Urate CryttaU 
The corresponding calculation for sodium nitrate will now be descnbed 
As indicated m § 1.2, the sodium-nitrate lattice is of the same geometnoal type 
as that of calcite, and hence the method need only be briefly stated The 
Ca and C ions m lalnte ate replaceil by Na and N ions in sodium nitrate , 
consequently, the complete speciflcation of the charges for the latter crystal 
IB the same as the one given in § 2 4, except that the chargee 4e of the C ions 
are replaced by the charges 5« of the N ions, and the charges 2e of the Ca ions 
by the charges e of the Na ion* 

Thus the electrostatic potential energy of sodium nitrate per molecule is • 
W' = i{W-3 2«Vo' + eV,.'). 

where Vj,', Vo', denote the electrostatic potential at the corresponding 
ions due to the remaining chargee (</ § 3 1) 

This equation may be written 

W’=:le{6V»'-3 2Vo' + V«.'} (3') 

Again, may bo interpreted as the potential at a point P due to a composite 
lattice Lf', built up in a simdar manner to the corresponding one in calcite 
This lattice consists of a system of chaiges at the lattice-points, and of 
neutral groups around the lattice-pomts, sinular to that indicated m Table I, 
except that the charges ± Be are replaced by charges ± 2c, while the neutral 
groups, although they retain the 'lame forms, are built up of different charges 
These groups may be denoted by Qj', Of, JO,, and JG^ (fig 2) 

§ 10 PoUniiat of the ComjxmU Lattice of Chargea L'p 
§ 10 1 It IS clear that the potential of the charges ± 2e at the lattgie- 
points is simply one-quarter of that of the charges ± 8« m the case of calcite 
Thus the potential for these i barges is 

V.' » - {192s/c) (6-) 
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where the valuee of (X, t) are given in Table tl, and the dmtanie c dofities 
the gi*e of the NOg ionic group, being the distance from the N ion to the adjacent 
0 ions 

§ 10 2 To find the jiotontial for the neutral groups in the planes » ^ 
we have first to obtain expressions for the potential of a network of neutral 
groups G,', Gj', JGg, and JG, These can be found from the equations 
(9), (10), (11), and arc as follows — 

The potential of a network of JO, or JG^ groups is 

V=.4./o ITexpfSei) ^(f.w) cos (f£ - «,,) (9') 

The potential of a network of G,' groups is 

V-:4«/o S'i:oxp{8o*) cos (f^ ~ mrj) (10') 

The potential of a network of G,' groups is 

V - 4«/o 2*2 exp (8or) {3^ (I, ») - ^ (2f, 2m)} cos (I? - mri) (11 'j 
It 18 convement to write 

6^ (f, w) - 2^/ (I, m) = Y' and 3^ (I, m)-if, {21, 2m) = Z' 

As before, these formulae can be combined so as to obtain the complete 
potential for all the neutral groups in all the planes above and below the centra] 
plane Omitting exponential terms beyond exp. 88, the potential of the 
whole set of neutral groups outside the plane z ^ 0 is given by 

Vg' = (8e/a) 2*2 (X (exp 8 + exp 68 + exp 78) coe in {I - m) + X exp 38 
+ Y' (exp 48 + exp 88) cos (f — m) 

+ Z' exp 28 cos \k (I — m) f Z' exp 68] 

= -(192e/c) ^,'(X.t), (12') 

where (X, t) u the expression m square brackets multiplied by — X/12 
The part of this expression which involves X is also mcluded m the corre- 
sponding expression for calcite (of equation (12)), and its value has therefore 
been evaluated The valnos of (X, t) for the values of X and t considered 
are given in Table VI 

j 10 3 It IB evident that a Q,' group of charges can be resolved into the 
sp^ of groups 10 (JQ,) and 4 Gg (fig 2) Consequently the potential for the 
Q groups m the central plane is given by 

V/ = 6 2 “2 (10p., + 4o,J 


(16') 
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Table VI -Values of 



where p. . and , are given b; equations (13) and (14) respectively The 
talues of and e. „ for the points (m, n) =- (1, 0), (3, 0) and (2, 1) are 
calculated separately as in the case of the carbonates 
Equation (IS') can be wntten in the form 

V/«(l»2e/c) ^'(X) (in 

The previous calculations can be used, and die values of (X) lor the vanous 
values of X are given in Table VII 


Table VII— Vidueeof ^'(X) 



§ 11 BlectTottatu Potential Energy of the Nitrate Sene* qf Crystals 
The electrostatic potential of the complete eomposits network of charges 
Lp' IS obtamed by adding the three seta of results given by equatious (6'), 
(12') and (17 ), and the final expression may be wntten 

V.' + V, + V/ - - (192«/o) P' (X, <), (180 

where the values of P' (X, t) are given m Table VIII, 

The dectrostatic potential energy per molecule of the nitrate crystal is 
thmfore given by 

W'--(«6s^/s) P-CX.*) (ly) 

This may be expressed in heat units per gram molscole (qf, J 6) 
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§ 12 Qnphual RepreMnUUton of the Cdovialed Reaviu 
g 12.1. The v»lue of F (X, () thus being knowb foe vsnous values of the two 
parametets X and t {<f Table V), it is easy to construct, by graphical inter- 
polation, any number of equipotential curves passing through points on a 
(X, t) diagram for which F (X, <) has a constant value The curves or contour 
lines give a detailed representation of the function F, and arc shown in fig 3 
by btokui lines iiinularly the broken bnes m fig 4 give a representation of 
the funotion F' (X, (). 

In applying these curves to the consideration of the equilibrium of an 
actual crystal, it will bo postulateil that the sire of the CO, ion (deterromed by 
b, 5 4.2) 18 fixed, and also the distance / (§2 6) between an 0 ion and an 
adjacent metalho ion These two conditions imply a relation between X and 
t, since the constant ratio //6 w a function of X and t, as follows — 

We have by equation (2) 

_g«4.(X*_ x-t-i)o* and 6 =* Xo, d* = Ji*o'/27t* 


P - 1 

- b* 


if a = J -4 


so that if /and b, and therefore also k, are oonstant, the ngbt-hand side must 
also be constant Configuration curves corresponding to various values of k 
have been drawn on fig 3 in full lines (and similarly, repbcing b m equation 
(20) by «, m fig. 4) ; these oorreepond to oonfigorations of a crystal in which 
/ and b havt any constant values consistent with the mdioated value of k. 

The deotroetatk) potential energy (per molecule) of the crystal is W, equal 
to — (96s*/i) . F (X, <), so that along any configuration curve it u a constant 
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§ 12 2. It is clear that if a oonfiguration curve touohee an equipotential 
curve at a pout C, saj, this pout ooireeponds to a con^guiation of tibie oiTital 
u which the electrostatic potential enei^ is stationary Further, since the 
curvature of the equipotential curves is greater than that of the configuration 
c&rves, if we pass from C to a neighbouring pout O' on the same configuration 
curve, C' will he on an equpotentuil curve for which the value of P (X, t) or 
F (X, t) IS smaller than that for the equipotential curve which passes through 
0 Hence the point C of this configuration curve correeponds to a maximum 
value of F (X, 1), or F' (X,.t) , that is, the pout C represents a configuration 
of the crystal m which the lost electrostatic potential energy u a maximum, 
BO that the configuration is one of stable equilibrium As stated in § 1 3, 
it 18 assumed that the potential energy of the repulsive forces remains constant 
when, as here, the distances between immediately adjacent ions are not varied 

There will bo such a pout C for every configuration curve, and the locus of 
these points can be fuiud In figs 3 and 4, only a defimte number of 
equipotential lines and configuration curves are drawn, althouj^ in reality 
there is an infinite number of each kind of curves, one of each passing through 
every point of the diagrams However, it is possible, by means of the curve 
shown, to sketch out the locus of the points C with some accuracy, and the 
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locus In th® two oases is shown in the diagrams Each pomt on these loci 
corraponds to a pair of values of the parameters X and t, which determine a 
stable equilibrium configuration of the orjstel 
Now the thombohedtal angle a of these crystals is not fixed by then symmetry 
but 18 given by* 

Bin* l«==l/4s, (21) 

where » is defined in equation (20), and depends on t 
Hence we can plot these loci on a new diagram with X as abscissa and the 
rhombohedml angle a as ordinate , the resulting curves are shown m fig 5 

J 13 Ihscutrion and Comjiartson mth ObserMlion 
§ 13 1 Before comparing the resulte of our calculation with the observed 
data for the crystals, it is desirable to examine how far the physical assump- 
tions undeilying the analysis are justifiable, and m what way the various lengths 
a, /, h defining the crystal lattice are to be interpreted 

§ 13 2 It has been assumed that the various atoms are completely ionised, 
m such a way that the 0 and Ca ions have eight electrons m their outer shell, 
while the C ion has lost its outer electrons It is not certam that this is so, 
especially in the case of the 0 ions, but Prof W L Bragg has recently pomted 
outt that even if the 0 electrons ere partly shared with the C ion, they may 
Circulate round the latter (because of tbe high positive charge) so quicldy 
that they produce little or no effect of electncal screening 
J 13 3 But though the charge on the O ion may be effectively — 2e, the 
strong and highly unsymmetrical field m which it is situated (owing to its 
proximity to the CJ* ion) must distort it very much from the simple 
sphwioal form Tbe question then arises whether it is legitunate to assume that 
Its external electrostatic field can bo that of a single pomt charge — 2<, or 
whether it behaves as a combination of charge and doublets In the case of 
tiie C and Ca ions, round which the adjacent ions are grouped much more 
symmetrically than round the O wn, the assumption that they act as point 
charges, or, what is equivalent, spherical oharge-distnbutions, is probably 
legitimate 

Without fuller knowledge of tbe 0 ion than we possess, a conclusive answer 

* By w oversight, la the {otmet paper by W I, Bragg and S Chapman, this reUtkin 
was quoted hwMiectly as mo* |a » 1 -t- a but tbe ootreot f ormub was used la the ootual 
deduBtions. 

t ‘ Institat l ate r na lk mal de Chimie Solvay,’ Peuxltale Oonsell (192$) W L Bragg, 
" Tha X Bay Analysis of Crystal Structure " 

K 2 
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to the above question le imposeiMe It is certain that the 0 ion cannot 
symmetrical, and Prof W L Bragg has oitad* m this ooimeetion a calonlation 
by Mr Hartree (based on spectroecopio, not cryntal, data) indicating that the 
nucleus with the two inner electrons must be considerably displaced from the 
centre of the outer electronic system The calculation does not bear mune- 
diately on the present problem, because it relates to the displacement of 
the nucleus from its usually central position, when the ion is brought mto a 
field equal to that of the C ion in the CO3 group, but supposing the outer 
electronic system to be maintained unchanged The estimated displacement 
18 0 3 A, which, though very small, is a consirlerable fraction of the distance 
(1 26 A) between tho C ionic centre and the O lomc nucleus, as measured 
by Xrays In actual fact, of course, the outer electronic system will be 
much distorted from the approximately spherical form, but in so far as it can 
be said to have an effective centre of action, this is probably nearer to the 
C ion than the 0 nucleus, by an amount approximately equal to 0-3 A, as in 
Mr Hartree’s calculation 

§ 13 4 It IS perhaps worth stating that if the oxygon wn is assumed to 
behave, as regards its external electrostatic field, like a conducting (insulated) 
sphere possessing a charge — 2«, with its centre at the distance 1 25 A from 
the C ion carrying a charge 4e , then, if the diameter of tho sphere be 1 25 A, 
the positive and negative image cliarges of the C ion in the 0 ion will exactly 
neutralise the equivalent charge — 2e at the centre of the 0 ion, leaving 
a single equivalent (image) charge — 2e at the image-point, at a distance 
0 94 A from the C ion The value here assigned to the 0 ion is of reasonable 
order of magnitude Though this calculation obviously cannot conclusively 
yustify the assumption that the 0 ion behaves electrostatically at external 
points like a single point charge — 2c, distant 0 9 A (approximately correct 
to 0 1 A) from the C ion, yet it may be regarded os supportmg the assumption. 
It will acoonluigly be supposed that the electroetatic centre 0, of the 0 ion 
m a CO| group is 0 9 A distant from the centre of the C ion, viz , that 
6 =■ 0 9 A (CO, group) 

} 13,5 Another assumptioa involved lu our analysis which requires some 
consideration is that the repqlsive forces act from the smne centre as the 
electroetatic forces Thu is legitimate m the case of the C and Ca ions, owing 
to the synunetncal distribution of their neighbouring ions, but it is unlikd/ 
to be true in the case of the distorted 0 ion Fortunately it is easy to examme 
* Zee, ‘Institut Intenatkmal de Chitais Soivsy,' p 19. 
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how our Calculfttion is affected by the supposition that the centre of action 
(0,) of the repulsive force of the O ion does not coincide with 0, By symnietry 
it must he along the line C0„ but we will suppose that CO, =- 6' where h’ b 
Writing h' = X'a, the virtual displacement of the lattice m which the change 
of potential energy is ecro, both for the electrostatic and repulsive forces 
separately, is that for which an eq^uipotential curve F(X, t)~ constant, in 
fig 3, touches a revised configuration curve corresponding to a senes of states 
in which the distance Ca - 0, is constant, » e a configuration curve whose 
equation is ((/ equation 20) 

k’ X'* - X', (22) 

where i' is a constant 

ilince the CO, lomc group is supposed to remam unchanged throughout the 
small displacement of the lattice, and throughout the different carbonates 
of the senes, b' may be taken as a constant midtiple of h, say pb and therefore 
X' will be equal to yX The factor p may be supposed to lie within the range 
0 9 to 1 2, corresponding to a range of b' from 0 8 A to 1 1 A 

Curves have been drawn on a (X, t) diagram corresponding to fig 3, satisfying 
the equation (22) (instead of (20) ), tor a senes of constant values of k' It w 
found that these revised configuration curves differ extremely little from those 
in fig 3 and the locus of the points of tangency is not appreciably altered 
Consequently, when X — 0 181 (the appropriate value for calcite, taking 
6 sa 0 9 A), the range in the equilibniim values of the rbombobedral angle, 
corresponding to the above range of 6’, > i no more than 30' We may therefore 
conclude that a slight disagreement between O, and 0, u immaterial to our 
results 

Ws have also assumed that the repulsive forces between other than imme- 
drntdy adjacent ions are negligible (cf § 1 3) Now in caloite the diatance 
between adjacent Ca and 0 ions is shown by X-ray measurements to be approxi- 
mately 2-4 A, while the distance from an 0 ion to the next further Ca ion la 
approximately 3 42 A, and to the nearest 0 ion not in the same CO, group 
u about 3 3 A Since the repulsive inter-iomc forces probably vary with 
the mutual distance, according to the inverse tenth power (roughly), it seems 
safe to make the above assumption 

i 13.6 The above disoussKm may be summed up m the statement that the 
aasttmptioiu made m our calculation are approximately legitimate, provided 
that the Oozreot position is assigned to 0« the electrostatic centre of the 0 ion 
It u oonclnded that the probable value oi the distance 00, or b is given correct 
]io about 0 1 A by; 


6-0 9A, 



54 8. Chapm&Q, J. Topping and J. Morrall. 

and investigation shows that our lasults aie subatantiaUj' nnaileoted by 
supposing 0„ the centre of the rqiuluve fidd of the 0 ion, to coincide with 0, 
The remaming distance involved in our calculation is a, the distance between 
the centres of consecutive C loni When this » given, the value of h ^ X/a 
IS known, and this determines the equilibnom value of a in fig 6 
For calcite the vahie of o has been determined by X-ray analysis owing 
to the symmetry of the C ion, there is no doubt that tbe distance thus measured 
represents the magmtude a here involved It appears that . 

0=4 OCA 

Hence, taking 6 = 0 9 A, X = 0 181, and the corrceponding theoretical value 
of «, deduced from fig 6, w 101'’ 40' The corresponding values of a if 6 is 
assigned the values 0 8 A and 1 OA are 99° 32' and 103° 38' The observed 
value of a 18 101° 55' The agreement between theory and observation may 
therefore be considered satisfactory In the onginal paper by W L Bragg 
and 8 Chapman, the value of 6 was taken as 1 26 A, the distance from the C 
to the 0 nucleus the corresponding values of X and « are 0 262 and 10T° 48', 
but fhe above discussion indicates that this interpretation of 6 is physically 
improbable 

$ 13 7 If for calcite we invert the application of our theoretical calculations, 
and use them as a means of inferring X from the observed rhombobedral an^e a 
of calcite, we obtam the value 0 184, which, taking the above value of o, 
indicatee that the correct value of 6 lu the CO* ion is 0 91 A 
If, further, we assume that the CO* ion is the same m all the isomorphous 
senes of carbonate crystals, from the known values of a in these crystals we 
can infer the value of X corresponding to any given value of 6, and hence can 
deduce the theoretical values of a. The value of b which gives the best fit for 
the senes of carbonates is 0 92 A (as compared with 0 91 A from calcite only) 
The results calculated by taking 6=0 92 A are given in the following Table, 
and the good accordance between the calculated and observed values shows 
that the theory can give an excellent accoimt of the small change of rhorabo- 
hedral ang^e from one member of the isormorphous senes to the next The 
probable accuracy of the observed values of a u such that the small remaming 
discrepancies m this Table may be due to experimental error 
§ 13 8 We next consider the nitrate case X-ray messuremente on sodium 
nitrate have been made by W L Bragg* and Wykooff,t which show that 

• W L Biegg, ‘ Roy 8oo Proc ,’ A to) 88, p 468 (18U). 
t K W a Wykooff, 'Phys Bev.’vol 18, p. 149(1890). 
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MgOO, 

7nCO, 

F«pOO, 

MnCOi 

OitCO, 


the value of a t e the distance between adjacent N centrpo m 5 15 A The 
value of X 18 estunated to be about 0 26 the corresponding value of the 
distance e between an N ion and the Oions of the same group is 1 29 A But 
on Kossel s view of the structure of the NO* group according to whi h the 
N wn has a five fold positive thargi the sue of the NO3 group is likely to be 
smaller than that of the CO, group This view is supported by considerations 
of birefnngenco from which W L Bragg* eetimatas the distance 0 to be 1 09 A 
It therefore seems that we may take this latter estimate as the more correct 
one though the two eetimatee do not ncceesanly refer to the same point in the 
Oatom 

For the purpose of the present paper the important point is the equivalent 
electrostatic centre of the 0 atom and owing to the fivefold positive charge 
of the N ion the distortion of the 0 10 1 is likely to be even greater in the case 
of the NO, group than m that of the CO, group This would draw the electro 
static centre of the 0 ion towards the N ion and an estimate of the resultmg 
distance NO, (~ a) obtained from an image calculation similar to that in 
§ 13 4 but assuming the distance from the C ion to the centre of the 0 ion to 
be 1 10 A gives a value of 0 about 0 70 A The value of a m NaNO, being 
8 16 A, the correspondmg value of X will be 0 136 The corresponding value 
of «, M given by fig 6 (curve 1 ) is 102” 26' and the observed value is 
102° 42 5 The agreement la therefore satasfactory 

If a 18 r^aided as known and fig 6 (curve 1 ) » used to detemune X and 
thence c, the deduced value of 0 is 0 72 A 

{ 14 One of us (J Toppmg) has been in receipt of a grant from the 
Department of Scientific aud Industrial Besearch 


W 1 Brsg» *Bey Soo Pme. A, vol 106, p 3M{10S4) 
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Summaty 

(1) lh« details and detailed results of the calculation of the electrostatic 
{wtential energy of wnic lattiies of tht lalute type as used m a recent paper 
by W L Bragg and S Chapnan are given 

(2) The method and results of a similar calculation for an ionic lattu e of the 
same geometrical ferm as in talritt but with different lomc charges such as 
occur m soilmm nitrate art given 

(3) These results are used to gi\t a theoretical determination of the rhombo 
hedral angle in a series of carbonate crystals t f the calcite type and in sodium 
nitrate or alternatively to loducc from the observed rhombohedral angles 
the distance between tho electrostatic centres of the oxygen ions in the CO, 
and ^03 groups 

The above applications by no means fully utilise the calculations of this 
paper which have an essential bcai mg on many other physical properties of the 
crystals considered Some of these involve the calculation of the potential 
energy of the repulsive forces betnein the ions It is hoped to deal with such 
further apjdioations m later pa|ers 


On Lightning 
By G C Simpson D Sc F K 8 
(Reoeived March 17 1926) 

[PuTSS 1 anv t] 

A lightmng discharge u a discharge of electricity through a gas at atmospheric 
pressure and can take three forms — 

(а) A discharge between a part of the atmosphere having a volume charge of 
eleotnoity generally a cloud and the ground 

(б) A discharge between two parts of tho atmosphere each part having a 
deffmte volume charge of eleotnmty, but of opposite signs 

(o) A discharge from a part of the atmosphere having a volume charge mto 
a part of the atmosphere m which no imtial volume oharge u preeent 
In the first case the ground forms an doctiode, but in the two latter oases the 
dMohargo does not pass between electrodes In most studies of the discharge 
of eleptricity through gases the conditions at the surface of the eleoteodss form 
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aa important part in the diBcussiont and so far as I knovr the mechanism of an 
electfodeless discharge at atmoaphenc pressure has not been clencnbed 
In the following discuasion the method m which electrical separation takes 
place in a thunderstorm is not considered, but the following assumptions are 
made — 

(a) The mechanism of a thunderstorm results in the concentration of 
electricity of one sign m the form of a volume thatge throughout an 
appreciable extent of the atmosphere 

(5) The air is unable to withstand more than a certain definite eloctni al 
intensity , if that intensity is exceeded lonisahon takes place 
(c) The mobility of negative electrons is so great in comparison with 
the mobility of positive ions that the latter may be considered not to 
move to any appreciable extent , while the former move at a high velocity 
and are the chief vchules of the transport of the electricity 
Fig 1 IS a diagrammatical representation of the field of force about a region 
of the atmosphere, A, containing a volume charge of electncitv, say the cloud 
of a thunderstorm For simplicity the volume is represented as a sphere placed 
some distance above the ground, the latter being perfectly level and smooth 
The region of greatest electrical intensity is obviously at B, the lowest point 
of the cloud There the air will " break-down ” first and ionisation occur 
As soon as this happens the bnes of force move towards the conducting region 
and m consequence the field there increases, especially at the upper and lower 
parts of the conducting region This is shown diagrammatically in hg 2 
The increase of force causes further ionisation and the conducting region 
extends along the lines of force, both upwards mto the cloud and downwards 
towards the earth, as shown in fig 8 * 

At first sight It would appear that this process would be followed whether the 
charge in A were positive or negative On closer study, however, this appears 
not to be the case 

Let us assume that the st^e represented m fig 3 has been reached when the 
cloud A is charged with positive electricity The end of the conducting channel 
u shown in fig 4 (a) , it is filled with positive electnoity, because all the negative 
electrons have passed rapidly along the channel towards the positively charged 
cloud. The field, however, is very intense at the end of the channel where the 
line* ot force leave it and the region of greatest intensity is shaped something 
liks that withm the dotted line in fig 4 (5) Withm this region ionisation takes 
* J UraotsndJ a B. Larmor, * R <9 See. Free A. toI. 90, p. S12 (IdU), 
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pl*M Ax^rding to our auumption we need not ooiudder how the ionisation 
takes place, all we need to know is that the intensity is greater than the rnuumom 
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mtenaity under which ionisation takes place m b^er air This intensity whs 
obnoiuly reached at the moment the discharge started nehr the cloud, and since 




On lAghtning. 59 

then die intennty at the end of the channel hae been etesdily inoTeasuig as the 
channel lengthened 

Ionisation will therefote take place, as indicated in fig, 4 (6), by the plus and 
nunns signs , but the negative electrons are at once drawn into the channel 
and pass upwards into the cloud The ionised region in this way becomes filled 
with positave electnoity and becomes indistinguishable from the remainder of 
the channel In other words the channel has lengthened, as shown in fig 4 (c), 
and the process once started will contmue A number of things have, however, 
to bo noticed In the first place, if there is any irregulanty at the end of the 
channel a local mcrease or decrease of the force will result The discharge will 
tend to follow each of the directions m which the irregulanty causes local maxima 
of force, and to avoid the minima There will, therefore, be considerable tendency 
for the end to bifurcate In fact a single straight discharge requires very 
uniform conditions which are not likely to occur often The normal condition 
of discharge will be a branched discharge, each branch continuing with 0 sharp 
pomt until it, in its turn, bifurcates 

Secondly, it will be noticed that there is a sharp boundary to the channel of 
the diacharge As soon as lomsatioii has occurred the negative electrons move 
at once into the channel, and as the positive ions do not move appreciably, 
there u little or no spreading of electnoity from the ionised channel into the 
surrounding air The ait is, therefore, praeticallv unaSected outside the 
channel m which ionisation actually takes place 

Thirdly, as the channel bores its ws} through the air, the negative products 
of the ionisation move aloug the channel towards the cloud, where the pusitire 
charge, which has been the cause of the discharge, is situated In other words, the 
diBcbaige drains negative electricity out of the air through which it passes, and 
this may supply sufficient electricity to neutralise the greater part of the initial 
positive charge on the cloud As soon as this occurs the electrical mtensity at 
tha end 9f the channel decreases, and the discharge may come to an end while 
the channel is still fu from the ground 

We will now consider the case in which the charge on the cloud is negative, 
and assume that in this case also the discharge has proceeded as far as the 
stage shown in % 3 Fig 6 (a) shows the end of the channel filled with negative 
electricity Agam, the strongest field la at the point of the chsimel where 
loniaaticm takes place, fig 5 (5) So far the procese is the same as with ths 
positive charge, but now a dificrenoe takes place, the negative electrons are dn ven 
out of the ionised region into the surroanding un-iomsed air , m domg so they 
extend the of iomsataon far beyond the boundary where the iutial field 
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wM strong enough to cause a break-down of the atr They also continue to move 
into the surrounding region after they have lost their power of ionisation This 
IS shown diagrammatically in fig 6 (e) in which the region within the dotted 
curve corresponds with the similar region in fig 4 (6), while the region between 
the dotted curve and the broken curve indicates where the electrons, dnven out 
of the former region, have ionised the atr Outside this region there is another 
region containing the electrons which have moveil forward without lorusing the 
au The positive ions have not moved but negative electrons flow out of the 
channel and neutralise them The final state is shown in fig 6(d) The channel 
no longer ends m a sharp point, but is blunted and surrounded by a mass of 
negative electricity This is obviously very different from the state of affairs 
from which we started (fig 6 (a) ) The intense field at the point of the channel 
no longer exists and the tendency for the air to break-down in front of the 
discharge is greatly diminished and would very soon cease altogether It would 
appear from this that a negative discharge cannot form a channel but only a 
diffuse ionised region 

Kxperimental support, of these considerations is easily obtained, although it 
is impossible to reproduce the condition we have been describing m the labora- 
tory , for wo cannot produce a diecharge without using electrodes which com- 
plicate the conditions , stiU, expenments were made which show that the main 
Ime <5f reasoning is correct 

Two circular electrodes, each provided with a short piece of wire projecting 
from the edge, wore placed on a photographic plate Each of these electrodes 
was connected to the outer layer of a Leyden jar, the inner layers of the two 
jars being connected to the terminals of a Wimshurst machine On causing 
a spark to pass between the terminals of the machine, an induced discharge Uxflc 
place from the two circular electrodes over the photographic plate. The result 
u shown in fig 6 (Plate 1) The electrode A received a positive charge The 
small piece of wire was intended to represent the channel depicted in fig 4 (a) 
We see that the discharge has left it in long, pointed and much-branched channels, 
which have proceeded far mto the surroonding r^on. It will also be noticed 
that each channel has a sharp boundary and that the ends of all the channels 
ate pointed The conditions are entirely diffoent in the negative discharge 
from electrode B There the dischaige has not proceeded along clear-ont 
channels, but has simply spread out m a diffuse cloud at the end of the wire * 

* Hesvil; condensed negstive discharged orer photogn^iUo fdatee frequeatljr show 
branched ofasnaels These are, however, quite dUEeteat from the ohaanelt assoalated with 
pofttlre dleahstgve. Hiey sin^iljr eonnecl pointt et whhdi negitlve brash disoheilgse ooonr 
and supidy the eleoMoHy from the electrode to thass brushes Thejr esonot grow lodedinttelf 
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Th« electnoal mteiwity must have been approximately the same at the two 
electrodes . but m one case the discharge has spread far from the eleotrode 
into tile surtouodmg air, while m the other case the discharge has not spread 
appreciably farther than the small region m which ionisation occurred id 
consequence of the first intense field 

Returning now to the thunderstorm problem we see that the condition 
represented in fig 3 would be possible if tiie cloud A had been positively charged 
but the discharge would probably have been along several branched channels 
instead of the single channel shown in the diagram On the other hand if the 
cloud had been negatively charged a channel would not have been formed at 
all Aa BOOH as the air had biukon down m a small region (B of fig d) owing 
to the uitense field the negative eh ctrons would have spread out m all directions, 
reducing the intensity and so preventing the formation of a channel 

To develop those ideas furthi r the following expenraent was made k brass 
ball, to represent a cloud was mounted opposite a brass plate to n present the 
earth, the ball and the plate being connected to (he poles of a Wnnshurst 
machme The brasa ball half an inch in diameter, was mounted on the end 
of a brass rod pivoted so that the ball could describe a circle m a plane at right 
angles to the brass plate The atm was first act at right angles to the plate so 
that the ball was at the minimum distance from the plate about 1 ^ inches 
and a dwchaige made The arm was then rotated slightly so increasing the 
spark gap, and another discharge made This was repeated the result being a 
senes of discharges each having a longer spark gap 

When the ball was positively charged end at lU mimmum distance from tho 
plate, sparks passed between the ball and the plate These sparks were 
branched towards tho plate As tho spark gap was lengthened, branched dis 
charges continued from tho ball towards the plate, bat did not reach it A 
I^iotogiaph of the effect is shown m fig 7 (Plate 1 ) which is strongly remmiseent 
of typxial photographs taken during thunderstorms 

When the ball was charged negatively the conditions wore entirely different 
11 the ball was sufficiently near the plate strong unbranched discharges passed 

in Ungth i but immodUtely they reach * part ol the riectrical 6eld not already occupied by 
a brush diitiiatge they give rise to s new bna* dtsofaaige It must be remembered that a 
disohsigs over a photographio plate u a threo-dimeniloned disrharge oonstraincd to two 
dlmswlioBS In the absence of the plat* the negatire discharge would bo a nuus of unatl 

brirti disobiggesanwd the electrode each erauieotsd to tho eleotrode by thewdiort thich 
flhaantia This w clearly seen in Toepleraimportuitdiaausinon teberdenlnnerenAufbau 
VonfSWthuschefotmddleQewdMihrerLaacbtmde^ Anaalen dor Phymk,’ vol 63. p. JIT 
(1M7> ' 
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between the ball and the plate but when the spark gap was lengthened these 
oesaed entirely and there was only a small brush discbame on the surface ot 
the ball In this case there was no intermediate discharge between a simple 
brush and a spark to the plati set tig 8 (Plate 1) 

The spark diaiharge with th» ball lugatiMly charged seems to bo caused as 
follows — 

The brush dischargt rannot carry off the electncity so rapidly as it teaches 
the ball ond the intensity of the field between the lull and the plate im teases 
It IS well known that at the siirfaci of an ihctrode a ihschargc can start before 
the clectriial field in the a Ijaeent air has reached the intciiBity neiissary 
for the air to break down in thi nbsonri of the eleetrode Thus as the elec tncal 
intensity bt tw u n the ball and plat* iik re isi s a stage is reached when a discharge 
can sf irt at the surface of the plate This is a positive discharge which rapidly 
grows along a channel towards the ball The c hauncl however as it grows and 
approaches the ball g fa into stronger and stronger fields thus the discharge 
once started at the plate rapidly passes to the ball as an intense spark The 
discharge ft Hows the lines of force but in this expe rime nt all the lines of 
force converge into the small ball there is therefore verv little spreading of 
the hnesof foixe at the ended the discharge as itproceedsfrom the plate towards 
the ball Hence there is little or no tonde nc y for the discharge to brane h and 
none of the photographs of this expenmeut showed branches If however 
the ball had been more extensive and compoaeel of a badly condue ting material 
there is little doubt that branching would have taken plac e as the discharge 
approached the surface of the ball The branohing would however, hav e been 
towards the boll and not as in the eaae of a pomtively charged ball towards 
the plate 

Thus these expenments confirm our conclusion that branched discharges 
'* into the air are possible from positively charged clouds but not from nega 
tiVely charged clouds Discharges may pass between the earth aud both posi 
tively and negatively chaiged clouds but in each case the branching will be 
away from the seat of the positive charge A discharge from a positively 
charged cloud will have the branches turned sway from the cloud while a dis 
charge from a negatively charged cloud— which discharge must always start 
from the earth or from a positively charged cloud— will have the branches 
directed towards the cloud 

Havmg reached these conclusions I decided to exanune as many photographs 
of lightning as I could m order to determine the charge on the cloud from the 
direction of the branching I therefore wrote to ‘ Nature asking for photo 
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gropha to fatt loaned to me This letter was reproduced m the popular press 
and m faspoaae 1 received 121 photographs to examine The Royal Meteoro 
logical Society has a large collection of photographs of lightning and there 
are a few m the library of the Meteorological OiBce In all 1 exaUuned 
442 id^otognphs 

I was considerably surprised to find that while 242 of these photographs 
showed bfanohed discharges with the branchee directed away from the cloud 
only throe two of which an, very doubtful bad the branches directed towards 
the doud There wore unbranched discharges on 173 photographs some of 
which oontamed also branched discharges But there is a difficulty here The 
branches on a branched dim harge are always much less intense tluin the mam 
discharge In oonsequence a branched discharge photographe 1 through cloud 
or ram may appear uni ranched simply because the branches are obscured while 
the roam discharge cun be sc n \n example of this is shown m fig 9 (Plate 2) 
Here four flashes have been photographed simultaneously all obviously pro 
oeedmg from the same clou 1 It is to be presumed that there was heavy ram at 
the time The flash m the f ireground is clearly branched away from the cloud 
The two flashes in the mid lie distance are partly obscured by the ram but 
branches in the same direction can be faintly seen The flash in the back 
ground is m much obscured by the ram that it is relatively faint and no sign 
can be seen of the branches but there can be little doubt that it was branched 
away from the cloud equally with the others Many of the unbranched dis 
charges were famt and 1 have little doubt that a large proportion of them were 
branched away from the cloud although the branches could not be seen on 
the photographs 

The 442 photographs may be classified as follows it being remembered that 
if sev^l types of discharge appear on one photograph that photograph wiQ be 
counted m more than one class — 

Class I —Photographs showing defimte branches away from the cloud 242 

Class II —Photographs showing branches towards the cloud 3 

Class III —Photographs showing unbranched discharges 1 73 

Class IV —Photographs showing meandering and other discharges not 
classified above 134 

We can say definitely that flashes of Class 1 indicate positively charged clouds 
(U|d flashes of Class II negatively charged clouds Flashes of Class III may 
indicate eillier poative or negative clouds but m view of the fact stated above 
that the absence of branches u frequently due to the branches being obscured 



64 


Q. 0 Simpaon. 

by clouds sod rain, the largo inajonty of them probably belong in rcahty to 
Class I In any case it is almost certain that if we allot half to positive and half 
to negative clouds we shall over-estimate the number of negative clouds Nothing 
definite regarding the sign of the clouds could be deduced from photographs of 
Class IV 

So far as the evidence of these photographs go there can be little doubt that 
a largo preponderance of the low clouds with whuh visible discharges are 
associated are positively charged Dividing the unbranched discharges mto 
equal parts, os suggested above, we find that 328 photographs indicate positive 
clouds while only 89 indicate negatively charged cloiids , this is a ratio of 
nearly 4 to 1 , and even this, I am inclined to believe, is too small a ratio 

In view of the exceptional nature of flashes branched towards the clouds, a 
few words might not be out of place about the three examples found in this 
collection of photographs In two of them there is reason to believe that the 
apparent branching towards the cloud is not real but only an effw t of perspective 
They could equally well be explained by ordinary branched discharges directed 
towards the camera from some distant point in the sky, for the branches appear 
to radiate from a centre, some branches going upwards and some downwards 
In view of the doubt they have been included m Class II , but alone they would 
carry v ery little weight The third photograph in this class is most remarkable, 
and in view of its umque nature it is reproduced here as fig 10 (Plate 2) 

This photograph, which is m the collection of theKoyal Meteorological Society, 
IS so remarkable that I long doubted its genuineness and thought that it might 
be the photograph of a picture On the back there is the statement “ Taken on 
the night of June 28/9*2,” while the name of (he photographer appears on the 
front as ” I Craik, Canterbury and Herne Bay,” evidently a professional 
photographer To get information I wrote to the address given, but my letter 
was returned through the Dead Letter Oflioe While seeking for internal evidence 
of its geniimenoss I examined the picture with a magnifymg glass and then 
noticed that every rope of the ngging of the boat in the foreground is duplicated 
If the picture had been painted this would not have been done , but if a camera 
had been held while the shutter was opened, so that it moved slightly between 
two of the flashes, the effeet—which is frequently seen in photographs of lightmng 
—would have been produced I therefore now have no doubt that the photo- 
graph IS genuine 

So far we havo only considered the discharge outside the cloud The same 
waaoamg must also apply to the part of the discharge which distributes the 
eleotncity within the cloud Taking the case of a positively charged okmd 
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fiiit, kft«r the wr hcM brokui do?m at the edge of the charged region the channel 
gtarts to develop m both directionn But the part of the discharge dueoted 
towards the mtenor of the cloud is a negative discharge and, therefore, cannot 
produce a channel The negative electricity, which flows along the channel 
towards the cloud, escapes into the cloud m the form of a diffuse cloud of negative 
electrons The electrons soon become negative ions, after which they can only 
move relatively slowly towards the positive electni ity in the remoter parts of 
the cloud There is, therefore, an accumulation of negative electncity around 
the end of the channel within the cloud This is shown diagrammatically in 
fig 1 1 The accumulation of negative electncity reduces the field at the mouth 
of the channel and prevents farther flow In other words, the end of the channel 
becomes blocked and the dim barge along the channel ceases But the 






accumulatiou of n^ative clectndty is constantly being dispersed under the 
electncal field and by eddies within the cloud As the accumulation disappears 
the field is again established and flow of eloctnoity commences agaui along the 
onginal channel if the ions within it have not had time to recombme entirely 
Thus the flow along the chanuci will be intermittent and this is exactly what has 
been found to be the case The mtermittent nature of lightning discha^os 
has been much studied lu a senes of valuable papers by Prof Walt* r, of 
Hamburg 

Itbas boon showu that a discharge botwocn the earth and a negatively charged 
cloud takes the form of a positive discharge which starts at the ground Within 
the cloud the channel branches end the branches extend rapidly into all parts 
of the cloud, discharging the greater part of the negative volume charge as the 
result of a single flash This is indicated in fig 12 Another discharge cannot 

Voi. CXI —A. f 
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start until the intense field has been again established right to tiie surfaoe of the 
earth and this will take some time A discharge of thu nature is not likely 
therefore to be intermittent * If this reasoning is correct, hghtning flashes 
between the earth and a negatively charged cloud will be much more intense 
than fleshes to a positively charged cloud, although the two clouds may bo 
charged to the same intensity In fact, one would expect on this reasoning 
that discharges from positively charged clouds would be frequent but weak, 
while discharges from negatively charged clouds would be infrequent but very 
strong 

These considerations are supported by the flashes shown in flg 10 There 
can be little doubt that the flashes shown in the photographs were from the sea 
to a negatively charged cloud above The cloud, however, was so thin that the 
branching within the charged region of the atmosphere could be clearly seen 
Normally, the branched part would be within a thick cloud and therefore invisible, 
only the thick unbranchod discharge below the cloud being visible 

There is a type of lightning duwbarge, which starts in a cloud and then 
progresses so slowly across the sky that the eye can follow it with ease, m the same 
way that the path of a rocket can be seen I saw this phenomenon in Belgaum, 
in India, in the year 1907 There was a thunderstorm m the distance, the 
cumulus cloud of which stood up sharp against the sky From the lower part 
of the cloud a senes of discharges took place, the discharges moving quite slowly 
in a honzontal direction to some considerable distance from the cloud The effect 
was as though coiled up nbbons were being thrown out of the cloud which un- 
rolled as they moved away to the right There can be little doubt that the 
explanation is the following - 

A positive discharge starts from the cloud , as it progresses it ionises the air 
in a narrow channel, sending the negative ions along the channel to the cloud 
But the rate at which the channel can grow depends on the rate at which tho 
cloud can absorb the negative charge which reaches it. If it can absorb it quickly 
the channel can grow quickly, if it absorbs it too slowly tho discharge ceases, 
But there may be an intermediate state in which the cloud can absorb just 
sufficient to keep the channel growing slowly without the discharge ceasing 
altogether In this case we should have lightmng of the nature described 
Probably meandering lightning is also caused m some such way 

For sunphoity of treatment, discharges between a cloud and the earth only 
have been considered above , but obviously the same considerations apply to 

* AH the photvgrephs of intermittent lightning which I have teen ue clearly branched 
away Iran the clond, iiuUoatlng that tho cloud waa pooitlvely charged. 
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duchargM betweea clouds The duoIuLrge will start m the region of greatest 
electnoal (train between the two oloudi and travel as a branched discharge 
towards the negatively charged cloud. All the other consequences will follow 
naturally and need not be considered further here. 


Summary 

An explanation of the discharge of electricity through air at atmospheric 
pressure has been given which leads to the following conclusions — 

(а) The oonducting channel of a lightmng flash originates in the region of 
maximum electno field and develops only in the direction of the seat 
of negative electricity 

(б) A negatively charged cloud can only be discharged by a discharge which 

ongmates in a positively chargeil cloud or m the induced positive charge 
on the earth’s surface 

(o) A positively charged cloud may be discharged by discharges starting in 
the cloud and terminating either in the surrounding atmosphere or on 
the earth’s surface 

(<f) If a lightning flaah is branched the branches are always directed towards 
the seat of negative electncity 

(s) The apphoation of these conclusions to 442 photographs of lightning 
discharges reveals the fact that the preponderance of the lower clouds 
from wiuoh lightning discharges proceed are positively charged. 

In oonclusion I would tike to express my thanks to all those who provided 
me with photographs of lightning to study, and m particular to the Royal 
Meteorological Society, who not only placed then fine oolleotion of photographs 
at ray disposal, but have also given me permission to publish here the unique 
photograph reproduced as fig 10 (Plate 2) ' 1 am also grateful to Prof 
Callendar, who kindly lent me a powerful Wimsburst machine for carrying out 
the experimental part of the work 


r 2 
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A Review qf Mr Oeorge W Wcdhet^e Magnetic Survey (1915). 

By 8iE Arthur Schuster, F R 8 
(Received March 26, 1926 ) 

1 Recent magnetic survey*, whether extended over the whole surface of 
the earth or confined to limited areas, seem to indicate that the observed 
magnetic forces are not entirely deducible from a potential function, the curl 
round a vertical axis having fimte value The evidence is strong, and were 
it not for the extreme difficulty of finding a rational e.Tplanation it would 
probably bo accepted as decisive Exclusive of unknown effects, the observa- 
tions can only be accounted for by electric currents cutting the surface of the 
earth Such currents are indeed known to exist, but their mtensity is only an 
insignificant fraction of that deduced from the magnetic forces Grave objec- 
tions may also be raised against the alternative explanation assigning the 
effect to a penetrating corpuscular radiation 
The principal argument in favour of the real enstence of an earth-air current 
IS supphed by the world surveys, which show an apparent regularity dependmg 
on latitude, being upwards in the polar regions and generally downwards 
in lower altitudes According to Dr Bauer, upward currents of the same 
order of magmtude are found in terreetnal districts withm the Umted States 
Rflcker and Thorpe obtamed no decisive results m Great Bntam, while in 
the districts covered by Mr Walker's survey, be gives six with currents agreeing 
in direction with that found by Dr Bauer and two in the opposite direction 
It appears to me that the moat hopeful method of obtaining a decisive test 
18 to examine the distnbution of the magnetic forces over an area sufficiently 
small to justify a hnear representation of their variation This will at the 
same tune facilitate the takmg of simultaneous observations at each pair 
of the selected stations 

In order to form some judgment of the possibility of obtaimng the desued 
accuracy, 1 have found it necessary to re-calculate the whole of Mr Walker’s 
material, applying the method of least squares instead of the simphfied pro- 
cedure first mtroduce4 by Rttcker and Thorpe and adopted by Walker The 
better agreement so obtained between the calculated and observed forces 
may not be very importwit, but the more rigorous method of calculation 
hat collateral advantages which seem to me to outweigh the increased labour 
uiTnived It excludes arbitrary assumptions, it affords convenient checks 
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on the oftlculatiooe, »nd it so happens that the magnetie problem adapts 
Itself exceptionally well to treatment by it With the help of calculating 
machines the additional numerical work is by no moans formidable 
2 M/e express the North and West Forces by — 

N=.N„ + «(X-X') 

W.--Mo + alX -X')-i-Ml-nJ 

where X' and i' are convemontly selected latitudes and longitudes Each 
of these equations contains throe quantities to be deterrmned and each observing 
station fumishcB one equation 
Introducing the nutation 

A'=ii:(x- x')s, B' = i: (I - 1')« , c'=.S(x - x')(i 

F'=32N(X -X'), 0'=EN(I-J') 1.(2) 

8-.S(X-X'), U=n->SN J 

the normal equations obtained in the usual way are 

>iU Non I- 8a 4- ep "I 

P' = No8 + A'a + C'p I (3) 

G' Npt + C'a 4- B'p j 

Eliminating N« between the first and second and between the first and third of 
these equations and writing 

A=:A'~»r»8>, B=B-n-‘e*, C-^C'-a'iSc 
F = F' - US G =. G' - Ue 
the equations reduce to 

F ^ Aa 4- Cp, 



and Anally 
Similarly for the We 


G = Ca 

BF -CG 
■ AB - C* ’ 

B» - CE 
"" AB-C* ’ 



(5) 

(6) 


B and E taking the place of F and G when N and W are interchanged These 


calculations are simphfled if X' and V are respectively the average values of 
the latitudes and longitudes of the stations, so that 8 and t are equal to tero 
We shall denote the mean latitude and longitude by Xo and fo snd refer to 


the Jiomt having these co-ordinates at the “ central ’’ point 
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A further simphfiofttion renilte when the observmg etetione ere placed 
syminetncally with respect to the central point, in which case C =» 0 The 
expression for the coefficients then takes the simple form 


« = F/A. P-0/B1 
a = D/A, 6 = E/BJ 


(7) 


Local circuiustancca will, m general, prevent the condition C = 0 from being 
exactly fulfilled m the first choice of stations, but this may then be secured by 
an additional station being introduced anywhere on the hyperbola defined by 
L (X - Au) (f — lo) => -- C 

It may further be mconvenient to introduce additional decimal places in order 
to satisfy the condition that S — e = 0 , but it is always easy to obtain 
aufficiently accurate values to be able to treat these quantities as small, so 
that their squares and product in (4) may bo neglected 
3 We now proceed to show how a number of regions for which the coefficients 
have boon determinod may be combined and reduced to a common centre 
We denote by A and L the averages of the latitudes and longitudes of all 
itationa in the area, and desire to find the value of A, B, C, etc , for the whole 
area in terms of their values m the separate Districts If the average latitude 
and longitude m the mth Dutnet is respectively X* and while is the District 
value of A. the contnbution of the mth District to A w 


i:(X-A)» = S{(X- \.) 1-(X«-A)1» 

= 2(X-XJ* f S(X,.-A)*+22(X- X.){X«-A) 
Within each District X,, - A is constant and S (X — X„) = 0, so that the 
contribution of the mth Distnct to A is 

S(X-A)‘ = A,-t-n.(X«-A)^ 

when »„ stands for the number of stations m the Distnct The complete 
value of A is found by summing up the contnbutions of the separate Distncts 
The same reasoning holds for the values of B, C, etc We thus obtain 
A==SA,. t-2n»(X„-A)». 

B = SB, + E«,(f„-L)*, 

C = £C, + SnJK. - A)(I„ - L), 

F=-£F, + 2n,U«(X«-A), 
a = 2G. + S»„U,(C-L). 

D-SD, + 2nJR.(X.-A). 

B-=SE, + Si*,R.(I.-L) 
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Ua, and R« are the average values of N and W m the mth region, and the aoma 
ore taken with respect to m 

4. Equations (1) determine the hnea along which the two components of 
magnetic forces are equal, but we obtain a clearer view of the distnbution 
of the forces by expressing the result of terms of the direction of the normals 
to the bnes of equality and the rate of variation along these The coefficients 
being negative in the majority of cases, it is convenient to measure the angles 
from Uie fine drawn towards the South in anti-clock wise rotation We put 
for the North component 

and for the West component 


The sign attached to the tngonometnoal functions are chosen so as to give a 
positive value to the direction of infreannff North and West Force It is 
to be noted that X and I are expressed in minutes of arc and not in hnear measure 
The angles are therefore those applying to a map in which minutes of arc 
in latitude and longitude have equal lengUi 
6. Having obtained the relevant coefficients, we apply them to determme 
the departures from the potential law Without committmg ourselves to 
any opimon as to their origin, it is oonvement to express these departures 
m terms of the earth-au- currents with which they may be associated If R 
be the radius of the earth, N and W the components of magnetic force, the latter 
being positive towards the geographical West, the vertical current densities (t) 
m the upward direction are 


4nRt COB 


. _ <fW cos X _ dN 
dX dl 


(8) 


In the application of this formula it is convement to replace the circular 
measure by mmutes of arc and to introduce y = 10“* C G S as unit of force 
We must therefore write 


dx 


X10-", 


dl 


10 -*, 


where o is the unit circular measure in terms of imnutee of arc, i e 3 4378 X 10*. 
Equation (8) then reduces to 

4w X 10* R» cos X = <r(aooe X — p) — W sm X. 
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Finally wo put kR •= 2 X 10® and mtioduoe the factor 10“ m order to obtain 
the current density (I) m amp^a per square kilometre We thus obtain • 

81 = 3-4378(« - p see X) -Wo X lO'* tan X (9) 


6 In determimng the probable errors m the usual manner, we must give to 
that expression a somewhat extended meaning and include not only the actual 
errors of observation but all deviations from the linear law, whether due to the 
normal curvature of the lines of force or to local disturbances We must there- 
fore expect the probable error to depend on the suie of the area included in 
the survey We denote the sums of the squares of the difierenoes between the 
observed and calculated values of N by e* (N) Hr be the probable error of 
a single observation, the probable cttots of No, « and p are then determined 

hy 




wherc n denotes the total number of observations and m is a quantity called 
the “ weight ” in the theory of probability which has to be detennmed 
separately for each of the unknown quantities Calculating the weights by 
well-known methods, we find, expressing probable errors by square brackets 


[N„] = n 


with similar expressions for the West Forces It is to be noted that the 
expressions for the coefficients are considerably sunphfiod if C == 0 

It IS assumed in this investigation that the North and West Forces are mde- 
pendently observed quantities, which m past surveys has not been the case 
But the probable error being only used to servo as a rough estimate of the extent 
to which our results may be trusted, there seemed no need to compboate 
materially the numerical work m order to obtain au improvement of doubtful 
value 

The expression for the probable error of the curl demands attention Equa- 
tion (9) shows that I depends on a, p and Wo, and as both a and Wq ate denved 
from the measured West Forces, it is not obvious how the terms should be 
combined so as to give the probable error of I Sir Frank Dyson, whom I 
consulted on the matter, was good enough to give me the solution, showing that 
we may proceed as if we were dealing with three independent vanables We 
therefore find 

[81]* =. 11 817 {[o]* + IP*] sec* X} -t- lO'* [Wo]» tan* X (U) 

The last term is in general neg^Ue 
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7 We nuy now proceed to tammartM and diDcius the results obtained 
The whole country was divided into nine Dutncte, but the outbreak of the 
war prevented the completion of the second District, covering the North-West 
of Scotland We therefore deal with only eight Districts The geographical 
outlmes of the Districts arc shown in fig 1. The figures indicate m terms of 
Y the values of the North and West Forces at the central point I divided 



each District further into four quadrants along the lines of latitude and longitude 
passing through their central pomt, and I treated each quadrant as a separate 
unit I was aware that with the reduction m the number of stations loss 
lehance could be placed on the results, but I hoped m this way to hnd some 
region comparatively free from disturbance The coefBcienta for the larger 
areas were then obtamed by intermediate steps, as explamed m Article 3 

The coeflhcients, on which the rate of variation of the magnetic forces depend, 
show considerable irregulanties m the smaller sub-divuuons of the Distacts, 
and it is not necessary to set them out m detail But it may be useful to gt% e 
an example of how the calculation was earned out to check, and, if necessary, 
improve the accuracy of the numencal work, after the coefficients had been 
obtained as explained m Article 2 

I ohoas for the purpose the West Force m the North-West Quadrant of 
District Vin, which includes both Greenwich and Kew and contains some 
anomalous features 
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The meuung of the hguiea entered in the first four colunuu of Tabic I is 
sufficiently indicated by the headings The columns marked C and 0 give 
the calculated and observed values of the West Force diminished by its average 
value in the quadrant In the last two columns the residuals v are treatcil 
in the same way as the onginally observed values of the Forces The sums 
d and * correspond respectively to D and E If the calculation be correct, 
and >0, k are the accurate average values of X and I, so that S and c are aero, 
the sums put down in the bottom row should all be zero, to the degree of the 
accuracy aimed at An occasional difference of one unit in the last decimal 
place IB, however, unavoidable The fimto value of the sum m the last column 
show that the agreement could be improved by a shght change m the values 
of a and b The equations of Article 2 yield the corrections, which are 


Bd - 
AB-t?’ 


Sb^ 


Ae-Cd 
AB - C* 


With the previously calculated values of A, B and C thi' corrections work 
out to be —3 X 10"‘ and 1 x 10“* for a and b respectively, and may there- 
fore be looked upon as insignificant If our aim had been only to determine 
the differences between the calculated and observed forces, it would, of course 
not have been necessary to calculate the value of the forces to mote than one 
decimal place The value of the check, however, repays the additional labour 

8 Table II gives the constants obtained m the eight Districts, the uppir 
figures referring to my own results, while the lower ones are those obtained by 
Mr Walker * Both sets of figures are based on the same observations, and the 
difference between them is solely due to the substitution of the method of 
least squares for the approximate method used by Walker In tbe bottom 
row, in which all Districts are combined and which therefore applies to the 
British Isles as a whole, the agreement is remarkable, especially as Mr \\ alkcr, 
in combining the Distncts, introduced a conditional equation which eliminates 
the earth-air current 

9. The second and third columns of Table III give the probable errors of the 
calculated values of N# and W'o as defined by equations (1) From these 
we obtain the probable errors (r) of a single observation, which are entered in 
the fonrth and fifth columns The figures m brackets again indicate the values 
denved from Mr Walker’s tables, m which the differences between the observed 


*lB Wslkw’a Tables ( ‘ FhiL Trans, voL 219) there is a mtsprint on p 32 the 
Weet Fwoe at Qiggkewick thould be 4058 instead of 5058 as printed There is aho an 
tnslgnKInsiit nnmcrioal error on p 34, the average latitude in District V should be 
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60 

71 
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66 
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10 

fl 

76 

26 
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12 

36 

75 

13 
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16 
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17 
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16 

IH 

78 
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02 
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12 
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7 

48 
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13 

2 

76 
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8 381 

I 436 
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0 
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13 

10 

72 

61 
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13 

23 


22 
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Table III — Probable Erroni of Nq W# and of Single Obaervationa 
Unit of Force = y 
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r(N) 

r(W) 
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88 

26 

n 

S3 
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29 

83 
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I 
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V 
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11 (12) 
7(7) 
27(27) 
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18 

18 

28 

18 

12 
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47(81) 

33 
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and calculated components of f<woe are set out As alrea ly stated the error 
here means the discrepancy between the observed and calculated values 
and includes not only inaccuracies of measurement but disturbances duo to 
local magnetic causes My calculations were earned out separately lot the 
four quadrants into which each of the Distncts was divided and thus furnish 
a second measure (r ) of the error of a single observation The average 
values of these probable errors as denved separately from the four quadrants 
are entered in the last two columns The companson between r and r is 
significant the former being very consistently nearly W pet cent greater 
than the latter both for the West and North Forces This can only be accounted 
fc« by the circumstance that the effect of the disturbances in the smaller areas 
are to a greater extent capable of representation by a Imear equation and 
therefore appear as a change in the ooefflcionta rather than as errors in the 
sense here used So far as the calculation of the curl is ooncemed all that 
matters is that the hnear law should hold and it would seem therefore that as 
a test of the earth ait effect a smaller area is preferable With the data at 
my disposal it was unavoidable that the division of an area into four parts 
meant a diminution of the observing stations to about five on the average m 
each quadrant Hence though the probable error of a single observation was 
diminished that of the coefficients was increased This could be easily ami n led 
by increasing the number of stations or the number of obsen ations at each 
station 

10 Table IV gives the current densities of the earth air currents in amperes 
per square kilometre It will bo noticed that the more accurate process of 
calculation reduces the Districts showing a descending current from two t) 

Table IV — h arth Air Currents 


Dutnet 1 (A 8 ) I (t W W ) fll 



AnrS(e(a) - +0 JM ±0 081 Airers«« (6) . 0 123 J:0 1« 


BiHhA blw, 1 > 0 0032 



78 


Sir A. Schuster. 


one, but the prob«ble errors are too large to allow auj certain conclusions to 
be drawn for the Districts separately We proceed, therefore, to combine them 
so as to obtain their joint verdict This may be done m several ways The 
most natural procedure, and probably also the best, is to calculate the general 
mean in the usual way, the weights of the separate entnes being proportional 
to the inverse squares of the probable errors given in the Isst column of the 
table The value obtained in this way is entered as “ Average (a)," and supplies 
substantial evidence m favour of the earth-air current, the current density 
being more than four times as great as the probable error But the argument 
IS considerably weakened if we derive the average curl from the Imear formuhe 
applied to the combined Districts The relevant coefficients are given m the 
bottom row of Table 11 With the help of equation (9) we find that the value 
of I IS 0 003, which is practicably negligible Doubts may reaaimaUy be 
urged with regard to the validity of tl^is method, as it rests on the assumption 
that the linear formula can be assumed to hold with sufficient accuracy over 
so large an area as the whole of Great Bntain and Ireland The curvature of the 
hues of force would alone introduce sensible errors 
There is a third way of detemunmg the average current density by calculating 
the total current passing through the whole area, this being equal to the sum 
of the currents passing through the individual Dutnots If Q be the area of a 
District, it follows that the average current over the whole country is S (QI) 
divided by £Q, and knowing the probable errors of I for the several Districts 
we may find the probable error of the resulUng value If a District cover a 
range and AZ in latitude and longitude, and its mean latatude be X, the 
areas are proportional to AX . Al cos 0 This procedure leads to the value 
entered in Table IV as “ Average (b) " In estimating the value of this pro- 
cedure, it should be noticed that the probable errors of the District values are 
not taken account of in this determmation of I, but only m the calculation of 
its probable error The latter is dominated by a great disturbance m District 
IV, amounting at one station in the North of Ireland to 464^ The accuracy 
of the method last employed u also affected by an over-estimate of some of the 
areas It has been assumed for the sake of simpHcity that the values of AX 
and A1 are those laid down by Walker and shown m fig 1 In some Districts, 
such as VIII, these include appreciable areas covered by sea, when, of oourse, 
no observations were taken For this reason it would seem that greater value 
should be attached to Average (a) than to Average (h), 

In all these calculations the dissenting voice of the first District, covering 
the North-East of Scotland, u fully taken mto aoownt, bat its evidence is of 
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doubtful value m consequence of the great disturbances within its precincts 
Among the 22 stations it contams there ate not less thau 12 m which the difference 
between the calculated and observed values exceeds lOOf m one or other of the 
two components of force At Stirling the difference amounts to 297 y (37 4y 
according to Mr Walker), while at Dundee the discrepancy of 23 y found by 
R&oker in 1886 has. according to Walker’s tables, increased to 207y, the co- 
ordinates of the observing stations bemg changed by about half a mile m 
latitude and three miles m longitude 

11 In comparing our results with those obtamed elsewhere I may refer 
to Dr Adolph Schmidt,* who has recently pubhshed the results he derived 
from charts of Dr Neumayer’s survey for 1886 Roughly speaking, they show 
a belt of inward flow in the equatorial regions not quite parallel to the circles 
of latitude, but stretching from South-East to North-West The line of seto 
current separatmg the two regions cuts through the North-West part of Africa, 
and thence passes North so that the positive region includes nearly the whole 
of North America up to a latitude of 60“ Por Great Britain an outward 
current of about 0 3 umpire per square kilometre is given, and this is in fair 
agreement with the weighted mean of the aeven Districts of Groat Britain 
found above The same subject has been repeatedly discussed by Dr Bauer, t 
who dealt with the results denved from more recent charts He gives positive 
currents from the Poles to latitude 46°, with negative currents farther south 
If this be conect, we should have to conclude that the Ime of zero curl passes 
through North America in higher latitudes than m Western Europe, but nut 
quite so far north as shown m Dr Schmidt’s chart 

12. In Article 6 it has been shown how the probable errors of the coefficientn 
« and p, which detemune the probable error of I, depend on the quantities 
denoted by A, B, C. In the most favourable case m which the observing stations 
are placed symmetrically with respect to the central point C = 0, and the 
probable errors for the same value of r are mvetsely proportional to the square 
toots of A and B for a. and p respectively The definition of these quantibes 
shows that, in order to dimmish the effective error, £ (X — Xo)* sud £ (/ — lo)* 
should be made os large as possible, which means that for the deternunatiun 
of « the stations should be on the longitude circle and for the determination 
of P cm Hie latitude mrole. It is further to be noticed that a station placed 
at the central pomt has no effect whatever on the detennmation of the oo- 
efBcients, and hence also takes no part in the calculation the earth-air current 

* ' ZeKsohrift fbr Oeqiliysik.’ rol I, p. 281 (1928) 

t ‘Terrestrial Magostiam,' ret 28, p. ISl (1920) 
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ObservationB at auch stations have then importance in detennining the 
errois, but not m fixing the value of the unknown quantities 
In planning a scheme of operation which may lead to a decisive test of the 
reality of the curl, we must m the first place form an estimate of the accuracy 
of our measurcinents of magnetic force In the account of their survey of 
1886 Rttckcr and Thorpe give Sy as the probable error obtained by their 
observations m the measurement of Horizontal Force with theKewinstrumcnt * 
To arrive at this figure two independent observations were taken at a shcnrt 
interval and the error was assumed to be half the difference of the values 
obtained But if r be the probable error of one observation, that of half the 
difference between two observations is r/V^ It seems to me, therefore, that 
their estimate of the probable error should be multiphed by The same 
correction would apply to their second survey, t which gave Oy for the probable 
error of an observation With the instruments at present at ouz command, 
the time taken to measure the Honzontal Force u very materially dimmished, 
and we may hope to reduce the probable error substantially I wouM propose 
four stations, two of which are on a meridian cucle at a distance y from the 
central point, and two on a latitude circle at distances ± x from the same pomt, 
the distances being measured in minutes of arc If we imagine n observations 
to be taken at each pomt, or, in other words, n oomoident stations to be placed 
at each of the four points, we find by Articles 2 and 6 

A = 2»»y^ B = 2»w*, C = 0, 

and hence by (11), ne^ecting the last term 

[81]* « (2n)-‘<TV(y-* + sec* X) X lO"* 

If the stations are at the same distance from the central point, we hare 
y = » cos X, and hence, introducing the numerical value of <r, 

y[I]Vn:=0 4Sr (12) 

We are not concerned with the absolute values of the forces and need only 
consider the accuracy with which the difference between the magnetic forces 
measured simultaneously in two locahties can be detenmnod. We therefewe 
introduce the probable error (n) of the difference between two detenni&atioa% 
which IS equal to r V2 If, as an example, 25 mdependent measurements ate 
made, equation (12) becomes 

y[I]=.0 0607rj. 

• 'PWL Trsw,’ voL 1«, p. T? (tf#0). 
t • Will TrsM Tol 188, p » (1^) 
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If we Me eaUified with a probable error of I equal to 0 1 and the probable 
error of a determination of the difference 6f the forces at two locabties can be 
reduced to Sy we find for y the value of 1 82 miles The explored area would 
be a square having for its diagonals a length of 3 6 miles and for its sides a 
length of 2 6 miles This is the minimum ares by means of which we may hope 
to obtain a decisive result 

13 My pruiLipal object in undertaking the labour of the detailed calculations 
of which only a summary is given here was to find an area in which the magnctio 
forces varied with sufficient regularity Unfortunately my hopes were not 
fulfilled adjoimng parts of a District showing considerable discrepancies 

I found however the following relevant statement by Rucker and Thorpe* 
in their discussion of the magnetic character of the various districts examined 
by them In Mid Kent and Sussex the honsontal disturbing forces are 
extraordinarily small being less than the limit of accurate determmation of 
direction at a group of nine neighbounng stations I have not yet been able 
to identify the stations as^the Ust of 696 included in the survey is arranged m 
alphabetioal order The geographical position indicates however that they 
must lie in Walker s District VIII This sa already mentioned has special 
interest aa it contains Greenwich and K«w and it may be added the new 
magnetic observatory at Abinger The distnot as a whole is anomalous 
ifc being the only one m which the coefficient a is positive showing an increase 
of the West Force towards the North Fig 1 is intended to illustrate the mam 
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fe*tares of the Dutnot It showi the oulhne of pert of the South and £U«t 
ooMt, and the observing stations are marked so as to indicate roughly the 
intensity of the West oomponent For that purpose the stations were divided 
into four groups m the order of their intensities. The weakest group is indicated 
by a simple dot, the next by a cross, the third by a honsontal and two vertical 
lines, while the strongest are marked by two honsontal and two vertical lines 
The central pomt is mdicated by a ruig, Oreenwich and Kew by their imtials. 
Looking at that part of the map which lies to the East of Greenwich, we find 
that, with the exception of Harwich, situated in the top nght-hand oomer, 
the increase of force is decidedly towards the North I haveentered mtho figure 
the directions of the normal to the lines of equal West Forces both for the 
four quadrants and the District as a whole, the latter being indicated by a 
double-headed arrow The coefficients 1 obtain for the separate quadrants 
do not mdicate any great regularity and show considerable departures from 
the general average over the whole country. This is not perhaps surprising, 
the whole District containing only 18 observing stations 
14 It IS hoped that uso may be made of the next sun-spot minimum to put 
the matter to a tost In the meantime there is much to be done in the pre- 
liminary work of preparation Apart from the Weotion of snitable sites, it la 
necessary to ascerteun how far the forces at two stations a few miles apart 
preserve their relative magnitude, and may be assumed to vary uniformly 
along the Ime joining them The unknown quantity here is the possible efiect 
V sitfaer deep-j 


of aar^m|Mg|||g||M sitfaer 

thelfH|fl^SR|pa^'to vag a 

but W^dpr very little abouf^Kil'^r 


y appreci 

^ JKWrrents, and the!? effect may depi 

changes iv level or gdbli^oal formations The selection of an ii 
suitable for magnetic surveys is also important, and is, I believe, at the present 
momoD^ engaging the attention of the Ordnance Survey Our problem is 
somewMt simplified if the method advocated in thie paper be adopted, ||ecause 
only four stations are involved, and those may possibly be taken m pairs if 
the variation be found to be equal at all four stations 

mlqect is of primary importance to the progresa of the scienci 
tn^ a^l»etism, and if the deviations from the potential be showi 
sent observatiODS seem to indicate, we cannot altogethi 
the^jjfill^ility of eome unknoigi^uBe afieoting magnetism m general 
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An Inierpreiatton of the Spectrum of lonteed Oxygen {0 [I) 
ByR H Fowtjir, FR 8 andD R Hartrsb 
(Rec«ived March 13. 1926 ) 

§1 IntroduUum 

The object of this paper is the correlation of the terms of the spectrom of 
ionised oxygen, deduced by A Fowler* from the regularities m the observed 
speotruin, with the terms to be expected on the theory of complex spectra 
indicated by Heisenberg, t and worked out in some detail by Hund $ It will 
appear that the agreement between observation and theory is most satisfactory 
A large proportion of the observed terms can be correlated with the theoretical 
terms almost with certainty All the observed terms can be correlated with 
theoretical terms m a way which, while less certain, shows regulanties which 
suggest that the correlation is significant Almost all the theoretical terms 
which would give strong Imes in the region searched by A Fowler are repre- 
sented among the terras already deduced by him 
As it IS possible to teat the theory of Heisenberg and Hund here with far mote 
certainty and completeness than is possible in the Fe-group, where among the 
theoretical terms there are usually several alternatives with which an observed 
term might equally well be identified, we have ventured to set out the argument 
in some detail No test so complete has been possible lot an atom homologous 
with a member of the fifth column of the periodic table (N, P, As, Sb, Bi) 
previous to the pubhcation of A Fowler’s results ‘ 

§ 2 OuUtne of the Heiienbcrg-Ilund Theory of Complex Spectra 
It may be convenient to the reader to begin with a brief sketch of Heisenberg 
and Hand's theory of complex spectra It must be understood that this oon- 
taus nothing original and is an outline only By a complex spectrum we mean 
the spectrom of an atom whose uncompleted nj groups with !;> 1 contain more 
than 1 electron 

Altogether there are five numbers which may be used m specifying the orbit 
of a amglo electron , those used by Heisenberg and Hand will be written here 

*Aiynrl«r,‘ltoy Boo. Pioo. ’ A voL 110, p. 476 (1936) 
tW,HsIssiibM«,‘Zait tPhys,’TOl 32. p 241(1926) 

Hand, * Zeik f Pliyi.'Tol. 33, p 3451 roL 34, p 296(1936) Thass pspw* wiU be 
nismdtosflaodll. 

o a 
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*>> *’h> *’*1 ^ these n u the pnncipsl qiuntum number, and retains the 

same sense as in Bohr’s central orbit theory , ibi is less by i than the sub- 
sidiary quantum number k of that theory It is usually more oonvement to 
worlc with ki than with k m building up terms of complex spectra, but tor the 
oonvemence of writing mt^al suffixes, and on account of its famihanty, it 
18 often oonvement to refer to an orbit by its quantum numbers of the oentnd 
orbit theory k^^ki±i, when there is only one electron not m a complete 
group Jbi = j i ID the notation adopted here ioij (tee later), but; is usually 
interpreted as the angular momentum of the whole atom and so cannot generally 
be associated with a single electron m an orbit The magnetic energy of the 
orbit m a weak field is where ^ is given by Lande’s “y-formnla " and 

Ui, 18 a Larmor’s rotation frequency , the magnetic energy of an orbit in a 
strong field is , these define m, and m, For a single orbit only three 

of the quantum numbers h,, k^, m,, mu are mdependent 

All the electrons m incomplete groups have to be taken mto account in 
working out theore^cally what terms are to be expected m a complex spectrum 
The speotrosoopio nature of each term (t e , its Zeeman effect and combination 
rules, which determine whether in the analysis of an observed spectrum the term 
shall be named an S, F, D term*) is specified by a quantum number 1 which 
relates to the whole set of electrons not in complete groups. It is not neces- 
sarily equal to the of any one of the orbits present, and is taken to be 
f, f .for S, P, D terms, so that { a when there is only one electron m an 
incomplete group It may perhaps be thought of as the resultant angular 
momentum of the moomplete group Each term will also be specified by a 
certam multiplioity 2 r, and in general wiU be a multiple term oonsistuig of 
several members with different values of the inner quantum number ” , 

the/s are uniquely detennmed by r and I 

The relation of the r, I of the terms given by a set of electrons m incomplete 

* Foaowing Heisenberg and Hund we adopt the notation soggested by RoMell and 
Saonden (‘ Astrophys Joum to) ei, p 64 (1936) ), in wUoh the ipeotrosoopio nature of 
a teem is repreaented by a oapital letter and tbe mohipUclty by a naall figure wntien 
above and to tbe left 

t There are difierent oonveotloos for the valuM to be taken for j (only diSmooes are 
defined by the eomUnation roles) i we follow Hund and take j »• 0 for a singlet t term and 
j m ^^ot» doublet t term , values for all other terms are then given by tlie poeslble oom> 
^ve**”** For ooovenlenoe of writing, the separate memben ot a term in a qiaotrum 
«f evan mnUipIkity will be indicated 1^ tbe integral suffixes J -h i. These snffizes sgiee 
with those given ^ Rnswll and Saon^ (be. oL), and with those^used by A, Fowler 
The somber al majpwtb terns it ^ + 1. For s xsanber ot a tern "of even inoltipadfy 
this is twice tbe written value ot tbe sufibc. 
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groups to the of the Mpeiate elections is worked out as follows The 
otbh) of each 11 ^ electron in a magnetic field is specified by the five quantum 
numbers n, ki, kf, mj, nii , the magnetic state of each orbit is given by nq, m,, 
and the magnetic state of a set of electrons is given by eij oa £*»{, £m, 

Each separate electron can take all its possible magnetic states, subject 
to the condition that no two electrons can have the same values of all the 
quantum numbers n, k^, k^, m„ m^. The separate magnetic states defined 
by m„ m, are then collected up into sets corresponding to the magnetic 
states of terms of various r, (, j For example, an Ug orbit (ij =• |) has 
SIX possible magnetic states, vus — 

r *.=1 *.-2 

*1 “ M »»! - -i i -i i i 

I »n,= -l 0 -2 0 12 

A system formed of an n, orbit and an (n\ orbit (n‘ n) has 36 magnetic 
states, since each orbit has six magnetic states and each orbit can take all its 
magnetic states independently of the other These 36 magnetic states have 
values of m„ m, corresponding to the magnetic states of six terms, vu ,*S, 'F, 
*D, *8, *P, 'D If the two orbits have the same n, 21 of the 36 magnetic states 
of the system drop out, some because interchanging the n's of the electrons, 
leaving the i,, kf,m^,m^ the same, does not give a different state of the atom 
when the n’s are the same, and some from the condition that no two electrons 
can have the same ki, it,, nij, m, if they have the same n , the magnetic states 
left have values of nq, m, corresponding to the terms ‘8, *D, *P 

It 18 not always necessary to go through the oalculatioa of the magnetic 
states Hund gives a general theoretical rule that if an electron m an n, orbit 
is added to an ion in a state specified by values r R, I ;=» L (n, k not bemg 
both equal to the n, k of an eieotron already present) a set of terms u obtamed 
for which I, f are given by 2r => 2Rl:l, 1 L — kj 1 + i<{<L + kj — } For 
example, if to an ion with complete Ij and 2, groups and 2 2, orbits, giving a 
*P State* (2B == 3, L= i) a 3, electron is added (kj S), then 2f » 2, 4 , 1 « i, 
}, I so that the following states are obtamed *S, *P, 'D, ^S, *P, *D , to find 
which of thCM terms persist when the n of the added electron are equal to that 
of an eleotion already present, it is necessary to consider the magnetic states 
of the orbits 

Bund alio gives an empirical rule that of the terms based on a given state 
* This amagesMot of deotraw aho gives s ‘P and s >3 stats. 
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of tbe ion and a given ih orbit of tbe new election, those with greater 1 and 
greater r luuallj he deeper than those of anudler { and r 
It IS not possible to conelate uniquely the states of an atom with the values 
of kt of the orbits of the individual electrons m incomplete groups, but if the 
states are due to the addition of an electron to an ion m a state giving a multiple 
term, the individual members of the resulting multiple terms oan be correlated 
with individual members of the multiple term of the ion from which they were 
derived This and this only is phystcally signihoant, and probably it is only 
significant when the single electron is in an orbit from which it oan be removed 
much more easily than the electrons in the ion * 

In the example given above the eorrelation is as followsf — 


Ion 

Orbits Terms 

2, 2, »P, 

»Pi 
‘Po 


Atom 

Orbits Terms 
2,2,3« ‘D4‘P,‘8,*D»»P,*8i 

*D,^P,*Pi*D,*Pi 
*D, ‘D, 


* The stste et an stow cannot depend on tbe order in which the eleotrons filled np Ae 
orfahs, bot when one electron is much won ea^y lemoved then toy other, it Is teseonaUe 
to think of it as a " series electron " and the rest of the etom aa a “ oore ” oonsistliig of 
prerioosly captured eleotront. On the other hand, when It it almoat equally easy to rewore 
an eleotron from either of two orbita of different it hardly seemi eignificant to think of 
■ithei of these deotroos as Me “ aeries electrons”, or to correlate the stetee of tiie atom to 
those of the ion left by removal of either electron, ff p. In Nil there Isa *D term due to an 
electron arrangement with 9 S, orbits and 1 i, crblt , this can equally well be thongbl cf 
as due to the addition of a 3, orbit to a state of Ni * with 8 S, orblte and 1 4^ orbit, or 
dnetotheaddltionof a4, orUttoa’DatateolNi^ with 9 S, orbits , the separate membem 
of the D term of Ni I oonld be oorreleted to the members of either the 'F or 'O term of Ni 
n with equal rignifioanoe 

Similarly when an eleotron is added ill an orbit of the same tit as tome orbits already 
pMsent in the “ oors", it is sometimes the case that the lesalUng terms oen be conetated 
equally well with any of levetal states of the core. 

t This table disagisei in one particular with the diagram given by Hund (tol II, 
p 302) FrobaUy by a misprint, Muttd’a diagram aasigna both members irf the >D term 
to tbe 'Pi state of the ion, and both membera of tbe 'P term to the 'P| state cf tbe ion. 
It oen be eeen without working out the detaile that this is inoorreot ( tbe number of 
magnetic terms denved from one term of the ion must be equal to the product of the 
numbers of magnetic terms for the ion and added electron separately For the 3| eleotron 
the number of magnetic terms is 6 end for the 'P, stats of the oore it is 8, giving a total 
of 18 magnstio terms baaed on the 'P, slate of the oore. The number of magnetio itatM 
of the atom is twice tbe sum of the sufllxesy 4- ) of the terma, which is 18 acoording to 
the cmrelation given here, as it should be, but is 39 aceoidiiig to Bund’s Correlation. 
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The combmetm role* are aa toUova — 

(1) Not more than two electroaa make tnuuntiona from one to another, 

and then only such transihons take place for which Aii “±1 for one 
electron and Afc, =i0 ±2 for the other (The case when only one 
electron makes a transition can be thought of as a special case of this 
when for one electron An =«> AJfci =• 0 ) 

(2) The terms can be divided into two classes which will be written with 

and without a bar over the letter (8, P, D ) specifying the I value 
Within one class Al ~ and occasionally ±3 
Between the two classes A/ = 0 and occasionally ±2 
It IS immaterial which class is indicated by a bar The diflerenoe between 
barred and unbarred terms is just the same as the difference between dashed 
and nndashed terms in the more usual notation but a different notation u 
perhaps desirable the bar indicating only combination properties of the terms 
rrtiile the dash is sometimes taken to indicate something more [eg , if the 
undashed terms fall mto a regular Rydberg sequence a double daab u eome- 
fames need for terms which combine like undsshed terras of the same 1, but do 
not fall into the same sequence) 

(8) Aj = 0 ±1 

subject to the condition that j 0 — ►y «=• 0 does not ooour 

§ 3 The Spectrum 0 II 

The normal distribution of electrons of the O’** ^ atom among the groups of 
orbits 18 presumably 

0++ 2 1, , 2 2i , 3 2, 

giving terms *P ^D, 'S of which the *P may be expected to be the deepest,* 
then the >D , the U) and slates are metostabls 


* The neutral 81 atom has 
terms are — 

•P 66S70 7 

•P, fle29S « 

*P, 68147 « 

‘D, 60072 0 

^ 60078 8 


two 3| orbits in addiUoo to oomplsted groaiw. Its lowest 

77 I 
146 1 
8076 6 
0098 6 


The Uttne are thoie quoted by Hand (I, p 338) Iiom MoLannan and Clhaver (' Ttaai 
Boy. eoo , Otnada,' voL 18, p 17) adioited to agree with PowWe vtloa for >5, (-• IP, 
* PhUt Tmds.,' voL 226, pp 18-19) The next toweat tarint art about 26,000 
The O** atom hae a strooioie ol the etma type <2 2, urbttt in addittoo to eompleted 
fmqa) so wohld be expeeted to have a similar Mt ol deep terms 
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The epeotrum 0 11 of lonued oxygou would therefote be expected to inolude 
naamly terms bued on s *P state of the core, with some baaed on a state and 
perhaps some based on a state 

The figure shows the terms to be expected on the theory of Heisenberg and 
Hand and the observed terms which are correlated with them * The three 
deep-lying states of 0+‘'' arc indicated by the vertioal bnee on the right of the 
diagram (the *P state is shown resolved) From these are drawn a senes of 
horizontal lines, which are mtcrsectcd by a senes of vertical Imes, and some of 
the points of mtersection are marked with dots Each dot represents a member 
of a multiple term deduced from the theory of Heisenberg and Hund , those 
on the same vertical bne represent terms due to the same orbit of the “ senes 
election," s e , the electron which is additional to the 0^ core whose states are 
indicated by the vertical Imes on the right , the value of the for the senes 
electron is shown at the top of each hne On any one horizontal line the pomta 
represent individual members of a multiple term, with the same r, l,j, produced 
by adding a " aenes ” electron in an orbit of given h but varying n to the O'*"*' 
core in the state represented by the vertical hne on the right at which the 
horizontal Ime is terminated For example, points on the second and 
third horizontal Imes on the diagram (counting from the top) represent 
respectively *P| and *Px terms arising from the addition of a senes electron 
m an orbit to the O'*"*' core m the ’Pj, 'Pj states respectively The 
horizontal linea for the members of a single resultant multiple term are 
grouped together 

When the senes electron is in an orbit loosely bound compared to those of the 
other electrons in incomplete groups, it seems reasonable to expect that the 
terms due to the addition of orbits of given k but difierent n to a core m a 
definite state should form approxunately a Bydberg sequence with a limit 
corresponding to the state of the core , to make the resoltaut terras comparable 
it IS also necessary that they should be of the same r, k That is, terms 
represented by pomts on the same honzontal hne on the diagram should 
form such a sequence, whose limit corresponds to the state of the ion 
t^nesented by the vertioal line on the right at which the honzontal line 
terminates 

The pomts represent members of multiple terms predicted by the theory of 
Hnnd and Heisenberg , the numbers wntten to the right of the pomts are the 
value of the terms given by A. Fowler which are identified with the theoretical 

* the idea of this diagram was soggostod I7 tbs diagram in Eund’s seoood p^. 
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terms, and the separations (m the case of multiple terms)* , on the left are given 
A Fowler’s designations of the terms A query on the left indicates that the 
identification is considered doubtful, one on the nght that the reality of the 
observed terms is doubtful (usually because only one combination with other 
terms has been identified among the hnes) All A. Fowler’s observed terms are 
represented m the diagramf with one exception, the srf' doublet term 92682, 
92633, and A Fowler expresses considerable doubt whether this term is real. 
The identifications are in some oases fairly oertam, m others rather dubious, 
some of the dubious cases will be mentioned individually later 

Hundit gives a diagram of the terms duo to the addition of a senes electron to 
the *P state of the core, but these terms do not seem to account satisfactorily 
for all those observed for 0 II , m particular there is no room lor s' terms as 
well as s terms, but terms of both these kinds are certainly observed There 
are other terms also which can beat be accounted for as based on the state of 
the core, and reasons will be given later for thinking this interpretation of these 
terms is significant 

The general agreement between the observed terms and those expected on 
the theory of Heisenberg and Hund is excellent , except for the doubtful xd^ 
term already referred to, there are no observed terms for which there is no place 
ra the theoretical scheme, and practically all the deeper lying terms which are 
theoretically to be expected have been observed. Further mvostigation of the 
far ultra-violet in the region 400-600 A U will be necessary before much can 
be said for certain about the deepest-lying *D and *S states Hund’s rules 
that of the terms denved by adding an electron in an orbit of given to a 
state of the core defined by a given R, L, the term value mcreases with the r 
and { of the resultant term, is obeyed m nearly all cases S Only the values of 
2r, ap’ and <u^ fail to conform to these rules. These rules are not universidly 
• The lines suggested by A. Fowler u li,' — od, , may be prorisionslly identified M 
ad|, I — /i, gimg /| n 60373 6 , a doublet / term might be expeoted at just about this 
value, and the intenaltiei are oonaiatent with thla combination ; the f, membw ot the 
term la doubtful, ai there are aeveral tines whioh might be Identified aa ad^ — /« TUt 
ft term and a poasible/, term are given on the diagram 

t A Fowlat’a apparently alngle term a, which oombinst whh the quartet tsnna a, p', i 
hu been proriaioMdly Identified as the unresolved first pT term of the quartet uyatsm. 
tXoe.m<.,n,p.802, 

I The term valoea lor the doublet terma ate based on a serits limit oaloulated from Sp„ 
Zpp^ii those for the quartet tenns are baaed on aaaafumsd value whioh, howevar, 

does not seem likely to be in error by aan than 3000 The aero ol term valoe is the state 
d the atom in which the oote it in the state and tha “ leriaa’' eleotiea ii at test at 
infinity. 
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obeyed even among the simpler spectra (e , m Ca I the first two terms are 
less than the corresponding *P terms , the later terms are greater than the 
oonesponding *P terms) 

There seem to be the beginnings of three sequences of Kjdberg type among the 
observed terms The most definite is the *P sequence arising from the addition 
of »i orbits to the *P state of the core , each of those *P terras consist of two 
members, one based on the 'P, state and the other on the ‘P, state of the 
core The added orbit, having it => 1, is not likely to afiect the separation 
much, so it would be expected that the separations of the doublets would all be 
about the same, and would tend to the dificrence between the *P, and *P, 
states of the core as the prmcipal quantum number of the orbit of the senes 
electron increased This is the case, the three observed *P terms have 
separations 180, 187, and 193, while the *P state of the core probably has separa- 
tions about 107, 204,* of which the latter la the difierence between the *Pi 
and *P, states The signs of the diifetences in the 0 II spectrum agree with what 
would bo expected from the sign of the difierences m the 0 III term t 

The quartet terms ap, bp probably also form the beginning of a sequence of 
Rydberg type The separations of the terms would be expected to tend to the 
separations 107, 204 of the *P state of the core as the principal quantum number 
n of the orbit of the senes electron increases, but when n u small they would be 
expected to agree more nearly with the ratio 3 6 given by Lande’e interval 
rule for quartet terms The separations for the two observed terms ate 106, 
168 and 106, 161 , the smaller separation 105 agrees well with the corresponding 
separation of the core terms , the separations 158, 161 arc smaller even than 
IS required by the interval rule 

The identification of the observed aH, id' terms as the first two terms of a 
Rydberg sequence due to addmg ni orbits to the *0 state of the core, seems at 
first sight much less oertem than the identification of the terms of the ‘P and *P 
sequences, but the following three points suggest that it may be correct, though 
the combined evidence is not conclusive 

(1) If the terms are taken as members of a sequence of Rydberg type wc find 
—32000 for the limit of the sequence, which would indicate that the term of 
0 ni If about 22000 leas than the *P term The 0 III spectrum is not known 
well enough to check this value, but it seems very reasonable , for the Si I 

* mOikan and Bowen's triplet with these separstioas at k 703 is provisioosily idenUfled 
as a tripM of 0 UI iavolriag the 'F itotsa 

t "Bf ffadnitlaa, a aspaiatlon of members of a muHipIe tarm is leokonsd posiilive when 
thsdeqm-tyliig msmbst hts ths initUsry 
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apeotnun (which has the same genera! structure as 0 III) the corresponding 
difierenoe is 6000 ; it would be expected to increase with core charge (perhaps 
more rapidly than the first power but less rapidly than the second) and from 
one row of the periodic table to the next 

(2) It would be expected that terms due to adding a senes electron m a given 
tit orbit to the state of the core would differ from those due to adding a 
senes electron in the same orbit to the ‘P state of the core by roughly the 
difietence of term values for the two core states, and actually the difference 
between such corresponding terms is about 22000 in all cases 

(3) Small separations would be expected for terms due to adding an n| 
orbit to a singlet state of the core , the actual doublet separations of the ad', 
dd' terms are both —1 

The values of the terms due to adding a 3^ orbit to the vanoos states of the 
core are interesting The term value for a 3^ orbit in the field of a point charge 
2 IB » 18772 , li m O''' the 3} orbit bes entirely outside the core, as would 
be expected from a consideration of orbital dimensions, the terms duo to 
addition of it to the ooie would be expeiAed to have about this value (reckoned 
from the nppropnate state of the cote) It is actually the case that the observed 
terms identified as due to the addition of a 3^ orbit to the core have values close 
to 48772 (on the whole rather greater, as might perhaps be expected from 
analogy with simpler spectra) Further, the separations of the doublets {bp', 
od') due to adding the 3( orbit to the *D state of the core are both small (about 
2 in each case) as might perhaps be expected, for (speaking roughly) the external 
3g orbit itself is not hkely to contnbute much to the separation, and the core, 
being m a singlet state, has no separation which the added orbit might affect * 

In this row of the periodic table the deepest lying terms ere due to adding an 
election in a 2, orbit to the two already existing m the core , the terms next 
in order of magmtude may be expected to be those due to the senes electron 
m orbits of quantum number 3^, 3| and 3(, m this order, as is the case In 
the next row of the penodio table after the normal 3, orbit the first orbits of 
the senes electron with k =^1,2,9 will be 4|, 4, and 83 respectively , the terms 
due to the Sj orbits of the senes electron are quite likely to lie deeper than 
thoee due to the 4, orbit, and perhaps deeper than those based on the 4^ orbit 
Hand's diagram is drawn for the case m which the first set of terms due to an 
nj orbit of the senes electron be between the first set due to an orbit and the 

* 'When the coisli not In sststegiriogs singlet. term, the sdditioii of s series eleotronevsB 
in m estemsl orbit (with i ~ 1) nay efleot the eepantioiie ooBridersbly, qf Hehsmhirg’e 
formula fereepsntloiie of tenni due to S orbite noh in eosapleti gtmqw (lee. eit, p. 888). 
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first set, after the deepest lying ‘8 *P *D terms, due to an n, orbit , this may be 
the case for elements m later rows of the penodio table, when the pnnoipal 
quantum number for the first w, orbit is different from that for the first nj and n, 
orbits (apart from the normal orbit), but it would not be expected to be the case 
for N I, 0 n, etc A sunilar difference is to be expected between other spectra 
of the elements of the first row of the periodic table and those of corresponding 
elements of later rows , e ^ , m Si I the terms due to the 3g orbit of the senes 
electron be between those due to the 4^ and 4, orbits, while for C I it would be 
expected that the terms due to the 3, and 8, orbits of the senes electron would 
he deeper than those due to the 3, orbit 
The term os' (87310) only appears m one pair, and A Fowler appears to con- 
sider its reahty somewhat doubtful It is the only observed term which it seems 
necessary to consider as based on the state of the core As such its value is 
not altogether satisfactory , from the estimated value 22000 for the wave 
number difference between the *P and states of the core, and analogy with 
8i I, ‘ff for the core would be expected to he less deep than •? by about 
06000, so the *8 term, due to addition of a 3i orbit to the state of the core, 
might be expected to he between 40000 and 50000, mstead of at 87310 
The terms hf, W, od' might be identified as terms based on the >S state of 
the core, but in view of the close agreement m term value between bp' and bd, 
and between 6s', bp", oi' the identification adopted appears more probable 
The definite absence of the combination ad — op’, and the large negative 
sepsuation of the term op’ throws doubt on the identification of this term, but 
there seems little prospect of explauung it in any other way on the theory oi 
Heisenberg and Hund There is always the possibibty that terms based on 
other states of 0 III might occur , the deepest would be a *P term due to the 
electron arrangement 2|, 3„ (m addition to the electrons m completed I, 
and groups), and the next a group of terms (moludmg a 'F term) due to the 
arrangement 2„ 3}, 3„ but these terms would be expected to be very much 
smaller than the observed op’ terms 

An interesting combmation appears m the quartet system, vis , s - d' 
This has AI =• 2 but Ai => 1 for the senes electron and Ah =» 0 for the other 
eleoheons, in conformity with Heiscnbeig’s combination rules 
Among Millikan and Bowon’s Imes m the far ultra-violet there is no triplet 
recorded with separations 108, 105 which might be identified as the resmiance 
tiiidet *8 - *P of the quartet system , there is a pair of Imes with separation 180, 
which is equal to the separation of the 2p term, and which may be the mteroombi- 
nation resonance doublet *8 — *P (as suggested byFowler), but this seems rather 
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unlikely ai the rasonance tnplet *8 — would be expected to be etronger than 
Buob an mtercombmation doublet, and no other intercombination knee have 
so far been reoognued * 

On the theory of Heisenberg and Huud, however, the normal state of the 0+ 
atom must give a quartet term, in order that the addition of a further electron 
should give the triplets and quintetsf of the observed 0 I spectrum Further, 
the normal state of 0^ probably gives an S term, because the addition of a 
further electron to an ion m any but an S state does not usually give such well 
developed sequences of the Rydberg type as those observed for 0 1 1 Thus 
from consideration of the spectrum 0 I it u poesible to say that the deepest 
term of the 0 II spectrum is probably a *S term 

$4 Summary 

The terms of the 0 11 spectrum deduced from the observed Imes by A. 
Fowler arc correlated with theoretical terms expected on the theory of Qompl®* 
spectra recently developed by Heisenberg and Hund Some of the identifica- 
tions cannot be made with certainty but the general agreement between 
observation and theory is satisfactory 

No Imes mvolving the deepest-lying terms have yet been identified, but from 
consideration of the 0 1 spectrum it appears likely that the normal term of the 
0 II spectrum is a quartet 8 term 

In conclusion we wish to express our thanks to Prof A Fowler, F R 8 , for 
putting at our duposal his expenmontal results before publication 

* In the osse of Si I Interoomblnstloos between the singlet and triplet fystems invoMiig 
the deepest lying temu do ooour, bat are Dot ss strong ae oomMnationi within the singlet 
or triplet i^stems of terms. 

t See A Sonunetfeld, ‘ Atombau und SpootnUinJen,’ 4th Ed., p. 698. 

t The nomuti electron anangement of ths neutral 0 atom gives a >0 and a >S state as 
well as the *P state identified by Hopfleld] these singlet statee hart not yet been ideiitifled 

experimentally 
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The RdcUtvity Theory of Plane Wcms. 

By 0 R Baldwin and Q B Jamxy. 

(Oommunicated by Prof L N 0 Filon, F R 8 —Received January 16, 1926 ) 

Weyl* has shown that any gravitational wave of small amplitude may be- 
regarded as the result of the superposition of waves of three types, via 
(i) longitudinal-longitudinal , (ii) longitudinal-transverse , (ni) transverse-trans- 
verse Kddingtont corned the matter much further by showing that waves 
of the first two types are spurious , they arc “ merely sinuosities in the co- 
ordinate system,” and they disappear on the adoption of an appropriate 
oo-ordmate system The only physically significant waves are transverse- 
transverse waves, and these are propagated with the velocity of light He 
further considers electromagnetic waves and identifies hght with a particular 
type of transverse-transverse wave There is, however, a difficulty about the 
solution as left by Eddington In its gravitational aspect light is not periodic 
The gravitational potentials contain, m addition to periodic terms, an aponodio 
term which increases without limit and which seems to indicate that light 
cannot be propagated indefinitely either in space or time This is, of course, 
explained by noting that the propagation of light implies a transfer of energy, 
and that the consequent change m the distribution of energy will be reflected 
m a cumulative change m the gravitational field But, if light cannot be 
propagated indefinitely, the fact iteelf is important, whatever be ita explana- 
tion, for the propagation of hght over very great distances is one of the primary 
facts which the relativity theory or any like theory must meet 
In endeavouring to tlirow further light on this question, it seemed dctiirable 
to avoid the assumption that the amplitudes of the waves are small , terms 
neglected on this ground might well hove a cumulative effect All the solu- 
tions discussed m this paper are exact 
When the amplitudes are not small it is no longer true that any wave may be 
resolved into waves of WeyTs three types W« may nevertheless discuss these 
types as important particular cases In the earlier part of this paper we show 
that Eddington's resulta arc still trnc for waves of finite amplitude , longi- 
tudinal-longitudinal and longitudinal-transverse waves are spunous, and 
trails vewe-trans verso waves are propagated with the velocity of hght 

* ‘ lUum, Zeit, Materie,' 4t.h edtiioii, p. 228 , KngUah edhion, p 252 
t ‘Roy Soo. Proo.,’ A, vol 102, p 2«8{1922) 
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In § 6 the theory of the propagation of plane transveiee-transverte wavea la 
•hown to depend on the solution of a single diflerenbal equation wiUi five 
dependent vanables Since we deal only with particular solutions, it is not 
possible to state the result with certainty, but a strong presumpbon is created 
that an infinite plane electromagnetic wave (or pulse) cannot be propagated 
without change of the wave-form There » little doubt but that this result 
arises from the infinite character of the Wave-front, and it seems that the fnllet 
working out of the relativity theory of light must come through the stndy of 
divergent waves 


I 2 The Field Equatumt 

The equations to be satisfied in space devoid of matter and charge are 

(1) = - 83trE„„ 

where is the contracted Riemann-ChnstoSel tensor, y m the constant 
of gravitation, and E,,, is the electromagnetio energy tensor , together with 
the electromagnetic equations 

(2) "gl {*’'*' “v/i ”f)} 

where is the electromagnetic force tensor 
If IS the Riemann-Christoffel tensor, we have 

(3) Sh ■= (upov) 

and 

(4) G„, = B,„* = gT 
The ChrutoSel four-index symbols are given by 

(5) (dpov) = i ^ ^ j. 

— ^ [fM'. «1 [pv. P] + If*' IllV, «] [po, PI 
in which the ChnatoSel three-mdex aymbols of the first land are given by 
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For plane waves propagated with velocity V in the negative direction of xi 
we assume that the lomponents of all tensors are functions only of 
5 = -)- Vx^ The electromagnetic equations (2) then give three independent 

equations which at once integrate Ui show that 

(F>‘ F“-f vr* F" f VF“)v'(~?) 

ire constants Those are comiionents of a tensor density dthning the 
force per unit mesh on charge moving with v< locity V with the waves By 
the superposition of an appr ipnate static homogeneous field these i instants 
can be made to be zero ♦ 

We accordingly take 

(9) h'* 0 

(10) r* + VF« 0 

(U) l!»> + VF* - 0 


Denoting differentiations with respect to 5 by accents and writing 

(12) *4 V», -Co 

we have 

(13) F, 0 -c, -c, -r 

-C, 0 0 V-f4 

I --rj 0 0 V-tj 

*: V-c* V-Cj 0 

Using those values wo have 

*-0 F« ( -c, IF ' f VF‘} (- *, {F” f VF«} 
- 0 

by (9)- (11) Hence (8) ndmes to 

(H) F..F~ 


§ 3 LongUudituil lAingHvdxndl Waves 

For these waves 

(16) Jm. Pi I 1* 0 Pu 

0 10 0 

0 0-1 0 

Pi* 0 0 P** 


* A aiaulor sltnatioii arlsM in the erdinary wave theory of hght when the integration 
of Maxwell a eqnationa givoi m the tint inataooe that Sa H, -f VB, are 

eonitant*. There are taken a* wro for uidinary Ught non lero values of the oonatanta 
aritui| In the theory of the Zeeman and Slaik effeets 

VOL 0X1 -A H 
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The determinant of g^„ 

(16) ? ~~Sn9u — 3ui 

(17) 9r‘' = 9u. 0, 0 

0,-9 0 , 0 

0, 0,-9, 0 

-Jw. 0, 0, 7„ 

The three index symbole of the first kind vanish unless each index is either 
1 or 4, and 

(18) [11, 4] = 9,; - i V9„', [44, 1] - V9.; ~ i g^, 

[14,11-V(11 l]=-iVV, 

[44, 4]=V(14,4]-1V9„' 

Prom (5) we see that the four index symbols vanish unless each index is 
either 1 or 4, and owing to their anti-symmetry, the only independent surviving 
symbol IS 

(19) (1414)=^ - iV(~'»)^ + g*«) !• 

From (4) we have 

(!J0) U„ _ - 7« (1414), 0,4 - 9>* (1414), O4, - -9" (1414) 


the remaining components of vanishing 
From (1 1) and (17) we obtain 


9F- = 


0 , 

(9« - V9u) * 1 ', 
(?« - Vji,) a,', 
- *0', 


-(9«-V9ii)»/, 


(9i4'"V9n)*s', 


-(ffii - V9 i4)*s', So' 

0, - (914- Vgii'**' 

0, - (9u~V9ii)*i' 

(gn-VgwW, 0. 


Substituting these values in (9)— (11), we have either (1) *0' -= =« 

= 0, or (11) vq' — 0 and 944 — 2V9,4 -f = 0 In the first ease 
E,„ =„ 0, and therefore Q,., — 0 Hence from (20), (1414) = 0 In the 
second case (1414) — 0 by (19) It follows that for any longitudmal-longi- 
todinal wave all the components of the Biemann-Chnstoffel tensor vsnish. 
Accordingly, such waves are spunous m the sense tbat they disappear on the 
application of an appropriate tniuformation of co-ordinates. 
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S ^ 1a ngtludtTud Tramver$e Waves 

In Ihu caw 

( 22 ) 9 m - - 1 3u 3u 0 

9i« - 1 ® 9%t 

Vn 0—1 Vy 
0 //m 9m 1 

Tho contrav iriant 9 ^ the 1 index symbols and the 4 index symbols are 
mote oomplioate 1 than in the last ease and it is conveiuent to proceed somewhat 
hfieiently Fn m ( 8 ) wt ha\e 

F, - -F^F-=-F..F*-FhF»* 

(F-' + VF*) 

0 

firv 1 i 3 4by(9) ( 11 ) Similarly E, = 0 It follows that 

(23) F, 0 E^_0 

and the ( nly nun vai slung Lomponents of Fm are t,j Fj, E44 
Hence from (1) we have m parti ular 

(24) f, 0 Oa-0 

We will first alcul ite th 4 in 1 x symbols necessary to determine Q,j an 1 
G„ VI* (2p(j 2) an 1 (3p<i 1) Ih non vanishing 1 index symbols are 

(25) [11 21 - 9 ., [11 IJ gu [44 2] Vg,, [44 3] _ 

[14 21 4 (9m V9„)tl4 11 i( 9 „+Vj,,) 

[12 4] [24 1] J (9m V 9 i, ) 

[13 4]- [34 1] 4 ( 9 m Vy,,) 

From these we obtain 

(26) (^=-(ilf/)_(^)=._i(9M-V9„)» 

•11 other symbols of the type ( 2 p(t 2 ) (3po 3) vanishing 

Hence 

(27) - i ~ (9'W (Fm - V 9 ., }» 

(Ja 4 { 9 “ 9** (9“)*} [9m yg»‘ 

H 2 
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Now -(?“)*= 9“ 9^ 

0 10 0 

0 0 10 

Multiplyingby the determinant^ we obtain {<;**)* 1/jf and there 

loro ( an never be *ero Accordingly from (27) we must have 
( 2 «) Sm y?,, - 0 ^34 \ga 0 

If these are satisfied all the 3 indov symbols vanish except 

(29) [11 2]-9u [!♦ 21 <t*4 [44 21 -Vj,m 

[11 3]-yu [14 31 [44 3|-V7„ 

It may now be shown that all the 4 index symbols vanish In ( 6 ) the terras 
involving the second difierential coefficiente will vanish unless of the four 
indices one is 2 or 3 and the remaining three are 1 or 4 It is easily venhed 
that in this case these terms vanish by reason of (28) The terms involvmg 
the 3 index symbols will vanish unless all four in lices are 1 or 4 Hence the 
only poesible surviving symbol is 

(1414) ?**[11 «1[44 [14 al[14 pj 

=■ -h^gu )(git -Vgu ) + (g^gu +/Vw )i3** -V^i« ) 

= 0 

by (28) 

Hence for any longitudinal transverse wave all components of the Riemann 
Chrutofiel tensor vanish the wave is spurious and mav be transformed 
away by an appropriate change of co ordinates 

§ 6 Transverse Transverse If ares 

For these waves 

(30) g,, - i 0 0 0 

0 9n g» 0 

0 y* ys3 0 

0 0 . 0 1 

The determinant of 9 ^, is 

(31) g == gts* — gttgss 
and 

(32) 0 0 0 

0 -gst 9ss 0 

0 9to -9n 0 

0 0 0 , 



Eelativxly Theory of Plane Wavee 101 

The 3 index e3rmbo1a vanish unless one index is 1 or 4 and the otliec two 
2 or 3 We find 

(33) V[]2 2] Vf22 1]_ [22 4] [24 2] - i Vj„ 

V[12 31- Vtl3 2] V[23 1] = [23 4] 

(24 31 (M2] = *Vs„ 

V [13 3] V [33 1] = ~ [33 4] = [34 3] = iVg„ 

The eleven 4 indtx symbols w) ith do not vanish identically are 

(34) (1212)= -i9„ I i 

(1213) 9t3 b s” (9 »iSm + ^u’) + 9“ 'Ijsffa 1 

(1313) — — 1 <7gj +1 {s^9m * + 2fl**9„ + Sosas'*! 

(4242) V(1242) V‘(1212) 

(4343) V(1344) V^' (1313) 

(4243) V(1243) V (4213) V»(1213) 

(2323) -i(l V«)(9„(/„ I/o’) 

From these values and (4) wt have 

(36) G„ -/"(UU) 2</**(12n)-^(13H) 

(36) O^-VOu V»0„ 

(37) 0„ - (1 V«) 1(1212) ~i<^9u9„~ 9n ’)} 

(38) Go (1 V*) 1(1213) + lg»{g„ g„ - g„ »)} 

(39) Q« - (1 - V>) ((131 3) - i</«(j/„ g„ -’</»*)} 

For purely gravitational waves — 0 If V* 1 we have from 
(37)-(39) 

(40) (1212) i /’(//„<?„ -?«'*) 

(1213) -iy^(y„9» 7„») 

(1313) i9«(/„</„ -!/„'•) 

Substituting in (36) we have 

{7“-/“ -(</“')*} (7„</m - In'*) 

^ -(»si 7 j» -9n*)l9-0 

tienoe from (37)-(39) (1212) - (1213) =. (1313) - 0 and we see from 
(34) that all oomponente of (pfxrv) vanish and hence the Biemann 
Ottttitoflel tensor vanishes Purely gravitational wavee ate spunous unless 
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the veloctty of propagation m unity, in which case the equations G,,, ^ 0 
reduce to the single equation Q„ 0 
Passing to the case of elei tromagnetic waves, we hai o from (13) and (32) 


(41) sF"- 



0 < ~ <!a << “ - 7ai *s'). 

O. 0, 


V(»M*i' -JaO- 


-981*3') 


J*o'. -V {9a8*s'-9M*a ). V (Jm *s' “ 93* *a') 0 


From (9)-(11) we have *0 -= 9 oo'l 

(l-V*)(i7»,*,'-i7o*,')-0 
(l-V*)(9„*,' -!9 j,*,')-0 


If V* ^ 1, these give - 0, since ?«* - ffu Jm “ J 0 , we are 

led back to the purely gravitational waves already discussed Hence for 
electromagnetic waves, the velocity of propagation is unity and *o' = 0 
Making this simplification and calculating E,„ from (13), (14) and (41) we find 

(42) E„-E„-E44 
=“{9««t''-2yt5*i *s' t 

the remaining components vanishing Thus, in view of (35) - (39), the 
equations (1) reduce tonthe single equation Gn— — SnyEii that is to 

(43) gnOn-^Sala+Stign 
+ ^ [sb {983 9u ‘ - 2 9tt 9it Sis' + 9si 9«'’} 

-^9n {9u9it9i>'- 9u{9tt' 9n' f9»'’) b9n9tt'9a} 

+ 9t* {?M 9is’’ ~ 2 9u Jis' 9 j,' + Jii 9ii'*) j 

= 16 7CY (9„ - 2 7m + y„ *,'«) 

which may be written more coneisely as 

(44) 9n 5 ii' - 2 9tt 9» + 9u 9n - 3 H 9) 

« 327n- {g„ - 2 jm *t' *i' + 3ii *i'“) 

Thu difieientul equation represents the only condition imposed by tit 
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genewil relativity Uieory on tiie five vanablea g„ k, for the pro 

pagation of plane waves It powesses a variety of simply periodic solutions 
m which the variables differ from eonatant mean values by terms of the type 
Acosp5 + Bainp5 where A and B are difierent for the difierent vanablos 
But these solutions have no physical significance since m every case they 
imply the periodic vanishing of the determinant g 
If the differ from their QaUIean values by Btnall quantities tht squares 
of which may be neglected equation (44) becomes 

(45) ff,s" + 9s4 + 

which agrees with the equation given bv ltddington who discusses tin parti 
cular solutions inwhuli i/,, f const (purely gravitational wans) and 
9ti — ffas waves) Tb< corresponding exact solutions nw\ Is obtained 

as follows 
Assume 

(46) </„ I i 0 1 0 0 sr, sr, - 0 

where [ 0 | < 1 but w not nenssarily small Equation (44) becomes 

200 (I 0») 1 0^(1 I 0‘) 0 

which integrates to givi 

(47) $ = 

It follows from this that unless 6 is constantly sero it will steadilv increase 
(or decrease) to ± 1 and will attain one of these values for a finite value of 5 
Henos there can be no plane gravitational wove of this type for «hi<h the 
determinant g does not vanish for some finite value of ^ 

For electromagnetic waves we genetslise Eddington s result by assuming 
(«) -He 9„-0 

Equation (44) may then be written 
(49) yC(l _ Slav'd -«) -47rY(«,'»-| *,«) 

Suppose that when ^ — 0 0 0 and 0=0, then since the right hand 

side IS negative and m general not *ero d/d^ — » *ero for ^ 0 and 

decreases at a finite rate as ^ increases It follows that 0 will attain the 
value 1 for a finite value of ^ 

A shght modification of this argument shows that the oonolusion is not 
nbstant»Uy afiected if the wave is a pulse so that s, and «*' vanish except 
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for a small range of values of ^ The root of the difficulty does not he in the 
propagation of an infinite tnnn of waves, but rather in the propagation of a 
wave-front of infinite extent 

It appears therefore that the relativity theory of light must be approached by 
way of the study of divergent waves The importance of the problem hardly 
needs emphasis If hght cannot be propagated without change of wave-form 
we should know the measure of that change in order to ascertain whether 
it le likely to give nse to observable effects in nature 


Electronic Orbits on the Rdalivity Theory 
By 0 R Baldwin and Q B jEmav, University College, London 
(Communioated by Prof L N Q Filon, F R 8 —Received January 18, 1926 ) 

The problem of this paper is to determme the ponsible circular orbits of a 
charged electron about a charged nucleus 
From the point of view of the older theories the problem is very simple. 
Let the mass and charge of the nucleus be ta and e, and of the electron ta' 
and e', the masses being powtive but the charges either positive or negative 
Wnte- 



wbere k u the constant of gravitation The effect of the chargee may be 
regarded as a modification of the maseee, and the two bodies will attract 
according to the inverse square law as if the product of their masses Were 
mm' (1 -- XX') If the charges are of unbke sign, or of like sign and such 
that XX' < 1, this effective mass product will be poaibve and a circular orbit 
will be possible for every radius , otherwise no circular orbits are possible. 

On the relativity theory the inverse square law is no longer accurately 
obeyed, particulariy for small distances, and the problem is much less simple. 
In its exact form its solution seems to be impoMible in the present state of 
knowledge, and the present investigation is based on the assumption that the 
effect of the reaction on the nucleus may be neglected, so that the latter may 
be regarded as fixed in poeition This la a serious hmitation, but, pending a 
more exact solution, the resulte may serve as an mdieation of the kmd of leeulta 
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which may be expected on the relativity theory and of the extent to which 
these differ from the resulte of the older theones 
The fiel 1 of the nucleus is defined by* 

(2) ds» -Y r»d0* f Yc*** 


where 


Wnting 

(3) 

we have 

(4) 


Y 


I 7 + 


The equations of motion <f an electron in thw field liave b<en givenf in 
a form which when simplifiel for circular orbits m the equatorial plane 
6 =s Jit become 


M-o 


Writing 

<6) 


^^1 


and using the notation set out above these become 


(6) -r-Z^g) 

(7) X*^)+ iP-0 


On addition we have 

(8) Z*- XX iZ-(l - ^ + 2X*^) = 0 


* MQnlitN>m, On the Encrjjy of the t niviUtioaal FieW on Bfaietein e Theory 
« PtOd Ac Amatordam vol 20 p 12^ (191S) 
t e B, Jefiery Ihe Klelil of an Electron on Kinsteins Theory of OmritotioD 
‘Boy Soo Proe A vol 90 pp 123 134 (1021) equations 36 and 31 A(aotor4<riB 
onMed aa < • are now meaiAret) in etectroeUtio e g i units 
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The neoeewary and tufficient oonditiona for a real orbit are (i) d^jdt amt be 
real and (ii) Atjia must be real and poeitive Thus from (7) and (8) we see 
that f must have a value such that 


while (8) has a positive real root for Z less than the positive value of 

(10) 


If the charges on the electron and nucleus are of opposite sign XX < 0 
and the conditions that (8) may have a not satisfying the conditions laid 
down are 

(11) + iX-* > 0 
with either 

(12) (l-XX)l 2X(l ) ^)--l X*(l - X*) <0 

<? a 

or 

(13) ’ > X* 


Now either (12) by iteeif or (11) with (13) implies (9) Hence the necessary 
and sufficient conditions to be satisfied by r in this cose are (11) and either 
(12) or (13) The problem is now reduced to the establishment of inequalities 
between the roots of quadratics and the work need not be set out m detail 
The results are shown m Table I in which 


(14) 

(15) 


o. flL. x»(i - X*) j; xV(xMi - x^)(x* 1)} 

0 » I X*X* 

h h ^ ± V(9 " ) 


Of the two expressions on the left hand side in each case the first corresponds 
to the positive and the second to the negative sign of the radical on the right* 
hand side 

If the charges on the electron and nucleus are of the same sign, XX > 0 
For certain values of r, (8) will have fu» roots satisfying the oonditoma laid 
down Thu means that for these values of r the orbit can be described with 
either of two different velocibes Thu 


does not appear to have 
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Any great physical significance and we will determine the conditions that (8) 
may have at least one appropriate root These are easily seen to be as lollnws 
If 

( 16 ) I* ~ ^ 

then we must have 

(17) (1 - A X*) 1 - 2X*(1 - A*)^ + X‘(l ~ X'=) > 0 
and 

(18) L > X* 

On the other hand if 

(19) - t -X" < 0 
then we have 

(20) L _ 4 2a* + ^ > 0 

with either 

(21) (1 ^X*!! X*)^ -h X*(l ~ X*) < 0 

or 

(22) ^ X* + ^ 

It may be shown that either set of conditions implies (9) an 1 further by 
adding X*X * times the left hand side of (20) to the left han 1 side of (21 ) that 
(21) implies (20) The conlitions may conveniently be put in the three 
altwnative groups -(') (16) (17) (18) (ii) (19) (21) (in) (19) (20) (22) 
Table I 

r r ~<> 


X’>| 

f>x>>l 

1>X* 


All 


>»• 


r>a, 

r>i 


r>», 


r>4 

<a 
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Again the problem w reduced to the establishment of inequahties between 
the roots of quadratios, but the rhnges of poMible values of r vary for different 
values of X and X' m a more complicated way than when the electron and 
nucleus have charges of opposite sign The results are shown in Table II in 
which a,, (I2, &!, &| have the values dehned by (14) and (16), while 

(23) ^ v/(i> - 8X»-X»V^) 

The table is divided into a number of rectangles and rectangular polygons, 
each corrcspondmg to the range or ranges of r printed within it Values of 
X*X'' are shown along the top of the table and ate indicated by the following 
symbols 

A, - 5 - 4^“ ± - 2*^”) 

B„ B, - 

r ^ 9 - 8X* 

It will be noted that some of these values occur more than once, but m 
reading the table from left to right for any given range of values of X*, any 
values of X* X'* which are not represented by a vertical rule arc to be disregarded 
The remaining values of X*X'' are then in decreasing order of magnitude for the 
range of values of X* m question 

A comparison of these results with those of the older theonee may be stated 
briefly as follows in Table I orbita are possible for all values of r without 
restriction , in Table II to the right of the vertical double rule orbits are posaiblc 
for all values of r, but to the left of the double rule no orbita are possible 

All these results are subject to the assumption that the nucleus remaiiu flz«i 
m position, that is to say that its mass is large compared with that of the 
electron But the radii of possible orbits depend only on X and X', the ratios of 
charge to mass Hence the resulte represent a vahd approximation provided 
m/m' IS large 

If the electron and nucleus are conceived to be of finite size, there is a farther 
condition to be satisfied— that the radius of the orbit cannot be less tihan the 
sum of the radii of the electron and nuoleus 

If X* > 1 the field represented by (2) has only a point smgulanty, but if 
>^ < 1 thesingulantyismorecomplieated Theieaie two spherical surfaces on 
which ds becomes infinite owing to the vanishing of y The region between 
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these surfaces is excluded by condition (9) It will be noted that in every case 
thu condition is satisfied in virtue of other and wider conditions Hence none 
of the orbits given lies within this region In only one case do the orbits 
specified he in the region within the inner singular surface — a region whose 
physical existence may well be questioned — ^vi* >i* < 1 X * > 1 for electron 
and nucleus of opposite charges (Table I) r < a, 

If X ^ < 1 there will be corresponding singular surfaces for the electron but 
the radii of these will be multiples of the a cf rrespondmg to the electron and 
since its mass is small compared with that of the nucleus it appears from (3) 
that this will be small compare 1 with a 
The results of this paper are somewhat suggestive of Bohr s quantised orbits 
The resemblance is entirely superhcial Indeed for the hydrogen nucleus 
and the electron of nature X* and X'* are large and by Table I orbits arc pMsible 
with any radii uhatever 


Ihe Motion of Tuo Spheres in a Viscous Fluid 
By Maboabit Stimson and Q B Jkpfxbv 
(Commoni ated by Prof I N 0 Pilon F B 8 —Received January 15 1926 ) 

The problem of this paper u to letenmne the motion set up in a viscous 
fluid at rest at infinity by two solid spheres (equal or unequal) moving with 
equal small constant velocities parallel to their line of centre# The same 
analysis is immediately apjJioable to the corresponding problem in which the 
spheres ate fixwl and the fluid streams past them with constant velocity 
The solution is based on the deternunahon of Stokes stream function for the 
motion of the fluid and from this the forces neoessaiy to maintain the motion 
of the spheres an calculated 


§ 1 The Motion of a Syrnmetncal Solid tn a Vtsoous Fluid 


If 01 e are cylmdncal co ordinates* and w v the corresponding components of 
velocity of the fluid these are oxpieseed m terms of Stokes stream function by 


u 


37 * d> w ' 

For (a tbrooghoat this isqper ctad V 


( 1 ) 
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Neglecting the inertia terms, the equations of slow steady motion are 


where p is the mean pressure, <c the coefficient of viscosity, and 

(3) 


a 1 - a \ , a* 

If 



(♦) 

<l>-=c' 

, a ,1 3 1,3“ 
’as'sais ■^37- 

we note that 



(B) 



and 



(6) 




Kliminating ji from (2) we (iinl a« the differential equation satiifiml bv ij/ 

(7) 

Now the operator <!>• is linear in * The ordinary theory of linear partial 
difleivntial equations with conatant coefficients is applicable to an extent 
suflScient to show that a solution of (7) ih 

where i)(| and i|(, are any solutions of <&* i|( — 0 Again since <I>* is linear in z 
we may, without loss of generality, replace this by 

(8) ih - >^1 + J+t 

If the solid IS moving with velocity V m the pomtive direction of the x an 
the surface conditions to be satisfied by i{i are 

|l-0. |.-«v 

Denoting the direction of the outward drawn normal to the surface of the 
solid by n, these may be replaced by 

+ i«3*V) = 0 


( 10 ) 
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The componentfl of fluid strew are given by 

_ , , 3ti 2* S’J' 

— fhu Bv\ 1 1 3“v 3 / 1 0i]/\ 1 

The component parallel to the z axis of the stress on the surface of the 
solid is 



The total force exerted by the fluid on the sobd is 

the integrals being taken round the mendian section of the solid in a direction 
makiDg a positiv^ right angle with the direction n Integrating the first integral 
bv parte noting that di == 0 at the bmits and using (2) we obtain 

( 11 ) 

where n u the direction of the normal drawn outwards from the solid and the 
integral u taken round the mendiau section in a sense making a positive 
right angle with n 


$ 2 Speetal Co ordinates 

For the problem of two spherea we take $ i} as curvilinear co ordmatee in the 
mendian plane where 

SO that 

( 13 ) 15 = 

cosh 5 - COB V) cosh 5 — cos ij 

and the surfaces obtained by rotatmg the curves i » const about the axis 
of s are a family of spheres having s =3 0 for ^ = 0)1 for a common radical {dane 
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Two sphere* external to each other wiU be defined a ^c3^(a>0 ^<0) 

and a ^ and the constant a may be chosen so that these spheres have any radu 
and any centre distance greater than the sum of their radu In fact if the 
spheres are of radii f, r, and have their centres at distances dj (f,from and on 
opposite sides of the origin then 

(U) fi = o cosech ot, ocosechp 

d, — o r th a d» — — o ooth ^ 

Writing cos Y) = wc have m these co ordinate* 


A solution of (iji) 0 has been given* m the form 

(16) 4 . « (oosh 5 - (*) *i-l*.cosh(» + i)5 + 6.sinh(n + i)5)V. 
in which with the usual notation f r Legendre function* 

(17) V.-P, i((i)-P.+»(,i) 

V, satisfies the different al equation 

(18) (I - Ix*) ^ + n(n + 1),V, = 0 
and the recurrence relation 


( 19 ) 




2^' 


»t + 2 

2w + 3 


V.+1 


Combining two express iw of the typej(16) in accordance with ( 8 ) and 
•unphfyiDg the result b> means of (19) we ol tarn a solution of (7) m the form 

(20) iji = (cosh 5 — n) ’ £U,V, 
where V, is defined by (17) and 

(21) U,=». A,co 8 h(n-i)^ + B.sinh(n-i)5 

-f- C, cosh (i» + i) 5 H- D, Binh (n + }) ^ 
Accordingly (20) is the appropriate form in these 00 ordinates for the stream 
function for the motion of a viscous fluid 


§ 3 Determinatvm of the Stream Funetton 
Writing X “ £ C, V, the surface conditions ( 10 ) become 


(99) 


, o«V<l - p«) 


a«V(l-ix«)Bmhg 


*(oo8h5— p)* * (^h i — p)* 

♦OB JeBsty Roy Boo Proe A vol 87 p llfl (1«12) 


VOl on— A 



lU 


II Stmwoa and G B Jeflfery 


By meant of tiie lelation 

' (2n+l)(2n + 3) *+ 


Un -t-1) (2« -li 


•V. , 


the nght hand «dee of these expreenoni may be expanded m senea of V, 
we obtam 

*■ ^ r, 2n+l Un-1 in + sJ " 

05 2« + i ' ^ • 

where the upper of the alternative signs is to be taken throughout if 5 > 0 
and the lower if 5 ^ 0 Writing 


(23) 

(24) 


(26) 


V'2(2»-l)(2«+l)(2** + 3) 


we have the following equations to determine the ooeffioients m (21) for 

A, oosh (n — i) « + B, sinh (» — J) « 

+ 0, oosh (n + 1) a + D, sinh (n + i) a 

=. -jk{(2n + 8)e (*-»)•- (2n - Da-to*'**} 
A,ooeh(n-J)p + B.sinh(H-4)p 

+ C. oosh (» + 4) p + D. smh (n + ?) ? 

- -t{(2» + 3)e'* »)»_(2»-l)el- + «»} 
(2ii - l){A,8mh(a — J)a + B,oo8h (» — i)a} 

+ (2n + 3){0,smh(n + 4)aH- D.ooeh (n + 4) a} 

= (an~l)(2n + 3)il{e 
(2n - 1) {A, amh (» - 4) p + B, cosh (n - 4) p) 

+ (2n + 3){C.siiih (» + 4) P + D.cosh (« + 4) p) 

= -(2).-l)(2it + 3)i{e<"-«'-iC*l"} 


Solving these equations for A., B, C„ B, and writing 

(27 ) A * 4 sinh* (« + i) (« - P) - (2n + !)• nnh* (« - P) 
we have 

(28) A A, - (2n 4- 3) h {4«-<- «<-* imh (11 + 4) (a - P) 

+ (2i*+l)*e«— '’sinh (a - P) 

+2(2»i- 1) emh (»+ 4)(a- P) cosh (n+4)(a4- P) 

-2(2»+l)auih («-f-|)(a- p) oosh (a- t)(a+ p) 
- (2f»+ I)(3hi- l)«i>h(a- p) ooeh,(a+ P)}. 
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(29) A B, = - (2n+3)l,{2 (2n - 1) nnh (« + i) (« - P) nnh (» + 1) (a + p) 

— 2(2»4-l)wiih(» + ?)(a— P)sinh(n — J)(a + P) 
+ (2» + l) (2» — l)»mh («— P) smh {«+ P)} 

(30) AC, =-(2n-l)fc{4e <•*+»>• <^mnh(n+ 1)(«- P) 

— (2n + 1)* « * sinh (a — P) 

}-2(2n-f l)mnh(»— i)(a-P)cosh(» + 5)(« f- p) 

— 2 (2n+ 3) sinh (»+ J) (« — P)c<»h {» + J) (» + P) 

+ (2»+ 1) (2» + 3) sinh (a - p) cosh (a + p)} 

(81) A D. = (2n - 1) t {2 (2n | 1) sinh (tt - i) (« - P) sinh (» + *)(«+ P) 
— 2(2n |-'l)«*nh(tt+i)(a-p)8inh(n+l) (x+P) 
|-(2» + 1)(-l» + 3)8inh(x p)sinh(a+P)} 


Thus the stream function is completely determined 

In the special case of equal spheres p ^ — x the coefiBciento B, and D 
Taniah, and 


(32) A,= 


-(2>H 3)1 


2(1 -e {in + \)(e^-l) 

2 smh (2n + 1) x + (2n + 1) sinh 2x 


(33) 


0 . 


12k -D k 2(1 -e ^"■^«»)-f (2n+ 1)(1 -s »■) 
2 ainh (2n + 1) a + (2» + 1) smh 2 k 


if 4 The Forces on the Spheres 

In order to calculate the forces necessary to maintain the motion of the 
8|ihere8, we consider the contribution to the integral (11) aruing from the 
itth term of (20) Substituting in (10) we have 

1 - (cosh S-ii)< ry fdU. 2sinh!l ifU. 3(coshS+3n) „l 

«? a* (1 — p") L I dl* cosh 5 — p 4 (cosh 5 — p) J 


[ rfp* cosh 5 — p dp J . 


Difierentiatuig with respect to I and inserting in the mtegral (11) we remove 
the terms eontaming the second differential coeffinent of V, by means of (18) 
end those oonteming the first differential eoeffiment by an integration 
perto, noting that V. vanishes for p « ± 1 The integration with respect 
p now depends on 


r 

J 1 (coeh 5 - p)* 




1 2 


s-^ 
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when the upper or lower signs are token as ( S 0, and on integrals derived 
from the above by differentiation with respect to ^ Finally, on inserting 
toe expression in (21) for U,, and summing for n, wo have for the force neoessary 
to maintain the motion of toe sphere ( « 

(34) F, = - i: (2n + 1)(A. + B, + C, + D.) 
and for the sphere 5 — ? 

(35) F, E (2n M)(A. - B. f C, - D.) 


where A, B, D, have the values given in (28)-(31) 

For e^ual spheree these forces are equal, and we may conveniently write 
each of them in the term 

(36) F = to*rV)i, 


where r is the radius of either sphere and is pven by (14), and X is a ooefl&oient 
which on using (32) and (33) may be wntten m the form 


(37) X = |siiih« E j 


48inh»(n+^)at -(2n4-l)^»uto*« ] 
2'8inh(2n+l)a+(2n+l)iinh2«J 


By Stokes's well known result, toe force necessary to maintom the motaon 
of a single sphere of radius r with velocity V is dwarV Thus X is the ratio 
of the force necessary to maintom toe motion of either sphere in the presence 
of the other to the force which wonld be neceesary to mamtom its motion 
with too same velocity if the other sphere were at an mflnite distance 
From (14) we see that toe ratio of the centre distance to toe diameter of 
either sphere is equal to cosh « The v^ues of X corresponding to difieient 
values of this ratio are shown in the table 


t 36i 
3 m 
e \H 
10 068 
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Tht L ErniMum Smw of Mercury 

B 7 C E Eddy M 8 c EredKnight*nd University Reieaivh Scholar and A It 

Tdkneb B 8c Natural Philosophy Laboratory University of Melbourm 
(Communioated by J H Jeans Sec RS — ^Received N member 30 1926) 
ItUroduelum 

The L emission senes of most of the heavy elements from ytterbium to 
uranium have been mveetigated by Coster* and by Dauvillier t but their tables 
of results do not include measurements for some of the radio active elements 
and for mercury Muller in 1921 by means of a tube of the gas filled 
type and a liquid men ury target overcame the inherent difficulty regarding 
mercury vu that of the rapid volatilization of the mercury from the face of 
the anboathode 

It has been found possible to prepare targets amalgamated with mercury 
which are sufficiently lasting to enable their use in a tube of the hot filament 
type , by thia raeaiiB mcasuromenta of the wave lengths of the emission lines 
have been made with an aceurocy exceeding that of Muller In addition several 
new lines have been measured and an attempt made to clear up a certain 
amount of confusion which exists regarding the designation of some of the 
lines of the L spectra of elements ( f higher atonuc number 

Appafotu* 

The apparatus was essentially similar to that used previously by one of iia,} 
and will be desenbed here very briefly The tube was i f the metal type and 
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designed by Prof Laby for spectroscopic work The main body of tlic tube 
(see fig 1) was constructed from brass tutang tiie filament holder being screwed 
in to permit of its being readily removed for tite reidacement of filaments 
The anode was very light consisting of a hollow cylmdrical copper target 
supported by copper tubes through which a stream of water was passed for 
ooslmg purposes The target could be removed readily and a fresh one sub 
abtuted The cathode and anode portions were oonnectel by a lamp glass 
these and other }omtB being made gas tight with Picem and protected from 
the heat generated in the tube by a system of water jackets W through which 
water was circulated continuously The target face was inclined at an angle 
of 86‘ to the axis of the tube and the raye after leaving the target at almost 
graxmg incidence passed out through a mica wmdow 0 04rom tiiick contained 
m tile side tube h which earned a screw thread for attachment to tiie 
spectrometer chamber 

The filament ooiuistmg of a spiral of tunpten wire placed at right angles to 
the axis of the tube was attached to heavy leads pesaing through a lamp 
seal waxed into the cathode The filament hood H served to focus the cathode 
ray beam ou the target and waa adjusted until the focal spot as depicted by a 
pinhole camera photograph taken in line with the slits of the spectrometer 
showed as a Ime about $ mm long and lew than 0 6 mm wide In this way a 
very rnteuse beam waa transmitted through the slit system The tube waa 
evacuated through the outlet K by a Cenco oil pump a Qaede rotary meromy 
pump and a Langmuir oondensation pump in senes The pumps were kept m 
operation contmuously dunng the running of the tube The liberation of the 
occluded gases was greatly diminished by silver plating the metal portions 
of the tube 

The spectrometer was in essentials similar to that desenbed by Rogers* and 
by Martin t with some slight modifications for this work The crystal table 
adapted from a theodolite was screwed to an iron base plate The slit systmn 
and the film holder were earned on iron pillars also screwed to this bau and 
the whole was snrrounded by a metal cylinder fitting closely on the base plate 
and closed at the top with a sheet of plate glsM The tube was attached to the 
side of the cylmder so that the window was brought to withm 1cm of the slits 
The crystal of calcite was rotated by a shaft passing through a staffing box 
m the side of the cylmder and turned by a small motor and reduction gear 

The tube was excited by a Snook Victor hij^ tension tiansfomteT and 

• ProoBoySooVk) (IflM) 

t IMd rol 86 p IM(1«8) 
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reoti^u, ft potentiftl of 30 loIoToIta with ft onmnt of from 6 to 8 nulluimpen* 
being eso^Ted , greeter currents cftosed too great a local beating of the focal 
spot and benoe a more rapid disappearance of the merouiy. 

SxpmmetU 

ScMPoe difficulty was at first met with in preparing a mercury surface which 
would last for more than an hour’s running of the tube, but subsequently a 
sati^tory coatmg was produced by wetting the copper surface with mercury 
nitnits solutiau, and then leaving the prepared surface standing in liquid menory 
for several hours On removing the sur^us mercury and leaving the target 
for several days, a hard dry amalgam resulted which persisted for upwards 
of fifteen hours’ runrung of the tube, and permitted several photographs of the 
whole spectrum bemg obtained with the one coating 

Tho films were wrapped m sheets of tissue paper and aluminium leaf, with a 
total tUokness of 0 IS mm , this prevented any action of ordinary listen the 
film, and absorbed much less radiation than the usual black paper wrapper 
“fttpetspeed" Kodak Duplitised K-tay film was used, with a rear intensifying 

Tbs sht width varied between 0 076 and 0-1 mm , and with the former the 
copper K« donUet {iX—Z 9 X U ) showed Imes on the film distant apsut 
abotttO'lfimm 

Hm wave-lengths of the mercury liiwe were determined relative to standard 
Iqhb photographed on the same film. The four strong lines («, p,, Xi) 
of the L senes of both tungsten and lead were used as reference Imes The 
lead linn were obtained by substatutmg a lead-coated target for the roeroury 
target. The tungsten lines were obtained from the tungsten deposit whwh 
rapdly formed on either target due to the volatilisation of the tungsten fila- 
mult. Exposures of about 16 nunutes were required for a set of reference lines, 
sod about 3| hours for the whole of the mercury spectrum. 

Tbs dutanees between the lines on the film were measured by a projeotioii 
method suggested by Prof Laby and used with lucoese m thie labomtory 
The fihn wn projected by a lantern on to a vertical screen earned on the plat 
forttt of a dividing engine A fine vertical line was ruled on this screen, and by 
nilatiag the screw head of the engine this line could be brou^t into coinoidence 
with the |«ojeoted knee The displaoemente of the ^tform were read to 
0*906 am Measurements of each film were made at two magnifications, 
magnii^fug powers of from 6 to 10 being used. The film so measured wee call- 
kated he seconds per miUiatette of projection by dividing the angular difler- 
esees between two standard Imes by their distance apart, and the means o f 



120 


C E Ecidy and A H Turner 

vslnes obtained form difierent pain of Imee taken The reflection an^ of 
any nnknown Ime could then be detennmed from ite dutance from any (pre 
ferably neighbouring) standard Ime The reflection angles of the standard linea 
were cdoulated from their wave lengths taking d for calotte as 3029 04 
X tJ The standard values assumed for the tungsten lines were the means 
of the values obtamed by Siegbahn and Dolejsok* and by Duane and Patter 
son t and for lead those of Coster { 

The projection method of film measurement appeals to possess advantages 
over a comparator method from the point of view of convenience as well as 
aoonraoy os the ability to use both eyes m normal 1 ght intensities obviates 
the stiam caused by continuo is working with a microscope 

JittuUi and Dtscusnon 

The results obtamed are shown in Table 1 The probable errors are shown 
for the five strongest lines the values bemg the means from at least eight films 
For the other lines the mean of the rosulta from at least three films is given 
the aocuraoy of the values of the famter lines is considerably less than for 
the strong Imes because of the greater difficulty m making an accurate setting 
at thur oentres but the error should m no case exceed 0 5 X U In the thud 
column are entered for comparison the wave lengths obtamed by Muller The 
values as given by our results by Muller and by mterpolation 
from the results of Coster are given m the fourth fifth and sixth columns 
respect* vely 

It will be seen that our values f< r the stronger Imes agree well with those 
of Muller especially when the magnitude of hia probable errors is constdeied 
an exception is our value being somewhat higher than the interpolated value 

while that of Muller is lower 

Before discussing the disagreement for the famter Imes it will be a* well 
to draw attention to a certam amount of confusion which has sxtsted regarding 
the relative positions of certam Imea m the spectra of the heavy dementi 
Beaides the regular shifti of the chaiactenstio spectrum towards the shorter 
wave-lengths with mcresse m the atomic number of the emitting dement there 
also oooor is certsm plaoes in the penodtc table of the dements obangse m the 
relative mtennties and lelabTS positiona of particular lines it is thus a diffionlt 
matter to name ooneotly lines which lie dose together without the aid of the 
Uoceley diegnuns (the graphs of against N) An intereatuig feature of 

* Z I ntysik yal 10 p. Mi (IMS) 
t Physied Berimr, vd ie,p S2S(19i|0) 
t loe. eU 
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theaa diagrams is that the graphs of all lines are not parallel and several inter 
leetuns occur in the region of higher atomu numbers Different workera 
do not always agree on the point whew these intersectioDs taka place For the 
lines and it has been shown by DauviUier, by Coster, and by Bogen,^ 
that coincidence ocems fur Pt (N 78), for higher atomic numbers Pg being 
of longer wave length than ^ The lines pj, ^g have been shown coincident 
by Dauvilber and by Coster for Pb (82) and we were unable to resolve them for 
tiui element Rogers found Pg and pg comcidrat for Pt (78), Coster separated 
them for Ir (77) and Au (79) but Dauvillier believed them to be coincident 
for both indium and platmum In the case of y, and fg Coeter, m his first 
paper, f tiionght them to oross between Au (79) and Ur (92) , in hts later paper 
h« places Yg on the long wave lengtii side of yg right up to uramum Muller 
fowad yg and yg comcident for Hg (80), but it appears he did not resolve these 
two linM, aa his value lies midway between our values, which he very close to 
this Tshue interpolated from Coster’s later paper (see fig 2) In the case of 
« <Fioo Csmb Phyi Boo..’ vol SI, p. 430 (1023) 
t ‘ Z ( Physlk ' vo) 4. p 178 (1021). 



122 


C. E. Eddy and A. H. Turoar 

^ Mid 3«> whieh do not croM acoording to both Oniter and DaoTilUer, IfnUar 
foond a ooinoidenco , actually the grajdis for these two hoes are divaignig in 
this re^on, and it appears likely he did not obtain the line measured by us aa 
fir, erhioh agrees well with the interpolated value. 

In the table, p, and ^ are shown as coincident , the former » quite a strong 
line, the latter a weak one, and it mar have been masked by the lateral spread' 



ing of ^ As IB evident from fig 2, these two hnec should cross in the vkuuty 
of Hg (80) The Imes y, and y# aro dbo shown as coincident ; on the film 
y, appeared broader than it should have done if but a single line, bat the 
leaolution was not snfiScient to prove the existence of two linee Coster found 
these two lines comoident for Ir (77), Ft (79), and An (79), and separated 
them for T1 (81) 
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The Unei ehown as ^lo, and ye fall very close to the interpolated values , 
has not previously been measured for elements above gold It is difficult 
to account for the line called by Muller y*> a very faint line of wave length 
914 4 X U would not be easily distinguishable m the pronounced biacbening 
of the film doe to the selective absorption by the bromine in the photogiaphio 
emulsion 

The bromine K absorption edge was measnred at 917 7 X U , which is in 
fair agreement with the value of Rogers (loo oil ) 917 8 X U , and of Duane and 
Blake* 917 9XU 

Many Imes found on the films which could be attributed to either first or 
second order spectra of the K or L senes of uupuntiea m the target materuls, 
or portions of the tube or the sht system have not been included m the table 

The lines of wave lengths 1380 0, 907 0 882 9 and 856 4 X U have been 
tentatively allotted to the mercury spectrum It u well known that the 
energy value of a Lne (in v/R units) can be ei^reesed as the diflerence between 
the energies of the mitisl and final levels m the election transition, consequent 
upon which the line is produced It is thus poeaiUe to allot a bne to a transition 
between two levels Bohr however m the Pnneiple of Selection, has lumted 
the number of possible transitions between different electronic orbits Every 
orbit has been ohatactenaed by three quantum numbers n (Ky, k^) and 
tzansitions are only possible between orbits whose values of ibi differ by umty, 
and whose /t, values differ by rero or unity 

The second column of Table II shows the v/R values of the four lines, the third 
the differences for the levels which may be concerned m the tnnsition In 
the fourth column are given the values of n (h,, i,) for the orbits mentioned 
and the changes in the quantum number occasioneU by the suggested transition 


Table II 


Luw 

pfK tnitii 

DIffennce 
r/R Un»« 

Cbanse in Qiuntnm Number* 

lawexu 

860 0 


S(t t) a<t 1) U, »0 U,. 1 

an 6 

loot 0 

1001 7I„Nm 

S(S 1) t(S 2) 0 1 

ast » 

loss 1 

1030 e L, Jf, 

2(1 1) Ml I) 0 0 

S0S 4 

lost 1 

lost 0 Li Niv 

2(1 1)4(1 2) 2 1 


Itf thus appears that if these four hoes do belong to mercury, they are exemptions 
to the selsotion principle Apparent exceptmns to the principle havi been 
* ‘ Physioat Kevlew ’ voU 10, p. 897 (1917) 
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foond bj Hjaltnar foi the E rays of the lighter elements and bj Auger and 
Dauvilher* lor the L rays of some of the heavier elements and may arise from 
eleotion tranaitioDB m atoms which have lost more than one ekiotron The 
Ime 1380 6 X U lies a little way from the graph of the line called ( ' by these 
last named workers 

This work was earned out while one of ua was a Fred Knight and University 
Research Scholar In conclusion we wish to express our gratitude to Prof T H 
Laby and to Mr T 8 Rogers for their helpful interest and advice during the 
progress of the investigation an I to the latter for his assistance m writing this 
report 


The Ratios of the bpecijic Heats of Nitrogen at Atmos^pheno 
Pressure and at Temperatures between 10° C cmd —183* <7 
By 1 H Brtnkwobth ARCS MSc DIG 
(Communicated by 1 rof H L Callendar F R 8 — Received December 17 1926 ) 
These measurements of the ratios of the specific heats of nitrogen at room 
and at lower temperatures have been made and the resulte have been 
calculated in exactly the same way as those obtained when air and hydrogen 
were used The latter were described in a former paper (1) m which will be 
found a description of the apparatus and an account of the method of deahng 
with the experimental tesulta In the work which follows the same apparatus 
was employed the only changes being that a new jdatinum wire (froto the 
some reel) was used on the thermometer and owing to breakage a rather 
finer quartz suspension had been put on the galvanometer However as the 
apparatus had to be dismantled for transferenco to another laboratory 
I thought it desirable to confirm some of the effects and relationships previously 
noted therefore a full set of expenmenta with the four expansion vessehi 
was made at room temperature It may be recalled that the method has 
been especially worked out using small expansion vessels in order that values 
of the ratios of the specific heats can be readily obtained at different tern 
peratuies Up to the present time work has been restriotod to detonmnattona 
at temperatures below that of the laboratory Several vessels are used in 
order to allow a coneotion to be made for a syetematio change in the epparent 
vahie of the ratio, wloch depends on the sue of the vessel employed 
* OomptasBsiuliii'voLm p im(l«3) 
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The aibogen was supplied by the Brituh Oxygen CompAny, and was stated 
to oOnivin lees than | of 1 per cent of impurity, mostly oxygen 1 am indebted 
to Mr D Newitt for six analyses of gas taken from the apparatus at vanous 
tunes dunng the course of the expenmente All of these show that the 
percentage unpunty was less than the amount stated above 
The observations at — 78° C , reduced in the way previously descnbed, 
are given on p 126 They show the ateadiness of the experunental conditions 
and the accuracy with which these could be reproduced The quantity y,, 
tabulated in the last column, is the apparent value of the ratio of the specific 
heats calculated from the well-known relation 

logp./p*-log0i/er’ 

where pi and ate the imtial and final pressures m rentimetres of mercury, 
and 6i and the initial and final temperatures on the absolute scale The 
values of y, thus obtained vary syetematioaUy with the size of the vessel 
used By extrapolating linearly a procedure which has been shown to be 
extraordinarily accurate over a considerable range in the size of the vessels 
employed, and which is again confirmed, a value indicated by y' w deduced 
Tills IS the apparent value of the ratio which would have been obtained if the 
measurements had been mode using a vessel of infinite volume This extra- 
polated value still requires two corrections, (o) the so-called radiation correction, 
and (6) a theoretical correction 

Fundamental Interval, Freezing Point, and Heating Effect Observations in 
Centimetres of Bridge Wire 


KP 70S i» 
FI 247 78 
FP 708 es 
PI 287 79 

Heating ESecta (anbtiactive) 
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In tbe two expenments made in 1924, with the apparatus as used in the 
an and hydrogen expenments the constants of the themometer were 
F P -a 813 88 and F I » 310 96 The heatang effecU being 0 68 at 11” C 
and 0 21 at - 183* C 

Reduoed Ob$ervattona 

Columns (a) and (d) give the values of 0] and 0, expressed m oentunetoes 
of bridge wire after the appbcation of all corrections 
Column (5) gives the bndge wire setting for the observation of 0, and 
(e) the resulting hack deBection 



October 29 1926 %cc bulb 



Other valnes of y. obtained under similar conditions 1 3850, 1 8834, 
1 8622, 1 3834 1 3836, 1 3837, 1 3842, 1 3848 
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Pi> V* actual observations selected from about tbe nuddle of 

tlie group gimg nse to the mean value of y, in tiie same horuontal row 
In tlie expeoments of October 20 with the 700 o o bulb, and tboee made on 
October 15, with the 76 o c bulb two cells were used m the battery circuit 
ORm aetual heating effect at 10° t was thus incicased from 0 13 to 0 01 cm 
and the iMereaoe between the heatang effects at 0° C and at 100° C increased 
from 0 03 to 0 13 cm of bridge wire But the oorreotion only depends on 
the difference between ^e heating effects at Oj and Oj and was therefore less 
than 0 01 cm of bndge wire That is, the additive correction to y. was less 
than one part m 8000, and in all the other expenmente on nitrogen it was 
OegligiUe jU the heating effects were constantly re-detenmned under the 
expentnental oonditioiis, and very consistent values were obtained, 
^ comotion oould always be made with great accuracy, even when it 
WM opnndsrably larger, as it was in my experiments on hydrogen at room 
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ActuAl tune meaeoteinenta were not mAde m emjr o«m ss the ohionognpk 
was required for other work The large Takes of the tune given in four instanoea 
were eatunated by direct obeerration The consistency of the values oi y, 
obtained with the largest bulb when the tunes were varied from less than 0 0 
to about 1 second^ shows that overshootuig doee not affect the results Sunilar 
evidence was given in my paper on air and hydrogen Probably rather too much 
ooohng has taken place during the interval between the commencement of tiie 
expansion and the tame at which the galvanometer circuit is made, when this 
interval is about 1 second in the oases of (a) the 700 c c bulb at room tempera- 
ture and (b) the 300 c c bulb at — 183° C 
In the figure the mean results obtained with each bulb are plotted against 



the reciprocal of a hnear dunension of the veseel employed, i s the cube root of 
the volume For the bnlbe employed the values oi these abscissn are 0 1128, 
0 1816, 0 2371 and 0 3072 respectavoly The linear relation previously 
shown to exist is amply verified The pmnts given by the mtersections of these 
hnes with that of infimte volume give wines of y at the three temperatnies at 
which expenmente were made 

These values ate, in the case of nitrogen, 1 401fl^ay0* 0 , 1 4066’at — 78*0 , 
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and 1 4166 at — 183“ C The dotted line shows resulto premudy obtained 
with au and u included for oompaneon 
The vahiea of y require two farther corrections (a) the ao-called radiatioD 
oorreobon (b) the theoretical correction 
(o) The apparent values of y measured first with a bright and then with a 
blaokened wire give nse to an additive correction There seems to be no doubt 
as to the magnitude of this correction in tiie case of air at room temperature 
as several observers have obtained closely agreeing values The value taken 
IS 0 0031 Lummer and Pnngsheim (2) added this amount to their expert 
mental values for air hydrogen etc and Parbngton and Howe (3) apply the 
correction m the same way I have given reasons for assuming that the 
correetion is not a pure radiation effect and it should vary in the inverse 
ratio of the thermal conductivity of the gas surrounding the thermometer 
wire For hydrogen the correction is then lowered to 0 0004 (1 ) 

Since the puldicabon of my paper Uandell (4) has shown that fine wire thermo 
oouplea record tempera tuiee which depend amongst other factors on the nature 
of the surrounding gas The ratio of the differences found in air and m hydrogen 
is about 0 08 I had assumed 

The radiation correction in the case of mtrogen is the same as for air i e 
0 0031 at room temperature The values at lower temperatures have been 
calculated by the application of Stefan s law 
(6) Equation A (p 126) applies only to perfect gases which obey tile law 


Summary 

Final Values for the Ratios of the Specific Heate of Nitrogen 


Tsap 

•c 


Radu 

T i”7 +»• 

dynunkal 

fMtorlH-/) 

Filial 

Tkliie* 

oty 

Vajuw obtained 
brother 
Obeerren 

10 

1 4010 

0 0021 

1 4040 

1 0010<«> 

1 40M 

1 4048PkH(a0^) 

1 406D Oai^O'V) 

-78 

1 40M 

0 0008 

1 4061 

1 0030(») 

1 4ioa 
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1 IMS 





1 OM«tC) 

1 4484 
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V ox BO By Mtuoung om of numy oharacteiutio gu oqutenu, it 
can be ihown tiiat y n^uet be multi)>bed by a factor (1 + /) m order to oonoot 
for the diSeienoe between the propertiee of the gee in queetioB and tirade of 
a perfect gae 

1 have given the corrections calculated by using tiie gas equations proposed 
by Oallendar (( ) (6) and Berthelot (B) (0) as the difierence in the magnitudes 
of these corrections is large at very low temperatures The constants used 
m calculating the Callendar correction are those given by Prof Callendar 
in his paper on the Thermodynamical Correction of the Gas Thermometer * 
For nitrogen the critical pressure is 33 atmos and the critical temperature 
126 0° Abe 


Accuracy of the MeasurrmnUit 

The effect of observational errors on the vahies of y. was considered in my 
previous paper In all the experiments by this method as is shown by 
illustrative tables of reduced observations both m this and in my earher paper 
the maximum deviation of an individual from the mean result obtained 
with any c ni, vessel at any one temperature is of the order 0 002 to 0 00^ 
Thi s. differences are not greater than those found in the results of all other 
observers 

Aocufuey of the Extrapolation 

Previous evidence of the parailehsm of the hnesr relationshipe between y* 
and the reciprocal cube root of the volume of the vessel is confirmed by these 
experiments As it is shown that this linear relation holds over a considenblo 
range in the si*e of the vessel used the accuracy of the extrapolated value 
y will be of the same order as that of the individual means * 

Recent Work by Other Obeervert 

References to earher measurements of the ratio of the specific heate of 
nitti^n will be found in the appended list of papers Partington and Howe 
measured the value of y for mtrogen using a 60 btra vessel and a compensated 
thermometer of platinum wire 0 01 mm. in diameter An Einthoven stnag 
galvanometer was employed They found it necessary to make a somawhat 

* Tbs proper Interpratstion of mj lenilts for hydrogen at room (smperstate wMeh is 
in seeordsaes with sH tbs expsrimentsi endsnee Indlestsi that my value of / for 
hydrogen is oomot to witUn 0 001 and net only wHUn 0 011 as is enggieted by 
J^rtlngtoo and Hoire(7) 
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proTiaoBal, but relatively luge oorrectioB of about 1/2 per cent in order 
to oorreot for the so-called lag of their compenuted thermometer The data 
for this correction were obtained from measurements made witii uncompensated 
wires surrounded by air only I have previously pointed out that the apphoa 
tioB of the full correction calculated from these data is not josti&able * 

The excellent senes of measurements by Dixon and his collaborators (8) at 
temperatures above that of the room and Valentiner s (9) measurement at 
about 82 5° Abs are especially valuable Dixon Campbell and Parker made 
direct measurements of the velocity of sound m nitrogen My measurement 
at room temperature is in excellent agreement with that deduced from their 
observations Valent ner used the Kundts tube method and obtained the 
value 1 447 at about — 190° C 

The values of the molecular specific heats at constant pressure and at 
constant volume can be calculated from the final values of those given above 
The specific heat values given m the following table have been calculated by 
vwng (B) Berthelots and (C) Callendars gas equations The gas constant 
has been taken as 1 986 an I tl o molecular weight ( f nitrogen as 28 02 


hi 11 nod KN 

V dues of the Speefir Heats 


0 rsM 8 a H ( rail* 


* By UneM extr»poUt oD ot Sohml ftnd Hvow • fixperimenUl FtxvUUy roferen e 10 


The only direct observation of the specific heat of mtrogen at constant pressure 
and at the temperature of liquid air is that of Soheel and Heuse (10) The 
value of the ratio deduced from their measurements usmg Berthelot s equation 

* The ^ipUoabthty of the full correotion to tMr expenrasnu on hjidiogen is still acre 
dsubtM ss my thtfmoraetriii effect giving rise to sooh a ooneotion wonid depend on 
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u 1 468 Soheel and H«use point out tiint wh«n their resulte me onloulnted 
nnsg the gas equation employed 1^ Valentaner ^leir value of y is reduced to 
1 459 which 18 about 1 per cent m exceu of Valentiner a estimation of thu 
quantity 

The chaiaoterubo equation used by Valentaner was one deduced by Beatel 
meyer and himaelf (11) as the result of an experimental study of the behaviour 
of nitrogen at bquid-air temperature* 

It 18 interesting to note the excellent agreement between Valentiner * value 
(or Y and my own when the latter is calculated by the aid of Callendars 
equation As the Bestelmeyer and Valentiner relabou represents the actual 
piopertaee of nitrogen over a small range of temperature in the neighbourhood 
of — 190° C this agreement shows that Clallendar s type of equation in addition 
to its precision at higher temperatures lertainly lepresenta the properties of 
nitrogen near its saturation pomt with greater exactitude than does that 
proposed by Berthelot 

1 have previously pointed out that the extrapolationB in Soheel and Heuse s 
axpenments may be somewhat doubtful (1) Thu u mote especially the taac 
in their experiments on nitrogen as flows of two widely differing values were 
used only 

My value for the spemflo heat of nitrogen at constant preesure and at 
— 183° C u within 0 3 per cent, of the mean of the value they deduce and 
that obtained viz 0 260 by a Imear extrapolation of their reaults 

Vanatton of Moleoular Spenfic Heat with Temperature 

Dixon (86) gives 8, 4 922 -f 0 00041 ( as representing the leeulte of the 

expenments on nitrogen at atmospheno pressure and between 0° and 1000° C 
At high temperatures 8, — 8, •=• I 988 so that 8, 6 91 -f 0 00041 1 
Callendar (5) has shown that hu equation gives the relation k: S, i- 
o«(n4- l)cp/6 where 8, is the hmiting value if 8, at zero pressure and 
temperature 6 

Callendar assumes that in this ideally rarefied condition the gas u perfect 
and Sk IS independent of the tempeiatare If the equation representing Dixon s 
experimental results is combined with Callendars theoreboal exjoessioii, in 
which the term involving p/O*-* u negligible at high temperatures we may 
unagme Dixon s bneai variation of 8, to hold for the zero pressuie nopAifann 
and B 91 becomes the value of nt 0” C The moleoular zpeoiflo heats may 
then be calculated over the complete range Of tempeiatuies and pieisttiee 
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The •([n«nent with my expenmentel messuiementii et utmosphenc pneean 
iR Very good M u shown m the adjoining table — 


Temp (*r 

8, (exp) 

1 

(oalc ) 

10 

fl #2 

6 

78 

6 9i 

6 91 

183 

7 10 

7 07 


Not* —In refemng to a cnticism m my former paper Partington and Howe 
(7) say Bnnkworth u therefore in error in stating that an emergent stem 
correction was applie] in these experiments My statement referred 
expliciUy (pp 639-640) to the value 1 4001 (air) obtamed by Partington (12) 
In an example which Partington gives m detail and which conStitatM 
one of the individual experiments leading to thu valne the emergent stem 
correction is given as 0 01 ( The paragraph from which they quote 
contained no reference to oxpenmenta made by them conjointly 
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Adsw'ptim EjcpenmenU with Radxum D and Radtum E 
By John P McHutchison, M A , B So , Physicftl Chemist to the Glasgow and 
West of Scotland Radium Committee, Radiometnc Laboratory, the 
Chemical Department, Glasgow Univemty 

(Commurucated by Prof Q 0 Henderson, F R 8 — Received December 17, 1926 ) 

Our knowledge of the behaviour of radio-elements m precipitation reactions is 
mamlyduo to Fajans and his co-workers,* who investigated the relation existing 
between the oompleteneaa of the removal of the radio-element from solution 
and the solubility of its salt They found that, when a filterable quantity 
of the precipitate of a common element was brought down in a solution con- 
taming an infinitesimal quantity of a radio-element, the radio-element itself 
was precipitated, if its corresponding compound was also insoluble This 
general conclusion was later investigated by Fajans and Richter (foe at ) 
with respect to thorium B, and it was further established that the degree of 
removal of the radio-element was dependent on the solubility of the precipitate 
of the ordinary element Thus with very insoluble precipitates such as bis- 
muth sulphide and barium sulphate, thonnm B was comidetely precipitated, 
whUe leaa insoluble precipitates like silver chloride earned down only part 
of the radio-element It was also suggested that when the precipitate was 
the insoluble salt of an isotope, the removal of the radio-element was to be 
ascribed to ite solid solution in the isotopio precipitate, whereas removal by 
precipitates of disaimilar elements was an adsorption effect 
This laat fact, the connection between the adsorption of radio-elements by 
vanous substances and the solubility of the corresponding active compounds, 
was the subject of detailed researches by Paneth.t and by Horovita and Paneth.t 
As a result, it waa proved that the connection between the magnitude of the 
completeness of removal of the radio-element and the solubility of the analogoiis 
radio-active compound, held for a aolid precipitate added to the scdution as welt 
as for the case of a precipitate brought down in the solution. Bspen- 
roeuts have also been conducted m this 6eld by Bbler and van Bhyn} and 
others 

* ‘ B«r. deutsoh, ohem 0«a vol 44, p S4M (lOlS)i itef , vol 48, p, 700 (UU). 
t ‘ Fhyrikai Ziitwilir.,’ Vol. 16, p 9S4 (1014) 
t ' ZsUsehr Physfloa, Owm ,’ voL 80. p. 61S (1016), 
f‘B«r deatMh. ehem Get,’ vol 64, B,p 8806(1011). 
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The general conclusions amved at may be summaneed as follows - 

1 When radio elements are precipitated along with other precipitates the 
solubility product of the active ions present need not be attained before pte 
cipitation takes place 

2 A radio-element will be removed by adsorption on a given adsorbent 
for which the analogous radio active compound (that is the compound of the 
radio element containing the same electronegative constituent as the adsorbent) 
is relatively insoluble and the less soluble the precipitate the more completely 
will the active element be remoted 

The object of the expenments to bt desi nbed was to investigate how far these 
facts are apjdioable to two radio elements when these exist together in solution 
in radio active equilibrium and in particular to discover if removal by an 
isotopio adsorbent was more complete than that by a compound of like solu 
bihty of a dissimilar element In the course of the work results have been 
obtained which indicate that the half life period of radium b has a value slightly 
lower than that usually asenbed to it 

The source of the radium D ami radium B was a quantity of radon tubes, 
which had been used m medical treatment several years ago From these the 
later disintegration products of the radium senes radium D radium B and 
radium P wore removecl by boiling the tubes in aqua regia evaporating the 
solution so obtained to small bulk adding more nitnc acid evraporating almost 
to drjmess and adding distilled water When a neutral solution was required 
the evaporation was continued to dryness and the active produrte dissolved in 
distilled water 

The various precipitates formed in the active solution or the sobds added to 
the solution were allowed time in every case to come into adsorptive equilibnum 
with the radio elements present Filtration was performed in a Buchner funnel 
and the activated precipitates measured on the filter papers but before filtenng, 
the supernatant liquid was decanted to prevent any adsorption of the radio 
elemente by the filter paper,* and the precipitatee were washed by decantation 
The measnnmente of activity were made with a beta ray electroscope through 
a aeieen of gtdd beater s skin and two centiinetres of air, so as to cut off all tht 
aljdia>zaduition due to radium F The expenmente are Uierefore concerned 
only with radium D and radium B which are isotopio with lead and b xmuth 
N^peotively The activities are expressed in arbitrary unite namely divisions 
of eleettoseope scale per mmnte 

• d Oodtewski, FhU. Mag , Tol 27, p. «18 (19H) 
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1 AitorpUonbf/ Suifkidet 

(a) By PreetpUation tn And SoltdiOH — VimouB lulphidw were pteoipi1»t«d 
by pasting sulphuretted hydrogen for 5 minutes through acid solutions (0 02 N) 
of the radio-elements containing quantities of the several salts so as to give 
the same mass of sulphide precipitate m each case which was just tofficient 
to form a very fine film on the filter paper Several parallel experiments were 
performed with similar results to those shown 


Table I 



The same quantity of the active solution as used in above senes without 
the addition of sn> other substance was evaporated to dryness on a watch 
glass an 1 gave an activity of 111 and it is therefore apparent that radium D 
and radium F present together in equihbnnm proportions can be completely 
removed by precipitation along with other substances Since the metourit 
sulphide precipitate was as active as either that of lead sulphide or bismuth 
eulpbide it appears that isotopic precipitates have no greater adsorptive power 
since certain non isotopic precipitates can completely carry down the radio 
active matter It will also be noted that the isotopic precipitate exhibits no 
preferenco in adsorption for its own isotope as compared with the other radio 
element All the aboie precipitates contain radium D and radium E in 
eqnibbnnm except copper sulphide which has precipitated radium B in 
excess of Its equihbnum quantity of radium D so that the activity declines 
till after 30 days or so equihbnum is established between the two radio elements 
The result obtained with copper sulphide would therefore appear to be an 
abnormal effect since there seems to be no reason why the copper sulphide 
shonld prefer the active isotope of bismuth to the active isotope of lead Fajans 
and Beer* found in the course of their expenments that abnormal adsorption 
did not interfere to any great degree but the anomalous result obtained 
above suggests that m the case of the simultaneous precipitation of two radio 
elements there may be abnormahties not apparent when dealing with the 
solution of a single radio-element 

(6) Addthm of Sidphde* to Actm SdhOum —TMt 11 shows the nsidta 


’£iw.ea. 
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obtained when eulphides were added to the acid active solution Sulphides of 
menury ( ic) lead bismuth and copper were finely powdered and added to 
the same volume of active solution which had the same total activity, 111 
as in Table I The mixture was shaken bnskly for ten minutes and the 
activated sulphides measured on a filter jiaper as before parallel expenments 
being conducted 


Table II 

ProojpUte j 

! 

IntUftl MtiTiij 


Perot nU^e of 

K«d um D MmoTod 

l4.«d mlph (If 1 

lOT 

83 

\boi 1 76 per cent 

Bumulii «ilpfaide 

Mrminc nilphido 

Copper sulphide 

01 

70 

31 

o2 

TO 


It IS to be noted in these experiments where two radio tlemonte are present 
in equibbnum solution that there is a very marked difference between the 
degree of adsorption taking plate during pn cipitation and that occiimng on 
a solid piecipitatt since in the first case all the radium D and its equilibrium 
quantity of radium E could be removed but in the second not more than 
76 per cent The preference shown by topper sulphide m Table I for one of 
the radio elements is here proved to hold lor all the sulphides when these are 
shaken up with the active solution instead >f bting precipitated m the solution 
Lead sulphide and bismuth sulphide for example when formed m the solution 
carry down all the ratliuia D and radium E pn)M*Dt but when these sulphides 
*re added to the solution the had sulphide adsorbs radium E m greater quantity 
than its equilibrium quantity of radium D and bismuth sulphide adsorbs 
radium D m greater quantitv than its equilibrium amount of radium E 
Mercuric sulphide has a pn fercntial adsorptiM. power fur radium E and copper 
sulphide for radium 1> The smaller degree of removal in this set of expen 
ments is understandable on the basis of the smaller specific surface available 
for adsorption in the case of s solid added to the solution as compared wito a 
pMCipitate actually brought down in the solution But the selective action 
displayed as between the two radio elements present is not readily explained 
2 Adsorptton by Chlorides 

(a) Preoipitation by HydfoMone Acid —The chlondes of lead silver and 
mweuty (•ons) were precipitated with hydrochlonc acid by adding it in excess to 
aelito anlntoma containing lead mtrate silver nitrate and mercurous nitrate 
iwpeotiTdy The very mariced differences in the activities of these three 
ptempitatee u apparent in the ourvee ^wn in fig 1, which have been drawn 
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from the following measoremente The total activity waa 72 in tius e«n«» 
of ezpenmento and alao for those detailed m Tables IV and V 




Fio 2^AotiTitiMotChk 
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Table III 



It vnll be observed that the lead chloride precipitate has a small initial 
activity, which gradually increases due to growth of radium E , and there- 
fore, it may be said that lead chloride adsorbs practically only radium D, 
but this very completely which might be expected since the i hlondt of 
radmm B, like the chlondc of bismuth, w soluble in hydrochlonc acid The silver 
chlonde precipitate removes all the activity since in hydrochloric acid solution 
the solubility IS very slight In neutral solution Fajans and Richter* found 
that silver chlonde earned down only some 40 per cent of thonum B so that 
the connection between the degree of removal and the solubility of the precipi 
tate holds very clearly in this caee But that this is not the only factor involved 
u indicated by the fact that the mercurous chlonde bnngs down very little of 
the active elements at all 

(6) PreoipUatum by Sodium Chlonde Soliilton —The influence of acidity m the 
degree of adsorption is shown by a comparison of fig 1 and fig 2, which latter 
shows the curves of activity of the same chlondes precipitated m neutral 
Mention by sodium chlonde solution Table IV gives the activities 
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Hum readugs indicate that the deg^e of adaorption by difieient preciptates 
is greatly affected by the acidity of the aolntion as waa noted {mvioiMly by 
Horovitz and Faneth * with respect to eolutions o( a single radio-element 
In general, radium D is more readily adsorbed m acid solution and radium E 
in neutral solution which is in keeping with the known facts of the partial 
solubility in water of the chlonde of radium D and the solubility of that of 
radium E in hydrochlono arid solution since these chlorides are isotopic with 
those of lead and bismuth respectively But there is no obvious explanation of 
the poor adsorption obtained by the mercurous chloride precipitate m Table III 
Accordingly it has to be remarked that in the case of chlonde precipitates as 
well as of sulphide precipitates certain abnormalities in adsorption are apparent 
The fact that an isotopic chlonde has no unique powers of adsorption is to be 
deduced from the results shown 

3 Adsorptwn by Banum StdphtUi preetpttated tn Sol^thon 
The strong adsorptive powers of banum sulphate have been emphasised 
by Weiser and Shemckf and this substance has been previously used to 
adsorb radio-elements In the present case it was desired to test further the 
main fact emerging from Sections 1 and 2 namely that an isotopic precipitate 
has no special adsorptive powers as compared with certain non isotopic 
precipitates and a sulphate preciptate is a most convenient one to employ, 
since lead sulphate isotopic with the sulphate of radium D is also insoluble in 
neutral or dilute acid solution To equal volumes of the same neutral solution 
of radium D and radium E solutions were added as showti and the activitiea of 
the resulting precipitates determined 


Table V 


Ho neutrsi aolntimi uf ruliain D and 



radium Ji added. 


(after 3S daya) 

1 Bftrmm nltmU find nod i m lalptuiW* 

OS 


a Beriam nitrate and exresi anlphurk acid 

3 Butmn nitrate and lodiumiulj^ate in falnll) 

68 

68 

nlkaluie aniution 

4 Bariom mtnte lead nlmti and svdium 

It 

7* 

nliiiMta 

A, Ifluf nitrate and audium lulphate 

(M 

00 

70 

Uad nitrate and exem nlilrarlc arid 

» 

OB 


*Loe eit 

t Jonm Phys Chem, vol tt, p 10S(m») 
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Tbete rwulto show vety clwrly that the actmty of the isotopn piecipitote 
(le*d sulphate) is no greater than that of the non-isotopic precipitate (banum 
sulphate) The influence of sulphuno and in inczeasing the total adsoiptaon 
(as noted by Hotovitz and Paneth) is not apparent But it will be noted 
that, when banum sulphate is precipitated by sulphuno ucid m excess, radium 
D and radium B are completely adsorbeil, although the sulphate of radium E, 
like bismuth sulphate, is soluble in sulphuno acid solution , if, however, lead 
sulphate is precipitated by sulphuric atid m excess, radium D is removed m 
excess of its equitibnum quantity of radium E A precisely similar fact is 
observable in the (blonde precipitations , and only m this case does the iso- 
topic precipitate appear to possess any preferential powers 

4 Other Adsorjjhoru 

(o) By Gaktum Carbonate —Calcium carbonate was precipitated with calcium 
ohlonde and sodium carbonate in a quantity of the active solution , and also 
along wiUi basic lead carbonate m a similar quantity of solution In both 
cases radium D and radium E were completely removed, the presence of the 
oarbonate of lead, isotopic with radium 0, not affecting either the degree of 
adsorption nr the ratio of D to £ removed in any way 

(6) By Feme Hydroxide —Feme hydroxide precipitated m an active solution 
brought down all the active matter It has been noted* that feme hydroxide 
adsorbs radium B and radium C, and also thonum B and thorium C in different 
proportions depending on the degree of acidity of the original solutions , 
and the effect is asenbed to the passing of the radioactive matter from the 
iomc to the colloidal state, the change being governed by the acidity of the 
sohitHin In the case of solutions of radium D and radium E varying in 
acidity from 0 0005 N to 0 01 N, no vanstion in the ratio of radium D to 
radium E was found, both olemeuts being completely removed On the basis 
of the colloidal theoiy advanced by CranstoD, one may conclude that in such 
add solutions radium D and radmm B are present completely m the ionic con- 
dtton, which agrees with the ciystalioidal condibon as previously determined 
for them by Paneth on the basis of dialysis experiments f 


* OMoton and Burnett, ' Jonrn Chem Boo ,' vol Ui>,p 2086 (1921), and Ctaartvn and 
9ilMail, iM., Tol )U,p. 2843 (1022), aiKliM„vol 188, p. 1318 (192S) 
t * fEoHoid Zeitaoiir„' voL 18, p I (l«13). 
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6 Iktemm(a%(m of the Pmod of Sadtum B 6y ad»orpt%(m on 

Blood Charcoal 

Specially punfled blood charcoal thoroughly shaken up with the ac^ve 
solution adsorbed all the radium B but only about 70 per cent of radnim D 
The ratio of radium D adsorbed to radium B adsorbed seems to bear no relation 
to the relative quantities of these radio-elements present in the solution In this 
case there is no similarity between the adsorbed matter and the adsorbent and 
the radio elements are present in the form of soluble nitrates so that the effect 
IS a true adsorption one without the complication of any precipitation pheno 
mena Thu apparently selective adsorptive action of blood charcoal is being 
investigated with respect to solutions of radium D and radium E in various 
solvents 

If to the active solution a quantity of lead as nitrate be hrst added and the 
adsorption on blood charcoal determined practically only radium K will be 
adsorbed since the infinitesimal quantity of radium D in the solution will have 
to compete for adsorption with the comparatively very large quantity of its 
isotope lead Thu experiment was repeated several times from 1 to 10 grams 
of lead nitrate being added in different teats and the activity on the filter paper 
was found to decay in every case practically to aero which indicates that 
radium E alone was present to the degree of accuracy of measurement claimed 
VIZ ^ per cent In thu a ay a redetennination has been made of the half 
life period of radium E m view of the fact that Bastings value 4 98 days • 
suggested that the onginal value of 5 days as determined by Antonofff and 
others was more accurate than the lower value of 4 86 days as advanced 
later by Thaller } Details are given in Table VI of two of the four detemuna 
tions made all of which gave 4 9 days as the period to an accuracy of 1 in 
200 Column A in each case shows the activity obtained by measurement, 
while column B gives the theoretical numbers obtained by calculation on the 
basis of a half life period of 4 9 days 

The experimental values and the theoretical numbers calculated on a basis 
of 4 9 days aa the half life period are in good agreement The result oonfilnns 
Thaller's value, further oonfinnation of which has been obtained recently by 
Founuer who gives the value 4 80 days in a paper} pnbluhed several moiHhs 
after the above expenments wen performed 

*‘I>ha Hsg.’vol 4a,p lOTS(10t4) 
t'I1iU.Meg,>Tcl 19. p, 81S (UlO) 
rWira Ber.’ml Ml p.l0ll(191f) 
rOompt BsmL,’ toL ISl, p. oOl (IMS) 
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Table VI 



bynopnt 

The results enumerated m this paper may be summarised as follows — 

(1) Previoasly known facts regardmg the adsorption of a single radio 
element from its solution either by a pr cipitate formed in the solution or 
by an added solid are m general found to hold for the simultaneous adsorption 
of the two radio-elements radium D and radium b when present in radio 
active equilibrium But it is pointed out that the results m several cases are 
influenced by abnormal adsorption effects 

(2) Isotopio precipitates possess no greater adsorptive powers than certain 
non isotopic precipitates which can completely carry down the radio-elements 

(3) But an isotopic precipitate formed under such conditions that one of 
^ two analogous radio active compounds is soluble, ezhibito a preference for 
itaown isotope, whereas a non isotopic prociptate displays no such preference 

(4) The additeon of a soluble lead salt to a solution of radium D and radium E 
•tops tlie adsorption of radium D by oharooal, and in this way radium E has 
ben extracted in a state of great ponty 

(6) The half bfe penod of radium B has been so determined as 4 9 days 
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The EloiUe Stability of a Corrugated Plate 
B7 W R Dkak MA Fellow of Tnnity College Camlmdge 
(Communicated by R V Southwell FRS Received January 1 1926) 

1 ItUfodwiwn and Summary This paper deals with the elastic stability 
of a coimgated plate under thrust along ita generators Besides ^e assump 
tion oommon to all such problems that the plate is thin it is supposed that 
the depth of a bay (d fig 1 ) is a small multiple of k the semi thickness and that 
the transverse expansion that is the usual accompaniment of a longi 
tudinal thrust is prevented by a thrust in a perpendicular direction The 
equations derived in §§ J 7 are then soluble and the critical stress in ant 
case can be found from an equation expressing that an infinite determinant 
18 sero 

The numerical work that has been done has been hnuted to the two cases m 
which d — lOik and d Oh respectively As a preliminary in §} 8 11 it has 
been supposed that a Poissons ratio is aero The equations are great! v 
simpbfied by this supposition and results can easily be obtained wbch are a 
valuable guide to the more complicated arithmetic of the normal case m which 
a does not vanish In particular this piehminary work is used to find the 

favonnte type of distortion (that possible under the least stress) in the 
other case it can bo seen that the favourite typee are the same whether 
s u or 18 not zero The necessary exploration is therefore done for er » 0 
and the anthmetic m the more practical case in which we suppoee that 
<7 — I IS confined to the calculation of stresses causing definite modes of 
distortion 

For or =»= J numerical results are given in 12-14 and shown m figs 3 and 4 
It u found m Uie oases considered that the ratio of length of bay (i) to height 
(H) should not exceed } if the critical stress is to be as large as possible The 
critical stress m a corrugated plate lan be conveniently stated by giving its ratio 
to tiiatinaplane plate of the same thickneas and hei^t If I/ff < | this ratio 
IS about 80 when d~6k and over 130 when 4 » 104 Thu may be stated in 
diftsient terms in a manner that has an application more direct to practtcal 
fooblems Two {dates of equal thicknesa and height will weigh the same if 
they are of the same length and of the same material If one u plane and the 
other corrugated so that i = 104 and IjH < J the latter though weighing the 
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sune will teke over 130 bisM the totol lood of the other The poeeible eppbcA 
tion of thw work is to the use in MrD{4ane construction of corrugated plates 
which must be light and yet take considerable loads The possibility of extend 
ing this work to |^tes with deeper bays is considered m |16 this extension is 
necessary in deciding what is the greatest value of djh to wh ch the approxi 
mate solution of this paper will apply It does not appear w rtl ahile to 
attempt this until some ezpenmental results are available For the same 
reason the form of the surface of the plate after collapse has taken pla c lias 
not been considered numerically though in § 16 the general nat re of the 
favourite types of distortion is stated 

The writer is greatly indebted to Prof Q I Taylor at whose suggesli u tl is 
problem was attacked and to Mr R V Southwell for his valuable criticism 
and advice 

5 2 The position of P auy point of the middle surface of the plate is specified 
by «, fhe distance of P measured along a generator from an arbitrary line of 



Fro. I 


curvature and by p the distance 
of P measured along a line of 
curvature from a generator p 
the radius of curvature of the 
section of the surface by a plane 
perpendicular to the generators 
IS a function of ^ only and we 
write 

1/p — C8in»p (1) 


trheie o and n are constants c being the maximum curvature 
Ghven e and h equatwn (1) defines the middle surface but a more convenient 
description of a corrugated {fiats can be given m terms of four lengths H 
^ hei{^t h, the senu thickness of the material of the plate ( the length 
irf a bay of the middle snrface and d tiie depth of a bay (fig 1) 

The fundamental assumptions made m what follows an that the ratio A/H 
hf small and that d is comparable with A The first of these is of course 
usevitalfie instabibty is only of practiosl interest and » only calculable 
if the plate considered is thin Little progress has been made withent 
waa>B such assumption ss the second whose limitations are discussed later 
tit 1 15. The munancal woik has been confined to the two cases m which 
li*w tOA had da 6A nspeotively so that we take d to be of the order of 

t. 
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The four leagth* and tk« qnantitaea e and n ol (1) an natiually not tnda- 
pandent Cleatlf l<a>nfn while 


d = Bin ^ ^cos rfp 


if it IB asBumcd that c/n which is approximately equal to ridjl w small This 
18 Buppoaed hen but the restriction can probably be remorod in moat cases 
at the cost of slightly comphcatmg the arithmetic it is necessary however 
that the plate should not be so rapidly corrugated that the maximum 
curvatun is large in spite of the fact that d is small 
S 3 The Shdl Equatvont We nveat gate the stability of the plate under 
thrust parallel to its genenton it being supposed that the aggregate lateral 
expansion that would normally take place is prevented by suitable thrusts in 
a perpendicular direction Since d is not mon than lOA in the casee to be 
considered mimencally it may be assumed that the critical thrust is the same 
as that of a plane plate of the same height and of semi thickness some smaO 
mttlti|Je of h 

The displacements of any point of the middle surface are written u v w 
w being the displacement along the generator t> the perpendicular tangential 
displacement and te the normal displacement From the plane {date com 
panson above it follows that in the cnticai configuration u is of the order A* * 
while it can be seen a jxutenon tiiat v u ^so of order A* and w is of order A 
The reason for the hif^er order of w w fairly clear physically To {wevsnt 
lateral expansion a transvene thrust must be ap{died which iiv the case of a 
corrugated {date with a shallow bay may be expected to be roughly the 
foogituduiid thmst multiplied by Poisson a ratio In the critical configuration 
them b accordmf^y a toansverse thrust about onenjuarter of the high coUapoug 
thrust evideiitly a oorragatod plate can offer but little lesistanoe to sneh a 
atiess and relatively hi^ normal displaoementa ensue 
Lastly bom (a) 1/p is of the order of A l^iril equatums that an aj^lttabb 
with slight modification to ^ problem have been given by the wntat in a 
mosnt paper f They need not be set down in full here as wO immediately 
*fttoo(»»«iisBiton«kesi>mettatesM>Wo(toh*ypitatUssa«ti<». TUmmatt 


ls«stelytbat«ooataiMA>assisator to tbs ositkel eqaattiustof a pirn ]Me9a/ds 
lsof<ha«eto(VH)> 

t Boy Soe Pioe^ A. wd. 107 p.7M{lM«) ByitluOeqiutiMislssMBBta|M«M»iB 
tsnas of tha dk^iaeMasoti of potato of tbs nMdIs saslaee only 



147 


EUutus StahUtty 0/ a ComtgcUed Platt. 

approximate to toam by letaimnf m the first two equatioiu the pnncipal terms 
oi which involve u and v linearly no tenna of order higher than A* and in the 
third equation whose moat important term is of order h*v) no terms of order 
higher than A* The equations are ronaiderablv aimplifiid by this procedure 
and become 



The equations fr m wluch (*1) (4) anl 6) have been ledinel ignore all 
terms of the first order mu v to if multiplied by A’ or higher power of A and all 
tanni of the third and higher orders in u t to Thu approzunation u 8u65cient 
so far as deducing terms of order A* in (3) and (4) u concerned but clearly 
then u no reason for excluding terms m te® from (6) The importance of such 
tsrms in the case of a plane plate when w is of the order A has been pointed 
out by J Presoott * and it happens that the terms that must be added to 
the left side of (6) are exactly the same as those shown to be necessary by him in 
the oorrespondmg plane plate equation The reason u thu the complete third 
ordei terms in (6) must rontam those of the plane plate case which is reached 
by puttwg 1/p XX 0 the other thud-order terms must oontam a positive 
iht^pial power of 1 /p as a factor t and hence must be of order higher than A* ( 

« 'FMl.Mag. voL43 p 97(1922) 

t po^Sfpean in this form m the equstioia 

t An ladepMkdsat •valuation of tuoh thlid-ordei teraa ss are rsqulivd in tlus proUMU 
leefiMSimadaoiitlMUnMofSwtionSotthepaiiecbytiMwtttarqQotMlabov* that la 
tohhytw^ut^ipMUiigtetMalUoftlMtiMofyofthiaahdb Thm appwt to be n> 
UwnwwarytmMMy tofenadiBeqnatiMai(5)t»(U) 
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The complete eqnatioiu lor this ptoUem *n ao« (S), (4) uid 

“ a [1: {si + * (e )’ + " (I “ ”) + i (^ni 

-|[5f(|-^‘©*+"a + l(an] 

I — g 3 r0w /0» , 0tt , 011) Bietl 

■■-r3;L3p k + + 

1—00 r3lO f0O , 3m , 011) 0te\"l n 
■— SpLss; + + 

§ 4 JAe EquMrium Configuratton — Wnting 


I — g /0» I 3» , 0w 0w\ 

'“T’\s;'‘'5i'*'r«5pr 


cquetioDa (8), (4), end (6) become 



(7) 

(8) 


The lest of these cea be sim^ified the use of (7) sml (8) to the form 

'' The e^tions tien be lolTbd bj 

T,».C„ T,=-C». S-0, 



Elattto StabUujf a Corrugated Plato 
where C, and C| sra coaetants, ptondad that 



1 

(10) 

I-:- 


(11) 

0tl 


(12) 


3ti , 3 m 1 3ii» 3iii „ 

a*+ri + 3;3?“® 

(13) 

Aa 

A constant and supposing that n and w are 

independent of 

s (10) 

(11) and (12) become 



h^d'w < d*M> n 

(14) 




A 

1 <r 

(IB) 


4- i 0 — (tCi 
d^ p'^'ljp/ 1-0* 

(16) 


while (13) w satisfied ulentically 
SuhititutiMg the value uf p given by (1) it u seen that 

w=A»8innp (17) 

b constant will satisfy (14) provided 

AVifc/3 - (1 - ib»*) C, e-0 (18) 

From (16) 

dv Cs, - aCi , , , . - „ 

+Ao*s.n*np ^ ooe'np 

= + fc*/2 - *^V/4 - lbd>/2 + JtV»V4) cos 


As It Is supposed that there u no aggregate lateral expansion of the plate 
<h/d^ must he penodio so that we must have 

(C,-oC,)/(l-o*) + fa<*/2-FcW/4=<0 (19) 

The expression for ii is not wanted * 

• This espveSiJon oootsmi on srUtrwrv oooetant whloh piepwly ihould oorrwpood 
t» aj4|^ body dieplsoeiseat That v » const does not exactly repnsott sooh a disidac*- 
lta4M ts da* to the fact that the sheU eqnsttons sn only sppsoxliiiate As the pM is 
hfdMd idHllow, the disorepaiMy Is of ndnor importanoe. Xn say esse, the oonstsat een 
tt4^Ml]y he ignored 
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0] And C, are proportional to the applied thruata along the genemton and 
tranavereely, reepectavely Given Cj, 0, and k tan be found from (18) and (19), 
and A from (16) , hem* the valuea of u t> and v That C, u known when Cj 
18 given 18, of course a consequence of the restriction that there should be no 
lateral expansion The first part of the problem the determination of the 
equilibrium configuration of the plate under thrust, is therefore completed 
{ 6 The StaMuy Equaltoiu If the equilibrium configuration u, v M, 
investigated above is critical there will be a neighbouring umfigiiratioD of 
equilibnum which we write u 1- u', » + o', le + in' The stability equations 
are derived by substituting first u o, w in the shell equations then m + 

0 b o', « b and finally subtracting the two seta of equations In the 
equations thus produced powers of »' i/ and v' above tlie first can be ignored 
There results 



apl5p“'7+dp'5p‘ + '''S;J 




It tins pQiat it IS oonveuent to state tee mathematKal pioblete la full, 
sepsatmg some equatiom that have already heea given We have to And 
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the yeloc of C, that leada to a non zem wlution m v^, \f and w' of (10), (21) 
and (22), when 

1/p ip/ifc 0 un (28) 

AVJfc/3-(l-Jta*)C, - 0, (24) 

and 

((’i - - -»*) f iW/2 - iV»‘/4 =* 0. (26) 

The next consideration is to put these equations m a form suitable for 
numerical work 

{6 -The firat stage in the manipulation is efieetiveljr equivalent to the 
ehmination of one of the vanablea u', t>', u/ Setting 

9tt' /8o' w'dtedw'] ^ 

■ga"*’ \5p p ■‘'dp'SiTr 

8») w* , dtvB^ , Bu' _ yi)* 

7 “ g?’ 

and 

1 — a .bv' I 9« , i^3w'\ _ _ 8*i)) 

2 \gi ■^(fp'Sa/ 3«5p’ 

equations (20) and (21) are satisfied,* while (22) becomes 

«' and «' can be eluninated from (26), (27) and (28), the result being 

A non zero solution in w and i|i of (29) and (30) evidently unphea a non- 
zero sobtion in u, v' and to' of the atabihty equations As stated what has 
been done is effectively to ehminate one of the ongmal variables the method 
adopted gives a more symmetncal form than would result from a direct attempt 
at elumnatum, and entails less labour 
It may be noticed that if 


equation (29) rednces to the stablity equation of a (dane plate , this relation, 
in fact, evidently implies that in the eqnilibnuxn configuration the middle 

* Ihls proeedors is sualogoiu to that comtaoaly folkwed in two-dlmsedonal fiobiMMk 
Cjt A. B. H, to»e, ‘Ksthnastics] Th«»y of Etastieity’ (ftrd wHtta), {144, ska 
JFMMMtt, kc ei4, p. UM. 


(26) 

(27) 

(28) 

(29) 

(30) 
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•uifice u atAug^teiMd out However, from eqtutaoo (24) «amfiiut« treniveiae 
teniiion* u required for this , it u « femilier enough espenenoe thet it it 
exceedingly difficult to atnighten by tension any naturally curved body, 
as, for instance, a coil of wire 

§ 7 —The equations must now be put in non-dimensional form , (29) and 
(30) may be satisfied by 


and 


w = W sin («, 
()( = iji, sin (i«. 


(51) 

(32) 


where ix is a constant, and W and ijii are functions of ^ only Let the variable 
P be changed to 0 (— np) and let 


and 


C, =• Cl AV* C, - C, A'(x*. <|/i = ht>, 

djh= d, (t/n (i' 


Equations (29) and (30) then become 

W 55 : fix W + 3C. (x W-3Cip ^ 

+ 3(1 - in*) dV'* sm e ^ = 0 , 
and 

^ - 2(x'* gS + ix'V - (1 - 0 *) (1 -in*) dV-* Bin OW « 0 


Finally let kn* — a, 

F = 3(l-a)dV*, 0«{l-^) (l-o)d'ix'* 
and 

y — Z CjV'*, * =» 3 C/p * 


(33) 

(34) 


The resulting equations are 

g_2,'.g+,'*W + yW-ag + F«n0^^O, 

and 

S-vg + .-*-a™«w-o. 


(36) 

(36) 


while from (24) and (28) 

*=*a/(l-a), 

and 

0 [1 + 3 (1 - a*) d^/2) = 3<r Ci' p'* + 3 (1 - a*) d'*a*/4 


(3T) 

-a*/(l-o) (88) 


* AtwuionlieeauseitmnitbtpqsitivshitUsosse, ilsslwaysugattvaiatlwoofiditiDlsi 
soAStdsred hen— a transTSTM being, of oonria, neosiiary to prevent latanl expamiMt. 
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la th* ftt»t CMe ooiind«T«d nunwncally we take «j = 1/4, d' = 10 The 
last equation i« then 

a = (0 0062967) + (0-49647) a* ~ (0 0070609) (39) 

In the second case, the same value of <r w useil, and d' 6, so that 

tt = (0 020743) C,>'^ + (0 48617) - (0 027657) ~~ (40) 

Equations (33) to (39) contain a rompleto statement of the problem, ate 
non-dunensiunal, and are in the form that has been found mont suitable for 
numerual \iork 

§ 8 Thf Atiumptkon o — 0 By analogy with other problems in elastic 
stability, tte can suppose that the collapsing thrust m a corrugatwl plate is 
not importantly affected by the value of Poisson’s ratio for the matcnal For 
instance, in the problem most resembling the present one that of the stabilitj 
of a cylindrical shell under axial thrust, a appears m the formula for the 
collapsing thrust solely in the usual (actor (1 — «*) Since for most matensls 
o 18 in the neighbourhood of {, the supposition that it is aero leads to an error 
in the determination of the < ritical thrust usuaDy less than 10 per cent 

The numerical discussion of a problem of stability is necessarily lengthy, 
since the object is not merely to find the stress that will cause a given type of 
collapse, but also to find that type of collanie (the " favourite type of distor- 
tion ") that takes place under the least stress Inevitably, s considerable 
exjdoiation is necessary Bv assuming that o — 0, a striking simplification 
of the equations results, and it is relatively easy to find the favourite type of 
distortion We can then find the stress that will cause collapse of the same 
type when o is not sero, and if there is a reasonable agreement between the 
two values it u natural to conclude that the favourite modes are the same m 
the two cases * At the least, the numerical work m one case is an obviously 
valuable guide to that in the other 

The physical interpretation of the assumption o = 0 is a simple one It 
means that the sole effect of a longitudinal thrust is to compress the parallel 
filaments of the plate , the transverse expansion that normally accompanies 
such a compression does not take place and no perpendicular thrust is necessary 
to prevent lateral movement As a consequence, m the equilibrium configura- 

* The argomeiit a* stated hei« in gvoerat temii Is not, of oourse, oonolusire, but it Is 
quite olew from nmnerioal snd other oonmderatfons that In tho work below the (arounte 
type when w a 0 has. In (act, been obtstned 



154 W. R. Deim, 

tion w 3= 0, and there u no need for the thud order tenae that arise in the 
general case 

5 9 Tht Equatum —Putting « i= 0 m (S8), we see that o «b! 0 , 

from (37) z 0 ; and 

F=3G-=3d'(i'* 

If * = d' (*'*, equations (36) and (36) become 

^-2|i'*^+(i'‘W + yW + 3ir sin 6^ = 0. (41) 

and 

S-Vg + i--V---.«w-o («) 

d' (sz d/A) 18 known , assuming a value of |i', we have that of jc, and have to 
find the least value of y that permits a non-sero solution m W and ^ of (41) 
and (42) 

§ 10 Type iSolulions —The expressions 

W = iTi cos XO H- wi ooe (2 — X) 0 + wj eoe (2 + X) 6 

+ »♦ coe (4 — X) 9 + 

^ ^ sm (1 — X) 9 + ^ sm (1 + X) 0 4 - ^ *in (8 — X) 9 

+ Bin (3 + X) 6 + 



where X, w,, w,, , ... are oonstonts, will satisfy (41) and (42) if certain 

relataons hold between the coeflScienta. There is an inflmty of such relatsons, 
which can be satisfied by non'iero oonstuitB li an infinite deterraifiant vanishes 
Thu condition u 


2 ’ 
0 , 


3* 

~ 2 ’ 


F(X)+y, 1^, 0, 

F(l + X). 0, 


0. F(3-X)-(-y, 


whese F(s)=(s»+|t'*)*. 
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That the detetmukant ia convergent la evident upon dividing rowa and 
columns by Ibe nppropnat* factoia. It can be written 


0 , 0 , 

F(i»-X) + y, 

F(2n + 1-X) 

0 , 0 , 


Divide the first row and column written down by (2» - - 1 -f X)^ the second 
row and column by (2n — X)*, and ao on. Typical diagonal terms are then 

[1 f p'*/(2» - X)*]* + y/(2»i - X)* and [1 -f p'V(2»« - 1 + X)*]*, 
and typical non-diagonal tenns, 

3x/2 (2n - X)« (2n -t- 1 - X)* and - */2 (2n - X)* (2 n + 1 - XY 
Conditioiia sufficient for convergence are that the product of the diagonal 
terma should converge absolutely, and that the sum of the non-diagonal terms 
ihoold converge abaolutely * The product of tiie diagonal terms converges 
like the product 11 (1 -f- 1 /h*), the sura of the non-diagonsi terras like the senes 
£l/n^, and consequently the determinant converges There is, of course, 
no need to divide the rows and columna in numerical work, and they are left 
as they stand in the case considered below, ) 1 ] 

Oiven X, y can be determined from equation (it) fur a given value of X 
It IB not necessary to consider all values of X when finding the mmimum value 
of y. Wnting X » 2 + X' in (43) the forms of W and ^ are not altered, so 
that values of X between 0 and 2 alone need be considered Again, putting 
first X = 1 -f X', and then X - 1 — X', a pair of identical expressions for W 
and 4 •!« obtained For given x, y is a function of Xf , this function is periodic 
With period 2, and is symmetncal about the value X >= 1 It already appears 
ptobaUe that the minimum value of y is to be found when X == 0 or when 
* WUttsker snd Watson, ‘ Modem Analysis.' f > 81 

t It is clear from the form of (44) that, glveo e and X, infinitely many valnes of y satisfy 
• the aquatioB Only tha nnmeriotliy leaat of these it of Importanoe 



2’ 

0 

(», I 

F(2«+X)-i y. 
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X » 1 It u Convenient to treat the eolutione when X u integral tepamteljr 
There are four, and no more, dwtinct cases, Types I-IV below 
Typel — 

W = wi 4- Wii cos a8 + IPs cos 46 + . "1 

^ = ^1 sin 6 + ^ am 36 |- ^ sin 86 + , J 

giving the equation 

F(0) + y, 0 0, . -d 

- F (1). ^ 0, 

0, F(2) + y, 

0, 0, F(3). 

Type 11 - 

W = Wi Hin 6 + tt; ain 88 + «pj sin 66 4- , "I 

^ ^ 4" ^ cos 20 4" ^ oos 40 1- , J 

F(0), 0. 0, =0 

3,r, f<l)4-y. 0, 

1 0 I F(2). 

I 0 , 0 , F(3)4-y, 

Type III - 

W ^ Wl COft 0 + W* COB 56 + M'l COB 50 + » 

^ Bin 26 H” ^ am. 40 4* ^ *in 66 + , 

^ F{i)4-y. f. 0 . 0 , j=o 

I -f ^(2), -J 0, 

0 , F{3)4-y. 

I 0. 0, -|. F(4). 
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TypelY:- 

W = w, un 20 + an 46 + tp» sin 66 + 
^ — <l>i COB 0 + 008 36 + ^ cos 56 1- 


F(l). 

2’ 

0, 

0, -= 0 

3a: 

1’ 

F (2) + y. 

Sj; 

1’ 

0, 

6, 

i' 

F(3), 

~ 2’ 

0, 

0. 

3/; 

2 ‘ 

F(4) 1-y, 


I{ the first term of W is taken to be the ane or cosine of any integral multiple 
of 6, one or other of these four forms » reached Types I and IV correspond 
to X = 0 m the general solution, Types II and III to X = 1 It appears that 
on putting X -= 0 the determinant of (44) becomes the product of the deter- 
nunanto corresponding to Types I and IV, and similarly in case X — 1, but 
this has not been verified algebraically 
$11 Numencal liesiihs —Theoretically, values of y ore required for all 
values of |i', but the sequel will show that when p' is large the values of y' are 
of no importance 

Table I gives the relation obtained by computation between y and p' for 
the values 10 and 5 of i' 


Table I — Relation between y and p' when cr => 0 
(o) d' = 10 (t) d' = 5 
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The numenoal votk for the 8in|^e case d' ^ 10, (i.' 1*5, which giTM Uu 

largest value of x, will illustrate the method, and show how many rows and 
I olunms of the determinant need be considered In this case x = 22 6 
F (1) = 10 663, F (2) 39 063, 

F (3) = 126 69. F (4) -= 333 09 

If - y — 19, the determinant of Trpe lU is 

- 8 437, 33 75. 0. 0, 

^ 11 25, 39 063, 11 26. 0, 

0, ~ 33 75, 107 69, 33 75, 

0, 0, - 11 26. 333 09, 

ulule \l —y — 20, it is 
I - 9 437 
1 - 11 25 
0, 

0 , 

The value of the first w 

( -8 437)(-6'94)(43-7)(341 8) , 

and that of the second 

(-9 437) (- 1-17) (-218) (331 4) . . 

Considering only three rows and columns wo have to take only three factors ; 
by linear interpolation it is found that the determinant vanisW when — 

19 5, to thrae figures Thu result is not altered by including the fourth factors 
Consequently m all oases considered at most only four rows and columns ate 
needed, and the position is the same when o u not sero. 

The values of —y in Table I are (with some obnous exceptions) the least 
that lead to non-zero solutions of equations (41) and (42), the type of solution 
giving them being shown. The proof that there ate no smaller valnss u 
mainly numerical, but some general aigumeDts are available 

With the solution of Type IV the determinant la posittve unless — p exoseds 
F (2), that u (4 (i'*)' Thu expression u greater in every case than the 

value of — y given 


33 73, 0, 0 

39 063, 11 25, 0 

33 76, 106 69, 33 73. 

0. - 11 25, 333 09, 
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The deterraiDADt corresponding to Type II can be reduced to 

'W + » -1 " 

! F(^) J 

<> y F(5)4t/ 

which IS positive unless y » xceeds 3i?/2 F (d) This expression is 3 d’/2 
and therefore IS 150 when d lO^nl 37 5 whend — 5 Typ<s II and IV are 
consequently excluded from (onsideration m the range of i slues of (i taken 
With Type III y m ist exceed F (1) and therefore 1 and nee 1 not be 
consilered till (x >0 3 whend — 10 nor till p >0 4 when d ’’ 

As state 1 there is s me reason to suppose that the gmeral solit i for 
values of X other than 0 or 1 rann >t provide a minimum vilue but it seemed 
advisable to verify this numerically m some particular rases IVhen d 10 
this work has been r iniimd to the values 0 3 0 5 1 0 and 1 5 of p In 
all four cases it has been shown that with the value of — v* given m Tal le I 
and with each one of thi valuta 0 2 0 5 and 0 ft of X the relevant deter 
mmant is positive It was clear that there was no possibility of a smaller 
root and further that m cast p fl 3 the determinant increased with X 
while with the other values of p the contrary was the case Similar work has 
been done for the values 0 4 and 1 0 of p when d = 6 These consi lerations 
appear adequate to show that the least values of y Lave actually been found 
The results are shown in fig 2 The physical significance of y and Ci p * 
IS explained later after the more practical results for o — J have been obtained 
} 12 RetuUs nhen rs i —If o is not aero but as is here supposed J the 
procedure of the last paragraph is not essentially altered Assuming a value 
of Cl p • those of a y 2 F and Q can be calculated from equations (33) to 
(40) and the value of ( , p* for which the appropriate determinant vanishes 
IS found by linear interpolation ae before The type solutions of § 10 may be 
used without alteration the determinants corresponding to Types I and III 
being now 

F(0) + y F/2 0 0 

-0 F(l) 0/2 0 

0 -F/2 F(2)Hy+4*. F/2 

0, 0 -0/2 F(3) 

* ThatoomapondtagtoTypelwa* ofranne wed far s' “ 0 S 
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The values of C,' (i** in this table are m all cases within 7 per cent of the 
corresponding values when a — 0 This being so there appeareil to be no need 
to repeat the nuraencal work of verifying tiiat the favounte types have actually 
been obtained, especially as the general remarks of § 11 apply with little altera- 
tion to this case The results are shown in figs 3 and 4 
5 13 The collapsing thrust* is — 2 E A T,/(l — o*), and the corresponding 
stress 18 therefore proportional to T, or C,, while 

C, - a h> - (itA/l)* (C/ li'*), (46) 

being the length of a bay 

Before proceeding further it must be pointed out that in this, as m most other 
problems of elastic stability, it is impracticable to consider m detail how the 
plate 18 held at its edges For instance, iii the investigation of the stability 
under longitudinal thrust of a cylindrical strut, the condition for the collapse 
of a strut of length X under given end conditions has not been found , ahat 
has been done is to find what thrust will maintain a distortion of wave length 
X in an indefinitely long tube t 

Prom (31) X (-^ n/ p) is the distance between successive seros of w\ the normal 
duplacement iii the distortion, and the best way to bring H, the height of the 



Kio 3 - Valac* of fj *. when rf/X « 10, »■ «« 


• The notation of the theory of thin shell* differs In writing the thrust ~ T, 

t B. V Southwell. " On the General Theory of Ehwtio Stability, ' ‘ Phil I'rans ,' A, 
Toi 218, pp 233, 236 The effect of the manner of ronttraint at the ends in the sunilar 
problem of the boiler flue is discussed on pp 226, 227 
VOL CH.— A M 
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plate, into the analysui would appear to be to decide that X must not exceed H 
Then |x' (= p/n) muet not be lees than I/H The appxopnate value of Ci'p'* 
be substituted m (46) u the leant value the expression can take for p' a I/H , 
this IS merely to say that the wave length of distortion will be that possible under 



the least stress Consequently when d' = 10, for values of f/H between O' 22 
and 0 7 the wave-length is to be calculated from p' ^ 0 7, and the value 
of — Ci'p'* is 2 08 This least value can be read off from the continuous line 



m fig 3 for p' sa I/H , those parts of the curves shown dotted are of no physical 
significance Similarly for <f' 6 the continuous curve of fig 4 must be used 

The value of the stress can now be calculated from (46), but it is sunpler to 
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find the relation between a new function O' and fi', — O'}! * bemg represented by 
the continnoue lines in the two cases This relation is given in the following 
table and shown in hg 5 


Table III Relation between C' and (i 
(o) d 10 (ft) i' - 5 



The collapsing stress (a thrust) is now 


<•« 

the value of O' being determined for (/ = 1/H 
§ 14 — The cntical stress of a long plane jdate of height H and semi thickness A 


«o that the ratio of the cntical stress of a oomigated plate to that of a plane 
plate of the same thickness and height is 3(7 From fig 5 if the depth of the 
bay of a corrugated plate is lOA it will withstand over 130 times the stress that 
can be put on a plane plate of the same thickness and of the same height pro 
vided that the ratio of length of bay to height does not greatly exceed 1/6 
but with the increase of I/H beyond this point, the strength of the plate 
dunmishes rapidly In the other case d' •=» 6, it is not so important that 1/H 
should be s"ial1 , a ontical stress 30 times that of a similar plane plate can be 
obtained if l/H w less than 0 35 Even such shallow plates as are considered 
* I>ive op rU { S32 A 
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here are therefore renutrkably strong in the first case, the critical stress 
(though not, of course, the total thrust per unit length of edge line) is actually 
greater than that m a plane plate of the same over-all thiclmess, 22& 

A rough expression for the maximum value of C w (f'*/2 There w some theo- 
retical basis for this , when e = 0 it can be seen from the condition for a solution 
of Typo I that as |ji' decreases, —y approaches the value (1 |- 3<f*/2) [i'^, whence 
— C,' = 1 /I -)- d'*l‘i By means of this approximate rule and fig 6, the values 
of O' for all values of d' less than 10 and all (x' can be obtained probably to 
within 8 per cent 

The limiting value of C' as (x' is increased le seen immediately by increasing 
the length of bay and keeping the height constant the case of the plane plate 
IS approached Hence C' tends to the value 1/3 The distortion of a plane 
plate corresponds to the solution of Type I in the corrugated plate Consequently 
it may be expected that for large values of (x' the curves of Type I in figs 3 and 
4 will again intersect those of Type III, and will then remain below them 
This IS borne out to some extent bv the point of inflection on the Type 1 curve 
when d' = 6 , when d' — 10 the point of inflection is on a part of the curve 
not drawn 

§ 16 The method of mduction of § 6 is not available if the assumption 
that the depth of bay is (omparable with the serai -thickness is abandoned 
An extension of the theory to plates with deeper bays, though certainly 
possible if it is supposed that o =: 0, must therefore entail considerable labour, 
and it 18 only by this extension that it is possible to estimate within what 
limila d' must lie if the approximatione of the preceding work are to be valid 
It does not appear worth while to attempt this until it is known from expenraent 
what features of the problem are missed by the approximations Again the 
tough rule that the ratio of the ontiral stress in a corrugated plate to that in 
a similar plane plate is, in the meet favourable conditions, 3d'*/2, indicates 
that by increasmg d' a pomt is rapidly reached, even with the thinnest plates, 
beyond which Hooke’s law wilt no longer hold, and the poesibihty of elastic 
fadure (as opposed to failure by instsbilitv) must be taken into account 
Suppoee that B = 2 0 X 10“ (C G S ), and that the limit of proportionality 
IS 4 6 X 10*,* then if hfR = 0 01, the critical stress gven by the rough 
approximation exceeds the limit of proportionality as soon as d' ~ 2 1 , 
if A/H 0 006, the corresponding value of d' is twice that above, 4 2 Now 
the smaller is A/H, the greater is the range of values of d' in which the work 

* The writer Is indebted to Mr H J Qougb i>( the Mstional Fhyiloal Ijaboratory for 
theee figures, which are average raluei for some types of steel used In aeroplane oonstructioii. 
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of PAp*!' v&lid, so that there is some hope that with values of hftt 

likely to occur in practice the solution will hold m all cases m which break 
down w due to instability alone, or at any rate m all cases wherein the ontical 
stress can be calculated by a theory based on Hooke’s law When elastic 
failure must be considered, theory can at present do no more than indicate 
a stress that cannot in any circumstances be exceeded , theoretical values m 
such of these cases as have been worked out are usually far in excess of the 
stresses that actually cause failure * The rapidly increasing maximum stress 
given by the ratio 3d'‘/2 is not likely to hold for large vahies of d' (it is 4 per 
tent too high when d' — 1, and 6 per cent too high when d' - 10), and there 
18 some reason therefore to conclude that thia stress is one that cannot be 
exceeded in any case If this is so, where extension of this work is needed 
IS in finding whether the theory tan set a lower lunit to the maximum stress 
tor larger values of d' 

It may be pointed out again that it has not been found possible to allow 
lor the way m which the plate is held at its edges , there is, however, no 
evidence that on this account the theoretical values of the stress are likely 
to be too low It IS true that by clamping a plane plate the cntical stress is 
increased to four tunes that given by the above formula, because the wave* 
length of distortion is halved But the effect of clamping, or any method of 
support, in any other case is that high local stresses, and therefore conditions 
likely to lead to instability, result m the neighbourhood of the edges, duo to 
what 18 usually known as the ‘ edge effect "f It is true that if o -= 0 the 
way in which the plate is held at the edges can be considered , but it is only 
in a certain t)rpe of problem that the value of o is of minor importance, and 
those that concern the edge cfficf, which does not take plate at all if er =• 0, 
are certainly not in this ( lass 

§ 16 The utility of a theoretical discussion of the stabihty of a body is not, 
however, confined to the ileduction of a formula for the critical stress , there is 
indeed, for the reason mentioned, but rarely agreement with experiment on 
this point Qualitative information, with usually a wider range of validity, 
can often be obtained Thus it may be concluded by extrapolation from 
fig 6 that for values of d' up to 15 or 20, any value of f/H not exceeding 1/6 
will lead to roughly the maximum stress possible m a plate of given depth 
of bay, and this is a result hkel> to be true when the theoretical value of the 
cntioal stress is unreliable 

* SouthwcH, hr rtf , footnote to p. 241 
f Love, op ci< , I 339 (6) 
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Again, theoretical inionnation in leepeot of the favonnte type of distortion 
IS usually in good agreement with practice Thu matter has not been con- 
sidered here in detail, as there u little point m elaborating the above work 
before experimental results are available, but the general nature of the 
dutortion can be stated The highest stress is obtained when the ratio of 
length of bay to height is small, and then the dutortion of Type I takes place 
Thu resembles that of a long plane plate, or, what u perhaps a cloeer analogy, 
the primary flexure of a cylindrical stmt under thrust, m which the strut as 
a whole bends like a thin sohd rod The normal duplaceraent w' of a point 
of the plate u of the form 

w' = (w, -f cos 2np -f ) sin ^ , 

H 

where le,, to,, are constants whose ratios can be determined, for when 
the ratio of length of bay to height is small, the wave-length of dutortion is 
as long as possible , moreover, m thu case, the most important term in the 
bracket u m„ so that the normal duplacement w practically dependent only 
on ot * The tangential movement of points of the plate u of minor importance 
The dutortion of Type III w not of the same practical importance, for it 
only appears when the plate u not so corrugated as to give neariy the maximum 
stress for given depth of bay and height In this, 

v>' = (wj cos Wg cos 3»p ) sin |x«, 

where |x is not now necessanly ei)ual to w/H, and exceeds this value over a 
certain range of values of f/H, so that a dutortion of short wave-length takee 
]daoe Again there u a parallel to thu in the stability of a cyhndnoal stout 
The dutortion cannot be simply described in thu case as certainly twt> terms 
of the senes are needed, and they are hkely to be of equal importance, but it 
u of interest to notice that the middle generator (t e , ~ (2m -f 1) w/2, 

m integral), of any bay remains fixed m the duplacement 
{ 17 Notatvm —It may be useful to set down again here the notation for 
convenience in reading the figures 

d' = djh, where d u the depth of a bay, and h the scmi-thickness of the 
plate 

* The number of terms that most be token in the •cries (or the diiplseomeiiU is Indkoted 
by the number o( rows of oolomni of the det^minent neceenory to ensure a given soouracy. 
In the work above four rows and oolamns are in all oiwe found •offieient, so that two terms 
of the series for w' give a result of the same soouracy , but when 1/H U small, two tows and 
oolumni ars generally enongh, and uf u therefore roughly a function of « only 
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(i»7c/X uid — tt/n. I is the length of a bay of the plate, 
and X tlie distance between oonsecutive zeros of w', the normal displacement 
in the distortion X, the semi-wave length of distortion, wiD be that possible 
under the least stress, but we may suppose that X must not exceed H, the 
height of the plate The proper value of p' is then the value S i/H that 
gives the least stress , the fact that p' is not m every case equal to 1/H 
18 allowed for by the continuous straight lines in figs 3 and 4 
The critical stress is 




the appropriate value of Cj'p"* •* that given by the continuous 
and 4 for the value IfH of p' 

Fig 6 gives the relation between a new vanable C' snd p' 
stress IS 


lines in figs 3 
The cntical 


the value of C' being taken from fig 6 for the value I/H of p' 3C' is, therefore, 
the ratio of the cntical stress in the corrugated plate to that in a plane plate of 
the same thickness and height 
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(fk)mmunicated b\ Prof A Fowlor, F R 8 —Received January 8, 1926 
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I nlTodvctory 

The art spcrtnim of topper in common with the spectxa of other elements 
in the hrst group of the Penodic Table has been shown to contain a system 
of doublet senes The thief lines of copper were classihed by Rydberg* and 
by Kayser and Riinge f Some additional conibmationg were discovered by 
Duiizt and the senes have smt e been re-tabidated by Fowler § 

Only one member of the pnncipal senes of copper has been identified with 
certainty, though Fowler gives five inembers of the diffuse and six members 
of the sharp senes Au interesting feature of the senes system of copper is 
the occurrence of a somewhat abnormal terra, designated as X, which combines 
with the two tueinbors of the doublet p level, fornung the well known doublet 
X5700 21, XS782 10 The nature of the combination with the doublet p 
terms, and the Zeeman e£Fect,|| showed the X-term to be a doublet d term with 
inner quantum number 2 It was to be expected that this terra would have a 
companion t<‘mi with inner quantum number 3, but the oarher investigators 
failed to find this term The identity of the missing term has been made clear 
in a recent paper by Shenstonef who gives the iiumencal value of the term 
as 61105 6, the value of 5U05 0 having previously been suggested by Ruatk 
and by Werner The numencal value of the term X is given by Fowler os 
49002 6 It follows that the difference </, - d,** -j= 2042 9 and the complete 
g „ p doublet includes the lino X 5105 56 

• Rydberg, ‘ Ls Constitution des spectres d’Emlssion," ‘ Memoir ptisentd X I’Acaddinie 
Royal des Selena's, Norember, 1880 

t Kayser and Runge, " (jber die sportieo der Elemente,” ‘ Abh d Berlin Akodemie,’ 
1891 

t Duns, ‘ Boarbeitung unserer Kentnuso von don Serlon," ' Dissert, TUhingen '1911 

I Fowlor, ■ Report on Series in Line Spectra,' Flcetway Press, I«ndoo 1922 

II Paseben Goeti. ' Serienpesetse der lanien speotren ’ 

Shonstone, ‘Bull Amer Phys hoc toI 1 Mo 1, p 6 (192S) , nnd ' Phil Msg,’ 
ToL49(May, 1936) 

** In the notation of Russel and Saundors these Irregular doublet terms would be 
designated as d", but as they are the only terms of this tyjie which ale dealt with in 
the present paper, they will be suBiolently distinguished by the omission of the total 
qaantum number m 
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In the enme paper Sheiwtone gives the lesulta of an extended investagntion 
of the copper spectrum Values are given for a considerable number of new 
terms, many of which have been shown to combine with the two high d terms 
which have just been discussed Many of the terms have not been definitely 
identified and the suggestion is made that the spectrum of lopper may be 
found to contain quartets The rnsulta of further work by the same author have 
appeared in a recent letter to “ Nature ”* A number of additional terms are 
given, some of which have negative values Aiimuthal and inner quantum 
numbers have been provisionally assigned to the terms on the basis of their 
combinations with the doublet terms d, and dj As Shenstone states, quartet 
terms are imdoubtodly involved though no complete multiplet stnittures 
were then indicated 

Previous to the pubhcation of Shenstone’a work, the present writer hml 
undertaken a senes of observations of the magnetac resolutions shown by copper 
are lines, and it was hoped that the results of this investigation would make it 
possible to classify some of those hues which had not already been resolved 
into senes The fact of the existence of a ronsiderable number of constant 
difference relations, having no obvious relation to the doublet senes in the 
arc spectrum of i opper, was first pointed out by Rydberg f The work of 
Shenstone has made these relations considerably more intelhgible though Zeeman 
moasuremente have been found to be necessary in order dofimtely to identify 
the terras The complex nature of the copper spectrum had made it probable 
that higher multiphcity terms were involved and the results of the present 
investigation have shown beyond doubt that thu is the case A number of 
complete quartet mnltiplets have been identified and many of the terms dia 
covered by Shenstone have been shown to be quartet terms 

The present paper gives particulars of the new regularities which have been 
discovered The greater number of the terms which have been included in 
the present analysis have already been given in one or other of Shenstone’s 
papers, though many of them were independently discovered by the author 
before access was had to Shenstone 's work As Shenstone has already shown, 
a number of the newly-discoverecl terms combine with terms of the old doublet 
system, and this fact has made it possible to calculate the absolute values of 
the now tenns 


• Shenstone. ‘Natare,’ vol 116, p i67 (September 26 1925) 
t Rydberg, ‘Aatrophva Jour,’ vol 6, p £30(1697) 
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Observational Data 

For the purposes of the preseat investigation, photographs have been taken 
of the copper spectrum over a range which extended from X 2000 to X 6700 
Some of the photographs were taken with a large Hilger quarts spectrograph, 
but most of the work has been done with a ten-feet concave grating m an Eagle 
mounting This instrument has been used for the observation of the ordinary 
arc spectrum and also to determine the behaviour of the copper hues m a 
magnetic field The apparatus necessary' to observe the arc in the magnetio 
field has been described in a previous paper by the author on the spectrum of 
palladium * In the present work, only the arc in air has been used as a source 
of hght, and with the exception of certain lines m the visible region, most of 
the classified hnes have been found to be of sufficient sharpness for reasonably 
good determination of Zeeman effects In order to secure the necessary reso- 
lution, some use has been made of all the orders of the grating up to the fifth 
Of the photographs of Zeeman effects which are reproduced on Plate 3, the 
hnes of wave-length longer than X 4000 represent second or third order spectra, 
while the photographs of the shorter wave-length lines ^ere taken in the fourth 
and fifth orders of the grating The observations of Zeeman effects have not 
been extended below X 2300 

The wave-lengths and wave-numbers of the hnee which are included in the 
present analysis have been collected in Table I One bne, X 4069 44, does 
not appear to have been previously recorded and has been measnted by the 
present writer The behaviour of copper hnes m the magnetic field has been 
indicated in Table I by placing opposite to each line the measurements of the 
Zeeman components which have been observed In accordance with the 
usual practice, the figures represent fraettons of the normal Zeeman resolution 
as shown by the separation of components in hnes of a singlet system The 
value of the normal resolutaon has been calculated from measurements of the 
patterns shown by the calcium doublet X 3968 46, X 3933 66, resolutions (0 66) 
1 33 and (0 33] 1 00, 166, and the one Ime X 4680 20 which exhibits the resolu- 
tion (0 00) 2 00, For purposes of companson, the calculated Zeeman reeda- 
tione have been placed beside the observed effects The term combinataons 
hsve also been indicated, in the final column of Table I 

The value of the theoretical Zeeman resolutions have either been taken 
directly from the book ‘ Zeomaneffekt and Multipletstrnktur,’ or have been 
calculated, using the rules of Back and Landi f 

* Beob, ‘ Boy Soo Proo,,’ A, toL 109, p, 369 (October, 192S) 
t Back and lAodd, ‘ Zeemaneffekt and Hultipletatcuktur,’ Beriin (192S) 
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MM tt B 
WM'IO fl 
MNM > 
BOIOM B 
NMM 1 


1B177 9 
lB»i 2 
184S4 3 
leSBB B 


21283 0 
21385 4 
21491 1 

31794 8 
32021 7 
221B9 7 
22510 7 
21831 1 


17688 1 
17818 1 
18317 1 
28811 3 
tmt ■ 

30180 7 
81180 3 
31298 7 
SIB70 8 
82311 3 
31B236 


83203 8 
8S311 B 
83361 8 


(0 00) 1 18 
(1 30) 1 30 
(0 87)0 87, 2 52 


0 40 

(0 00) 1 26 
(0 00) 1 68 
(0 19, 0 57) 1 67 
(0 39) I 18 
(0 31) I 10 
(0 00) I 78 
(0 80) 1 10 


(0 21, 0 48) 1 86 
(0 00) I 12 
(0 00) 1 12 


(0 08,0 09,0 11)1 29,1 34,1 10,1 


(0 00) 0 00 
(0 80)0 80. 1 80 

(0 20,0 40. 1 00)0 43.0 83, 1 13 1 63,2 08,3 43| 
(0 09. 0 28, 0 IT, 0 06) 0 76, 0 95 1 11, • ” ' 
1 S2 1 41, 1 70 


(0 00.0 24.0 18)1 00,1 17,1 84,1 51 1 
(1 38) 1 38 
(0 81)0 81,2 40 


(0 98) 0 01, 1 78 

(0 20, 0 80. 1 00) 0 00. 1 00. 1 10, 1 80. 2 20 
(0 01,0 31)0 08,0 91,1 11,1 37 
(0 37,0 80)0 10.0 98, 1 17,2 00 
(0 20, 0 80) 0 20, 0 00, 1 00 
(0 02,0 00,0 10) 1 11, 1 18, 1 22, 1 28, 1 30, 1 3l| 

(0 28,0 85)0 51,1 08,1 80,8 23 
(0 20,0 80)0 80, 1 00, 1 10 
(0 101 0 10, 1 20 
(0 11,0 31,0 07)0 86, 1 08, 1 SI. 1 SI, I 77 2 OO 


(0 08, 0 3S, 0 IS) 0 91, 1 11, 1 28, I IS, 1 62 
(0 38,0 86)0 sUl 08,1 64, 2 23 
(0 CO) 1 20 

(0 08,0 26v0 13)0 01, 1 II, 1 28, 1 16, 1 62 




>d, - Sir, 

V, - e'i’, 

IVi - •<'. 

W, - uM', 
M, - e*i', 
rf,-a 
W, - 
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Table I continued 


X (lut ) 


jis;| 


*768 80(1) 
1766 39 (8) 
2618 18(10) 
M62 1< (7K) 
2841 62 (4K) 
2406 66 (S) 
2369 87 (6) 
2219 66 (4) 
2303 11 (4) 
2203 83 (OH) 
2260 49 (4) 
2244 24 (21 
2226 68(3) 
2214 66 (6R) 
2109 66 (6R) 
2181 68 (1 ) 


1171 75(3 ) , 46011 1 
2166 06 (In) 461 3 t 

2112 02 (2) 47348 1 

2079 47 (4ti) 48071 1 

2024 06 (8R) 49389 t 


IRtot 

(Obttrved) 


(0 30) I u 
(0 00 ) 2 . 


001)1 J1 


V,- 

■I'l 




(0 11)0 92 1 60 
(0 31) J 83 


(0 01 0 08) 0 -7 0 83 



habUvtH. 

For U8C m the tahlei ami the diatussion which folloive a uniform system 
of notation han been adopted in accordance with a suggestion made to the 
author by Prof Fowler Different values of the aamuthal quantum number 
k are indicated by the small lettem t p d,J forregpondmg to the values k = 
12 3 4 The uiaxmiuw multiplicity of the system (doublet quartet etc ) 
IS indicated by placing a small index to the left and slightly above the letter 
representing the aximuthal quantum number of the tenu The inner quantum 
numbers in accordance with recent practice are indicated as subsenpts Thus 
the symbol % represents a quartet j» term with inner quantum number 2 
The combinations which have been found to take place include doublets 
quartets and inter combination hues The combinatiODs thus follow the rule 
A f = Oor ± 1 where r denotes the maximum multiplicity m the system 
For the transitions of the azimuthal quantum numbers the ordinary terms 
follow the rule A i — ± 1 The pnraed terms in general follow the rule 
A k = 0 though itt some cases the tatiasition A i === 2 takes place The 
inner quantum numbers of both types of terms follow the uniform rule 
Ay "= 0 or ± 1 
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The Quartet Combmatwu 

The three groupa of lines whose wave numbers are given m Table II are 
formed by oombioations between terras of a quartet system The identification 
of terms has been made through a consideratiOD of the Zeeman effects in con 

Table II Quartet Multiplets 

•«(, *<<, ‘rf, ‘d, 

-2161 3 (Wl- 81 _127« r.(a36 8) 640 2 (SIS 0) 86 2 

24060 6 (Ox) 23829 7 (4u) 23384 6 (6) 

24338 3 (2) 23470 8 (2«) 22834 1 (6») 

23028 a (4) 22640 7 (4i>) 

21484 I (8) 
217M8(7«) 21249 6(6) 

22021 3(0x1 21380 4 (4x) 20840 4(2) 

22169 '(4) 21282 0(4x) 20646 1 (lx) 

19434 3(1x1 18889 3(0) 

19177 9 (lx) 18042 0(2x) 17997 1 (2) 

19028 2(1 19040 1 (lx) 18404 2 (U) 

19006 6(2) 18668 0 (lx) 

19808 1 lx) 19222 2 (2s) 18677 0 (2) 

nection mth the constant difference nfations and the inner quantum selection 
rules As has already been mcntioneil the observed and calculated Zeeman 
efiecte for the hnes are contained in Table 1 A reference to this table will 
show the agreement which has been obtained between observation and theory 
In some cases it has not been possible to obtain compete resolution, but there 
IS a 8UflB,cient number of clearly resolved patterns to make the present assign 
ment of terms reasonably certain It will be observed that the combinations 
formed represent tranntiona from a quarter d level oharactensed by negative 
terms, to a number of other lower levels m which the values assigned to the 
terms are positive An examination of the numerical values which are given 
to the terms will show that all the terms are inverted, that is, the largest term 
of each level has the largest inner quantum number For the d and /levels 
die separation ratios are also inverted, and the smallest sepantaons occur 
between terms having the largest inner quantum numbers The numencal 
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values of the tenns have been rletived from iDtercembination lines and will be 
discussed m a later section 

The grouping of the bnes m the pd and fd mulbplets is considered to be com- 
pletely satisfactory both as regards the regularity of the separatum ratios and 
the relative intensities of the lines The Zeeman effects also, in so far as they 
have been observed, are in remarkably good agreement with the calculated 
resolutions Photographs have been reproduced of the resolution patterns 
shown by the combinations pjrf, and /*<ij 

The evidence supporting the present arrangement of the ad' terms tan 
scarcely be considered as satisfactory as that which has been found for the 
^ and p levels The terms a d' and a d't appear to be established beyond 
doubt by the Zeeman effects, shown by the lines X J5016 63 and X 6111 94 

The resolution shown by the hne X 6292"64 is also satisfactory and confirms 
the term a d'4 For the term a d'j, however, the observed Zeeman phenomena 
are far from being in complete agreement with theory, and the iiregulanty of 
the separation ratios makes it somewhat doubtful whether these terms should 
be grouped together A consideration of the available data has indicated 
to tlie author that the arrangement presented in Table II is probably correct, 
though some ambiguity remains as to the terms a d', and a d'4 

The tonn Xg has not so far been definitely identified The combinations with 
the negative quartet terras indicate that it should have the inner quantum 
number 3, and the tenn d', w suggested by the intensity relations The evidence 
given by the Zeeman effects, however, does not support this view, nor do other 
quartet terras haMng ^ - 3 satisfy the case It seems possible that there is a 
new type of regularity mvolved, and that the ir, term may be a quartet term 
which behaves anomalously in the magnetic field Unfortunately the resolution 
obtained is not sufficiently high to enable definite conclusions to be drawn os 
to this point 

A pecuhar feature of the quartet multipleto hsted in Table II u the diffuse 
character of the lines arising from combinaiaons with the terms d, and dj 
Ordinarily, evidence of a similarity in ^neral character between the lines of a 
group IS considered to be necessary in order to justily placing them together as 
a multiplet The fact that lines of different character appear in the multiplets 
of Table II would at first appear to sug^t that grouping the lines together u 
incorrect Fortunately the Zeeman effects ^ven by the combinations involving 
the terms dj and d4 serve defimtely to identify the terms as quarteta, and the 
present arrangement of the mulbplets follows as a necessary consequence of 
the numerical relations and the relative intensities of the lines 
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InUrcomb%nai%on Ltnei 

Mention hae already been made of the inverted doublet terms d, - 49062 6 
and dj = 51106 5 It lias been found that a number of hues in the ultra- 
violet region of the copper spectrum may be accounted for as combinations 
between these doublet d terras and the larger quartet terms which have been 
discussed in the preceding section The wave numbers of these mter-combina 
tion lines have been included in Table 111 Throe of the expected combina- 
tions are missing but they correspond to less probable transitions of inner 
quantum numbers The missing combinations ate indicated by placing the 
calculated wave-numbers in brackets The value of the terms and are 
known from their relations with the doublet senes system, and this fact has 
made it possible to calculate the values of the quartet terms The terms given 
in Tables 11 and III have been denved in this way A surpnsing feature of the 
quartet system is the fact that negative values have to be given to the *d terms 
OorobinatioDs also take place between a number of the quartet terras and the 
doublet Is level, whith is believed to represent the normal state of the copper 
atom These combinations have also been indicated in Table III The 
combination I’s — a*d' corresponds to the azimuthal quantum transition 
il = 2 This IS one of the less probable combinations and the bnes are of 
comparatively small intensity The lines due to the more probable transition 
— *p are much stronger All of the lines formed by combinations with the 
Is level have been observed by McLennan and McLay* as absorption lines in 
the spectrum of the neutral vapour of copper 
By means of the Zeeman effects which have been observed for the mter- 
combination lines it is possible to make a further test of the correctness of the 
azimuthal quantum numbers which have been assigned to the larger quartet 
terms The resolutions given by combination with the *f and terms show 
particularly good agreement with the calculated patterns. For the a*d' 
terms, the measurements show considerable variations from the predicted 
separations, but the qualitative appearance of the pattema, in so far as they 
are resolved, is m agreement in every case The Zeeman effects of the com- 
binations due to the transition I’s — *p are in excellent accord with theory, 
though the true nature of one of the patterns is somewhat obscured by the 
fact that the line X 2492 14 is strongly reversed 
Concerning the vanalaons from the predicted separations which have been 
observed in the Zeeman effects of the inter-corabination lines and of the 
* McLennan anil MoLsy, ‘Koy Soo Proe,* A, voL 108, p 516 (IMS) 
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<JJ, “SJM 4 
(IMS 3) 
>p, 22104 1 
(399 8) 
•p, 213ft4 3 


*/. 21154 H 
(400 6) 
■/, 20748 2 
(739 7) 


a‘d , 1*794 2 
(892 4) 
a 4, 17901 8 
(137 9) 
a‘d , 177A3 9 
(371 7) 
a<d , 17392 2 

«, 1SC8I 0 


Table III Intercomhinatjon Line* 

V, W. 1^. 

49*762 6 (2042 9) 81108 5 69308 0 


[25773 2] 27816 1 (2) 

26868 6(2) 28911 3(3) 40114 1 (7R) 

27698 3 (2) 40944 0 (4R) 


29980 7 (8) 

28317 4(6) (30360 3) 

29057 1 (3) (SHOO OJ 

32311 3(5) 

3116( 8(4) 33203 6(8) 

31298 7 (6) 133416(1) 

31670 3 (2) 

30480 7(3) 32823 6(4) 


dd quartet* it is of intewst to note that Back* has recently shown that 
anotnahes of a similar nature occur among the newly-discovered combinations 
in the spectrum of calaum 

A number of bnes lu a hbtion to those given in Table III show the separation 
2042 9 indicating combinations with liie mierted V terms In some case* 
combinations appear with the doublet Is term as well The Zeeman effects 
observed for these lines have suggested that some of the terms which may 
be derived are quartets although they do not combine with the negative 
quartet terms of Table II The following arrangement is suggested 


% *«!, }\ 

49062 6(2042 9)61106 9 62308 0 


6^, 

16428 8 

1 32613 8 

(8) 

34676 7 

(4) 

45880 0 

(Iv) 

c*<f, 

16136 2 

32927 4 

(6) 

34970 1 

(2) 

46173 6 

(1«) 

c*di 

15709 8 

33362 8 

(4) 

36395 7 

(6) 1 



e*d, 

15000 4 



36106 1 

(’) 




♦ Back Zeit f Pbv. 

No 

77 lol 8 p 

1 579 (1925) 
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A$ the Zeeraaa efleote ate not all fully lesolved some uncertainty remains 
as to the correctnes* of the above assignment of terms Shenstone has observed 
these combinations and has suggested that the terms 16428 8 and 16135 2 
arffp terms 

An isolated hne has been obeened which may correspond to the combination 
I’t’i — ^ The wave number of the hne and the terms are shown below — 

Vi 

31772 8 

Wj - 1276 6 I 33048 4 (2) 

As the more probable combinations does not occur it is possible 

that the relation is accidental 

A feature of some interest which has been noted in the present research is 
the behaviour of the line X 6360 04 m the magnetio field This hne was at 
first thought to be unaffected by the field but when observed with higher 
resolving power was seen to be slightly broadened The amount of the 
separation appears to be too small to identify with any of the calculated doublet 
or quartet patterns The sharpness of the hne and the region in whuh it 
falls has suggested a combination with the term *d] The new term which 
has been derived in this way is designated as yj This term has been found to 
combine with the doublet term and also with the term l*«i The combina 
tions are os follows — 

Vi 

16487 J 

<di - 2164 1 j 18661 4 (1) 

V, 

49062 6 

16487 1 j 32576 4 (2) 

Shenstone has derived this term from a consideration of the combmations 
which occur in the ultra violet region The anomalous behaviour of this 
term and of the term which has already been mentioned has suggested that 
some of the rules which have been found to be so generally valid for the spectra 
of other elements do not hold for some of the terms of copper 


1 *», 

62308 0 
46821 7 (1«) 


vot ext -A 
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(Mhtt Combinations 

The following combination haa been observed between the two tenua and 
the old doublet/ level 

V, *d, 

19062 6 (2042 9) -51105 6 

Yj, 4 6880 9 I 42181 8 (4) 14224 5 (2) 

It will be observed that the inteneities of the bnes m this doublet are not 
in tile correct order for a U — y oombmalion, and it is poesiblc that the term 
6880 9 does not actually represent a doublet/ level The magnetic resolution 
shown by the hne X 2369 87 has been observed and the separation is somewhat 
larger than would be expected for the combination M, — y, 

A number of further oombinationa witii tiie doublet d terms have been 
noted in the ultra-violet region of the popper spectrum As Zeeman effects 
have not been observed for the lines in question, no very definite suggestions 
are ofiered as to the nature of the denved terms The wave-numbers and 
terms are indicated below 

•d, 

49062 6 (2042 9) 61108 6 


A 

12926 1 

36137 6 (8) 

38180 3 

(10) 

B 

7623 9 

1 41638 7 (6) 

43681 7 

(8R) 

C 

5964 2 

43098 4 (3) 

46141 6 

(8R) 

D 

6657 2 

43406 2 (4) 

46447 6 

(6R) 

B 

3031 2 

46031 4 (3) 

48073 7 

(4U) 

F 

1714 6 

47348 0 (2) 

49389 8 

(8R) 


The above relations have been previously noted by Shenstone, and he has 
suggested that the term 12928 1 is a p term It is possible that some of these 
terms may be doublet / terms 

The magnetic resolution shown by the strong line X 2961 18 has been observed 
but the type has not been identified by the writer. Shenstone has suggested 
a oombination with the term 81106’8, thus — 

•«*s 

61106 6 


G 17345 1 33760 4 (6) 
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Vndamfiei Lines Copper 

Wlule the leenlta of the fotegoing analysis have led to a considerably ( learei 
ondentanding of the complex natiue of the copper spectrum, there still remains 
a number of strong hnes, the structure of which has not defimtely been deter- 
tmned The work of Shenstone has indicated a possible connection between 
some of these hnes and the larger quartet terms presented in the present paper 
In hi* letter to ‘Nature,’ a number of terms are mdicated having rather large 
negative values, and some of those terms combine with the quartet levels of 
Table II It was hoped that a study of the Zeeman effects would lead to a 
clearer understondmg of the nature of these combinations, but it has been 
found that, while many of the lines are themselves moderately sharp, the 
Zeeman effects present such a diffuse appearance that it has not been possible 
to obtain accurate moasnremeuts of them It seems improbable that many 
of these hnes will be rlassitied as quartet multipletB as none of the well-known 
and easily resolved Zeeman types common to a ejuartet system appear It 
may be that some of the negative terms are sextets though no very definite 
evidence has been adduced in favour of this view 


Ihsousswn 

The discxivery of quartet terms in the arc spectrum of copper is of consider- 
aUe interest m that it is the only element m the first group of the penoebe 
table whose spectrum has been shown to contain terms of multipUcaty higher 
than two This oonatatutes a violation of the rule, formerly believed to be 
generally vabd, that the maximum multipfarity of the terms appearing in Ihe 
spectrum of an element was 1 greater than the group number of the element 
in the periodic table It seems doubtful, therefore, whether the rule as stated 
has any very real theoretical sigmficance The question is also raised as to 
whether the previously held ideas concerning the atomic structure of copper 
are correct The most recent theories ns incorporated m Bohr’s table of atomic 
stroctnree would uuLcate that the atomic configuration of copper is very 
unnlat to that which obtains for the alkali metals The spectra of the alkali 
metals an known to contain remarkably well-developed doublet senes, and the 
nmnbnt of naolasufied hues u so small as to make it very improbable that there 
an any quartet terms involved The spectra of the elements of the sub- 
group Cu, Ag, Au also contain doublet systems, but the senes are by no means 
as complete and the number of unclassified lines is much greater Farther, 
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tbe existence of negative terms and ot pnmed teimi m the arc speoknm of 
copper makes it reasonable to suppose in accordance with recent theonee *t;|: 
that more than one electron is concerned in some of the transitions whereas 
m the spectra of the alkali metals the frequencies of the lines are beheved to 
be due to transitions of a single valence election The atomic structure of eopper 
as given by Bobr consists of tliree full rings with s sin^e valence dectron 
It appears somewhat doubtful whether such a simple arrangement of orbits 
can explain the evident complexity of the oOpper spectrum though the arrange 
menta of orbits which give nse to the higher mulbphcity terms are not known 
with certainty 

[Note added February 3 1926 —It is of interest to compare the results of 
the present investigation with the recently pubbshed theoretical work of 
Hnnd § The terms denved by Hund for the copper arc spectrum are a ‘d 
term which according to his theory should be the largest term and a number 
of other doublet and quartet terms namely *p *d *f and 'd' y It « 
well known that the largest term of Cu 1 is a term a fact which Hund fails 
to explain The otl et thooret cal terms however show excellent agreement 
with experimental data The large d term and the terms ‘p and y were 
previously known and the terms *p * I *f are given in the present paper 
No H tonus have a« yet been identified but it is jxMsible that such tomiH 
may be found among the umdenhfied terms which combine with the level ] 

Summary 

A senes of observationa of the niagnefao reeoiutionB shown by copper an 
lines has led to the identification in the spectrum of copper of a number ot 
quartet terms The combinations between the quartet terms give rue to a 
number of multiplets and combmatioiu also occur between some of the quartet 
terms and the previously determined doublet levels 
The relations involving the inter comlnuabon bnes as has already been 
pomted out by Shenstone has made it possible to caloulato the numertoid 
valoea of the quartet terms and it has been found that some of these terms 
must be ffven negative values 

The discovery of quartet terms m the an spectrum of copper is the first 
■rutanoe m which the spectrum of an element oocumng in the first group of 
* Biiia«n and Ssaoden Soienoe voi 09 p. DO (IBM) 
t Wwitae) Fbjni vol SO p 18B (1M4) 
t JUUikan and Bowsn, Pbyi Itev vol SA No S fAugust, 1980) 
i Hand. Zwt t Hiyi vol 33 p 841 (1826) 
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the penodiL table baa been nhown to contain terras of multiplicity higher 
than 2 Tins coDatitutea an excepbuu to the rule that the maximuni multi 
plioity of the temw in the Hpcctrum of an tleincnt is 1 greater than the group 
number of the Jeimiit in the penodn table The Icnovs ledge of the eMsteiice 
of quartets in the copper iqiectmni further raises the question as to uhethtr 
the previously held ideas lonceming the atoinir structure of copper an correct 

The work outlined in this jiaper has been done at the Impenai College of 
Science and Terhnology under the direction of Prof A Fowler F R S The 
writer wishes in com liuling the paper to express his appreciation of the oppor 
tnnity whnh ban Uen given him for carrying out tiie cxpeniiients, and to 
thank Prof Fowler for the iiitciest which he has taken in the work 

UfcM lUPltON Oh FLtlls. » 

i Photographs of /!« man offwte show II by qusrfet flomhlnstioiw ff copper The photo 
graph of the line X 'l<'JU9 40 includra thi pattern of the aiher Ime X2282 86 which is 
marked with an Asterisk 

S /eeraan eff(<ets of inkr (ombiiislion lines [irror — For*s, ‘p, read •/, *p^) 

3— Copper spe tram X 4430-4000 with iron are oompanson, showing *f*d multiplel 
Ihe aoheroe nt the niultiplet has bien indicated in the i ri y convemeiil wav anggrated 
by Meggers Ihe honiontsl and uidique bnes rapreaent the terma nt lower and 
highei ariraithsl quintum luinilKr nspeitnelv The lines k irespomling U III 
\srK IS imliialDiis nr imli ate<l at the liiUraeetions of Ihe lines 
4 lopjiei siHxhiiin X 40 0 4'(Sl with iron rn comparison nbownig ‘ii'tl niultiplet Ihc 
same »< It mi is empi veil s u 1 
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The Conti ollitig Factmis of Tt-ans/er Resistance 
By Edgar Newbeby, D Sc . K I C Umvorsity of Cape Town 
(Communicated b\ Sir Ernest Riitlurfoid O M , Pros R S — Recuved January 9, 

(PLiTK 4 ) 

In a previoUH tomniunuation* by the author, it liaa been shown that the 
application of the cathode ray ow illograph to the problem of electrode potential 
piovidee direct evidence hh to the reality of transfer resistance This work 
has been contmuod with a view to obtaining further information upon the 
subject of transfer resistance 

Expenmmlal - The apparatus used was the same as that prevnuusly described, 
with the exception of the following small modificationR - 

1 The potentiometer P was leplaotd by two standard Weston cells, and the 
switch S, by a four way switch arranged so that potential difierences of 
0, 1, and 2 volts could be applied between the filament and grid of the valve V 
after the potential curve of the cathode C had been traced out 

2 The sliding rlieostat R] was replaced by a fixed frame resistance, as a 
troublusome “ waiidenug ” of the oscillograph beam was traced to minute 
variations m the filament current, produced by variations m the resistance 
of the sliding contact It u possible that some of the earlier measurements 
are slightly in error from this cause 

3 The resistance R^ was increased from 150,000 ohms to 500,000 ohms 

4 The use of very rapid plates (Barnet orthochromatic specwl sensitive) 
enabled the time of exposure to be cut down to 10 secs for the curve and 2 sc*c«c 
for each of the c oraparisun spots 

5 For prelirmnarv oliservations and rough estimations, a ruled glass screen 
was placed against the oscillograph screen, and weakly illununated through 
the edge of the glass by a small 4-volt lamp Rough measurements could thus 
be taken without photographing 

The factors studied in the present work are (1) material of electrode, 
(2) surface of electrode, (3) current density 

Other factors which the author hopes to mvestigate shortly are time, 
temperature, addition agents, change of electrolyte, anodic phenomena, etc 
* ■ Ro} .Soc Pnw ’ A. vol 107, p 480 (IBSO) 
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The eleotrodee used — copper silver gold nickel and platinum — were chosen 
on account of their capacity for taking a high polish as previous work ha ( 
indicated that this was one of the factors producing a high transfer resistan 
All were in the form of plates 1 cm square supported vertically in the electrolyte 
(N H|^4) and having the bark edges etc insulated with a coating of hart 
white sealmg wax The polishing was effected by means of vanous grades of 
emeiy paper from 0 to OfXK) followed by a final burnishing with an agate 
burnisher After a senes of photographs had been taken with the electrodes 
in this condition they were rubbed with No 0 emery doth and a corresponding 
senes taken the results being given under the titles polished and rough 
The current densities given are the actual readings of the amperemeter 
Smee the current was only flowing for half the teme of revoluti m of the commu 
tator the real current density while the current was flowing was double the 
value given In calculating transfer resistance this doubled value is utilised 
In all eases the commutator was revolve 1 at a uniform rate of 200 revolubons 
pernunute * 

Some of the curves obtamed are given m flga 1-b (Plate 4) and the 
vilues of the over voltage and transfer resistance calculated from measurements 
on these curves are given in the following table — 


Column A — Current density m miUiamperes per square centimere 
B Over voltage m volte 

C — Transfer resistance m ohms pi r square entunetm 


Oupper pol 

Copper rough 

Ooppm rough SO. 

BHvor pohabed 

Silver rough 

Silver rough in ION U.80. 


0 3o 

0 no 

II SO 
0 i 
0 36 
0 38 
0 35 
0 4 

0 36 
0 36 
0 26 
0 IS 
0 2 
0 2 
0 26 
0 26 
0 2 
0 2 
0 26 
0 2 


10 
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Table- oonlMued 



DtKiumn of Re«dhi —From the data given m these tables it will be at once 
evident that over voltage and transfer reustance are two entirely different 
independent quantities with quite distinct sets of controlling factors 

Over voltage appears to be nearly a constant and definite quantity for each 
metal and is but little affected by concentration of electrolyte current density 
or mechamcal condition of the surface 

Transfer resistance on the other hand, appears to be independent of the 
chemical constitution of the electrode but m strongly aflected by the mechanical 
condition of the surface and most of all by the current density So great is 
the influence of this last factor that at high current densitiea the transfer 
resistance at all the electrodes is practically the same At low current densitaes, 
transfer resistance may nse to high values, more specially when the electrode 
18 highly polished No upper limit hoe been found and it is [wbable that 
transfer resistance approaches infimty as the current density approaches 
»ro The higher values are, of coarse, increasingly difficult to measure with 
any accuracy from the curves 

From considmtion of these results, together with previous work on ^e same 
labject, the author u of opinion that u future over-voltage must be looked upon 
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as essentially a chemical phenomenon transfer resistance as a physical or 
mechanical 

Accuracy of the Method — tlwing to the discovery and elimination of certain 
small errors m the ongmsl apparatus the values in the present work arc probably 
mote accurate than those previously given Many more observations hnvt 
been taken than are actually hated and the venations found to be negligibly 
small under dehnite conditions In particular the over voltages of copper and 
nickel given in the present work as 0 16 and 0 25 volt ri spectively are m ire 
reliable than the values 0 5 and 0 4 previously given the error lieing due to the 

wandering of the beam already refem d to 

The sensitivity of the method for detecting very rapid but continuous 
changes of potential may he estimated from a slight mechanical defect in the 
apparatus Ihc resistance R7 controlling the current through thi solenoids S 
consisted of a platinum wire nearly but uot quite encircling an ebonite drum 
The length of the gap lietween tlu ends of this wire was 2 mm and when the 
platmum brush was in this gap tht spot took up the jiOBition shown in most of 
the prints as a somewhat faint mark m Imi with the reference spots Since 
the circumference of the dnim was approximately WO mm and the spee 1 of 
revolution 200 per min thi time available for this mark to be made was 
0 002 sec This is however far from the limit available When the screen w 
viewed in the dark room by an eye rested m the dark for a few minutes a com 
plete horizontal line of light is seen joimn ' the spot just described with the mam 
curves This line is almost invisible m the pnnts but is more clearly seen in the 
negatives and could be reproduced if necessary by longer exposure of the plate 
and printing on soft paper It is caused by the tiny spark product d on 
breaking the solenoid circuit (1 ampere at 2 volts) and indicates that this break 
IS not instantaneous Careful observation of this spark showed that its length 
did not exceed 0 1 mm and since the time taken for the drum to rotate this 
distance is 0 0001 sec and the length of the line is approximately 2 i cm we 
may conclude that the spot of light will leave a perfectly clear and definite 
tmoe if It travels over the screen at the rate of 26 000 cm per sec In many 
of the photographs, for example the distance between the upper and lower 
sections of the curves is several mm , and no trace of any line joining the two 
seottons could be detected by the most careful inspection Hence the time taken 
for the first fall of potential of the cathode after breaking the charging i ircuit, 
must be very small compared with one hundred thousandth part of a second 
It is evident that suoh a rapid change of potential must be produced by the 
removal of a passive ohmio resistance, and not by changes in an active electro 
motive force produced by lonio concentration surface tension etc 
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The lumte of error m measuring actual over-voltages and transfer resistances 
by this method are unfortunately rather wide and the apparatus is far from 
perfect The spot of light is too large for accurate measurements and it is 
difficult to prevent it changing its sise and shape during an experunent. The 
correct ad]ustinent of the solenoids w also a matter of some difficulty, and in 
many of the photographs the line of the curves is not truly at right angles to the 
line joining the referenie spots Also the potential difierence-current curve 
of the thermionic valve is not a straight line, and hence the distance between the 
reference spots denoting 0 and 1 volt is less than that between those denoting 
1 and 2 volts 

Hence no greater accuracy can be claimed for over-voltage values by this 
method than ± 0 06 volt 

In measunng transfer resistance at high current densities the lumts are well 
within ±01 ohm but at low current densities the error may easily exceed 
10 ohms In some cases the uncertamty is so great that no estimate has been 
given at the lowest current density used Thus in the case of jdatuused platinum 
the curves obtained at the two lowest current densities were so nearly continuous 
straight lines that it was considered unnecessary to reproduce them 

Theory of Trarufer Benetanoe —It is well known that when a small B M F 
is apidied to a pair of non-attaokable electrodes m dilute acid, s sudden rush 
of current occurs which rapidly falls to nearly sero This rush of current is 
undoubtedly caused by the discharge of ions at the electrodes with formation 
of a film of gas on the surface, the small “ residual current ” merely semng 
to replace the few ions escajnng from the electrode by diSusion Bepeated 
smaU increases m the spfdied B M.F produce similar effects, but the residual 
current increases each time until visible gas evolution occurs When tins 
state IS amved at, the whole surface must be saturated with gas, and there 
must therefore be a continuous film of gas over the entire surface If it were 
not so, any bare spot on the surface would be at a lower potential titan the 
Buirounding areas, and a rush of ions to that spot would at once cover it with 
gas Owing to surface-tension forces, tius film of gas requires an appreciable 
time to collect mto bubbles large enough to break away from the electrode, 
but m tile meantime more ions are showenng on to the same electrode under 
the influence of a force which vanes mversely with the square of their dutiwee 
&om that electrode The film is therefore subjected to enormous pressrue, 
and whenever it breaks down under tins pressure it is mstantiy re-formed by 
freshly discharged tons. In other words, the film oflers reeistaaoe to the 
passage of the cunent-carrying ions, and tins nautance u transfer resutanoe. 
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It u now evident tbat a Tongh surface will show a lower transfer resistance 
than a smooth one, since the formation of babbles and escape of gas will bo 
greatly facilitated by tlio numerous pomts projecting into the electrolyte 
It 18 not so easy to understand why transfer resistance is so greatly diminished 
by increase of current density It might be thought that the film of gas would 
become thicker and the resistance increase as the current density roee, but the 
curves obtained show that, although the film may or may not increase in 
thickness, its resistance undoubtedly decrease- that is to say, it becomes 
more conducting under the influence of higher electneal pressure The exact 
mechanism of this change is doubtful, but it is possibly due to dirmnution m 
thickness of the gas film due to the high pressure exerted by the attractive 
force of the charged < athoile acting upon the charged ions on the opposite side 
of the gas film It is possible also that under the influenco of the intense 
electric field existing across the film, electrons may be discharged through the 
film on to the ions outside, thus liberatiug gas m the body of the liquid and to 
some extent relieving the pressure on the electrode surface Tins latter 
supposition IS the more probable m view of the fact that over-voltage usually 
falls (sometimes to nearly zero) at very high current densities Glasstone* 
has recently suggested that transfer resutanee is caused by a “ diffusion layer " 
over the surface of the electrode, due to exhaustion of hydrogen ions in the 
liquid immediately surrounding the cathode There is little doubt that this 
effect has some influence upon the magiiitude of the transfer resistance, but the 
relative importance of such influence is open to question In the rase of metal 
deposition from neutral electrolytes when no gas u liberated, it may be respon- 
sible for the whole of the transfer resistance, but previous work by the anthort 
seems to indicate that in such cases transfer resistance is very small Glawtone’s 
theory would locate the source of transfer resistance in the electrolyte, and it is 
difficult in this way to account for the observed mfluence of roughening of the 
electrode surface Again, the ^at lowering of transfer resistance with rise 
of current deniity is still more difficult to account for 

In order further to test this theory, two Senes of experiments were earned 
out In the first senes, sufficient copper sulphate was added to the aulphunc 
acid electrolyte to render it tenth nonnal with respect to copper The surface 
layer at a copper cathode in such a solution would be rapidly exhausted of the 
slow speed copper ions, and, according to Glasstone’s theory, the transfer lesist- 
anoB should therefore be almost unaffected Experiment shows that this is 
* ‘X Chem Son,’ voL IS?, f, 18S4 (lOSS) 
t ‘Trails Far 8cw„’ vol. W. Part I (19181 
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far from the ta«e (gee fags 5 and 0 Plate 4) At comparatively low cuneut 
densitieg transfer resistance is reduced to zero and at higher current dengitjes 
when const lerable quantities of htdrugen are liberated along with the copper 
the transfer resistance w greatly reduced over voltage being unchanged in 
either case 

In the secon 1 sc lies th< nmrentration of the electrolyte was varied Accord 
mg to Olssstonc s theory transfer resistance shoull he almost inversely pro 
portional to (onceiitratu n if electrolyte K senes of observations with a rough 
silver cathode in tenth normal normal and ten normal sulphunc acul gave the 
following results 

tNirrent density milhampcrcs per sjuare 
eentimetre 1 

Transfer resistance in — 

Tenth normal ai 1 1 S5 

N( rnuil acid VI 

Ten normal 

The over voltage was the same iii all three solutions 
These Ksulte show that at low c urrent densities transfer resistance is but little 
affected by concentration changes m the electrolyte but at high current densi 
ties the effei t w great It appears therefore that toansfer resistance is itself 
a complex quantity made up of at leaet two parte one due to a gas film whx h 
IS greatly affected by changes of current density and another due to Qlasstone s 
diffusion layer which is but little affected by such changes At low current 
densities the former is Ovorwhelnungly great but at high current densitiea it 
tends to disappear whilst the latter becomes more prominent The separate 
estimation of these two effec te is a problem of some difficulty 
The stirring efiet t of gas bubbles mentioned by Glasstone cannot account 
for the great fall of transfer resistanc/e as the current density u mcreaaed since 
this effect is observable though to a smaller degree duimg metal depoeition 
when no visible gas bubbles are proiluced It is probable that local heating 
across the diffusion layer has a ronstdenble effect in lowering this part of the 
transfer resistance but the most powerful influence at worh u undoubtedly the 
very intense elcctnc field across the gas film Although the actual fall of poten 
tid across this film may not exceed one volt the film is so thin that the potential 
gradient u enormous and the internal friction very smad Hence the chances 
of electrons shooting right throu(^ the film without oollhuon are great and at 
high current densities the electrical resiatanoe of the gas film may become 


10 100 

10 12 ohms 

16 5 7 

11 3 
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negligibly ntuJl nenrly the whole of the transfer reeutance bemg then oocoimted 
foi by the difiuuon la}er 

^ 0 Holler * using an apparatus sinular to that employed by the author 
cuneludes that transfer resistance is due to a gas film 

S iHi imry 

The variations of transfer nsistance tliic to condition of ehetmdt snrtacts 
ami rhangea of lurrent dmaitj havi been invLstigatel with the h\e metals 
copper silver gold mckd anlplatmum 
Transfer rcHistancc is almost independent of tht ohemital nature of the elec 
trode fnit is high with {xihslu I surfaces vnd low eurrent lensities and low at 
rough surfaces with higl lurrent dwisitiis 
At very high current densities transfer resistance is very low and nearly 
independent of the nature an 1 condition of the electrode surface but la greatlv 
affected by changes of eonct ntration of the electrolyte 
Transfer resistance is mile up of two parts (t) the risistance of a film if 
gas over the electrode surf i t (2) the resistance of a layer i f partially exhausted 
electrolyte surrounding the elci trode 

The fall of transfer nsistam at high current densities is duo to the increase 
of ( onductivity of tlu gas film under the influence of a high potential gradient 
Over voltage is cssintiallv a chemical transfer rcaistance u [h} steal pheno 
memm 

F\l 1 A\AI lOS Ot FI VTb 4 (tee fable pp IW 4) 
pio I — Copper polwhccl C mi 1 densilv I 

Pio 2 —Copper pciUsbed t errent Icnsity 100 

Iho 8 —Copper n ugh Current d iiBitv 1 

lio 4 — Coppe r rough f urrent ibosity 100 

Flo 1 —Copper rough (in N H bOj -4 N 10 Cu60|) C urrent dennt) — 10 

PiQ 6 — Copper rough (in N II /)0, t N 10 Cu80d ( iinmt density — 100 

* bv reao i f Stan lards fwd Paper No 504 
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Evidence for a Film Theory of Hydrogen OverpoterUud jrom 
Surface Tension Measurements 
By A L MoAblay, F Inst P , Ph D , and P P Bo>n>EN, Jnr , B 8c 
(Communicated by Prof F G Donnan, FRS — Received January 16, 1926 ) 


Whenever hydrogen overpotential occurs at a cathode there must be some 
transition layer between the electrode surface and the electroijrte, where 
hydrogen exists m a condition whose free energy is greater than that of the 
gaseous hydrogen into which it passes Even if the overpotential is believed 
to be the result of a resistant film this point of view is stall applicable, 
the additional free energy in this case being the electrical energy between the 
{dates of a condenser 

The experiments described below seem to show that this layer has many of 
the properties of a skin or film, and it will be referred to m the futnre as a film, 
without any significance being attached to the term besides that deduced in 
the oourse of the discussion 

The expenments to be desenbed were undertaken wiUi the object of mvesti- 
gatmg the nature and properties of this film, and consist mainly of simultaneous 
observations of the single electrode potential and the surface tension under 
varying conditions, at a mercuiy cathode at which hydrogen is being evolved 
These observations were made with a pure acid electrolyte and also with 
metal ions in solutmir with difierent ounent densities 

The resnlts obtained indicate that a film of high surface tension must form oyer 
the mercury surface before hydrogen can be liberated, and that this film persists 
after the current dejiosjtuig the hydrogen is stopped and the overjiotenbal 
has disappeared, provided that the electrolyte is of pure acid The presence in 
the electrolyte of metal ions less noble than copper does not hinder the pro- 
duction of the film nor destroy it when produced, but the presence of metal kms 
more noble than copper does prevent the formation of the film at low ounent 
densitUB and destroys it instantly on open circuit. 

The mdmation is that overpotential is a secondary effect caused by a tangible 
film hmdermg the transformation of hydrogen ions into gaseous hydrogen 
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2 Experimental Arrangement 

Is most of the expenments the cathode was a surface of oiercury m a vertical 
tube of 3 6 mm diameter The electrolyte filled the tube above the siercury 
to overflowing and an anode generally a plafanam wire dipped mto the top 
The surface tension measurements were made by obeerving the changes m 
height of the mercury meniscus on an eyepiece scale m a microscope The 
absolute values of the surface tension changes observed ate only to be taken 
as rough as the angle of contact of mercury and glass m the presence of the 
solutions used was not known The value assumed throughout was 52° 

The moasurements of single oloctrode potential were made by moans of a 
fine drawn glass tube with a tip of about 0 1mm diameter which passed dc wn 
through the electrolyte to within a fraction of a millimetre of the mercury i 
slow flow of solution was passed through this tube to prevent bubbles from 
entering and blocking it In spite of the movement of the mercury due to changes 
m surface tension ohmic efiocts were only troublesome at very high current den 
sities The potential moasuremente were made m the usual way on a potentio 
meter against a calomel electrode 

Bxpenmento were also made usmg as a cathode a pool of mercury and weigh 
mg before and after passing current to determme the proportions of metal 
and hydrogen deposited under varying conditions 

3 SxpertmetUe on Production of Overpoteniml Film %n Solutions containing 
Noble Metal lone 


Fig 1 a shows a typiuil curve i onnocting current density with smgle electrode 
potenbal and fig In a curve connecting current density with surface tension 
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Electrolyte N/lH\O. + N/l0Hg\O. 

Current Density in Amia ^'ni * 

Single Eleetrode PotentisI tn CllADge bi Suifaoe Tension 
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CURBEHT OEHSITY AMPS/C M* 

Fio lo 

Klectrolyte N/1 HNO, 1 N/10A«N0, 

Cttcrent m Ampi /Cm ’ Chanije of huriace Tonamn In Ergi/Cm * 

the electrolyte being normal in HNO, and 0 1 normal in HgNO, Fig Ic ahows 
reaulte obtained with an electrolyte normal m HNO, and 0 1 normal m AgNO, 
The general nature of the phenomena w the aame m both cases though the results 
differ in detail 

Consider first the case of HNO, oontaming HgNO, (figs la and lu) For 
current densities of less than 0 02 amp /cm* the potential remains very near 
the reversible value for mercury arid the surface tension changes very little 
At higher current densities both potential and surface tension begin to fluctuate 
over small limits The period of the fluctuations in the particular experiment 
the progress of which is being considered was about a second, but it may vary 
over wide limits There is some evidence that this fluctuation is due to an 
alteration of the mercury salt between the mercurous and mercunc states 
At this stage no hydrogen is being liberated As the current density is 
increased a point is reached where the conditions instantaneously alter, hydrogen 
18 evolved, the surface tension rises more than 100 ergs /cm 'and the potential 
of the cathode becomes mom than 1| volts nmie negative The film isestoblished. 
In this oonditioB a more or less Urge proportion of the onrront is still carried 
by mercury as proved by weighing the cathode The transition to this state 
ocouis as far as can be determined msteotaneously, the detennuung factor 
being apparendy the acoumuUtion of hydrogen ions In the case of the expert- 
ment graphed the transition occurred at a rather unusually low current density, 
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after thu current hod been running for about five minutes It ivuuld have been 
easy to reach a current density of 0 3 amp /cm.* before the transition occurred 
by wnalnng the transitiun rapid Vigorous stirring hinders the transition but 
will not destroy the film once it u established 
Fig lo shows the surface tension current diagram for a corresponding expen- 
meut using N/10 AgNO, m place of UgNO^ The progress of the experiment 
IS represented by the arrows For current densities greater than about 0 2 
amp /cm.* the mercury surface was thrown into rapid vibration This vibration 
was very much more rapid and of quite a different type from the variation in 
surface tension referred to above 

At the current density of 0 3 amp /cm * the transition occurred, the electrode 
potential bemg m this ca-se about — 1 3 volts On decreasing the current density 
the film remamed intact until, a few seconds after it had been lowereil to 0 08 
amp /cm *, the reverse transition occurred, the potential falling to between 
-j-O 3 and +0 4 volt 

The only characteristic differences between the two experiments described 
ate the variations of surface tension and potential that occur with mercury in 
solution and not with silver, and the rather higher overpotential obtained with 
mercury All the other differences are non-essential and depend on the precise 
way m which the experiments arc conducted 
Accompanying the transition from the negative condition with high surface 
tension, a remarkable change takes placo in the character of the bubbles that 
have formed on the surface From a condition m which they arc flat and 
appear clamped to the surface of the cathode, disengaging themselves only 
with difficulty, they suddenly become spherical and almost free of the surface 
A large proportion actually comes away as the mercury column rises. An 
obvious explanation is that the film does not exist between cathode and bubble, 
and that therefore the gas will endeavour to spread over the mercury as far as 
possible when the film is established 

When salts of the following metals (Na, Zn, Od, Fe, Co, Sn, Pb, Sb) arc 
added to on electrolyte when the overpotential film has been formed, no change 
m the surface tension takes place With salts of the following metals (Ag, 
Hg, An, Pt, Ir) the surface tension decreases instantaneously by an amount 
of Hie order of 100 ergs/cm * With a Cu salt a lowenng of surface tension of 
the order of 20 ergs /cm • is observed 

Theory — The expenments described m this section are consistent with the 
fallowing theory An adsorbed film must be formed over the surface of the 
cathode before hydrogen can be evolved This film has a high surface tension 
vox, CXI— A. o 
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It has a place in the electrochumiral senes moTe positive than H and near but 
slightly more positive than Cu It w immediately replaced by ions more 
noUe than Cn if they ate present m the eleotiolyte Thu theory will be taken 
as a bosu for discussion and in the next section further experiments will be 
desonbed, made witli a view of studying the nature and properties of the film 
in more detail 

4 OverpoUniuil Film in Solutions wkteh do not contain Noble Metal 
/ons 

Pig 2 shows curves connecting smgle eleotarode potential with current density 
for electrolytes of pure acid and of acid, and salts of metals less noble than 
silver The curve for silver is added for companson 



Ourvs in~N/IHNO, + N/10Cn(NO»). Curve IV-N/1 HNO, + N/10 AgNO,. 

Single Slectrode Potenttal in Volts on Celome) Sosle 

Fig S shows the corresponding curves connectmg surface tension with current 
densi^ 

Fig. 4 shows the result of another experiment where electrolyau was started 
in pore acid with very much smaller oorrent densities and the nse of surface 
tension was observed Both smgle electrode potential and surface tenaion 
are plotted In all cases the eqniiibrhuii value la plotted , for the smallest 
current density (1 X 10"* amps ) three minutes were required for the rise to 
take i^aoe, and other ezpenmenti ahow that a very slow rise oonfumea for 
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at least an hour With higher current densities equilibrium is reachi 1 almost 
immediately 
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The conditions m the abeence of noble metal jona are seen to be completely 
different from those obtaining when these ions are present The film u estab- 
lished by extremely small currents The surface tension rises very rapidly 
with current density, and thereafter remains at an almost constant value, 
dropping slightly as the single electrode potential increases, as would be 
exi>ected of a surface receiving increments of chaige Instead of the film 
being destroyed when the circuit w broken it remains intact with a rather 
higher surface tension thsn when current was flowing The single electrode 
potential, however, falls considerably If the apparatus is allowed to stand 
for a few hours on open circuit the surface tension falls to its original value 

Although the him is destroyed by standing for some tune it is extremely 
difficult to destroy artificially without the addition of noble metal ions 
Removing and renewing the solution does not affect it, adding mercury to the 
top of the column and even removing part of the meroury and pouring it 
back again leaves the surface tension high and the electrode potential negative 

On the other hand, the trace of a salt of a noble metal destroys the film 
immediately, and sometimes it disappears rapidly with time The case of 
Cu 18 somewhat anomalous throughout, but it is much more nearly akin to 
that of Zn than to that of Ag Further consideration will be given to this 
point later 

Theory -The following theory la consistent with the above facts The 
overpotential film forms extremely easily m an acid solution, and once formed 
remains unless replaced by ions more electropositive than itself Meroury 
ions are very slowly detached from the meroury (the film not being protective), 
and go into solution m the acid After a time the concentration of these is 
sufficiently great to replace the film, and it is destroyed The overpotenbal 
IS due to the resistance offered by the film. The effect of this is probaWy 
twofold First, there is something m the nature of an ohmic resistance, and 
next electrochemical processes are hmdered, resulting m a layer of high free 
energy, which to some extent dissipates itself, although the film remains 
intact when the circuit is broken 

It was felt that though the above theory accounts for the facts, the evidence 
for the direct connection between the extra surface tension (which must be 
looked on as the direct effect of a film) and the overpotential was not sufficiently 
strong This endenoe has come so far from such experiments as those whose 
results are shown m f^ 1 > where the abrupt changes of overpotential and 
surface tension invariably occni together, and in experiments with pure aoid 
eleotrdyte and low current densities where the nee of surface tension and of 
single electrode potential with time ate always found to take place together. 
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The expenments descnbed m the next section were made with the object 
of establishing the fact that the presence of the him makes possible the pro- 
duction of overpotential under conditions that would otherwise not produce it 

6 Effect of Film on E^oiitshment of Overpotentuil 
With a pure acid electrolyte a current density of 1 x 10'“ amps /cm • was 
passed through a rnercury cathode for 77 minutes In that tune the single 
electrode potential changed from + 0 368 to -f 0 010 on the calomel scale the 
surface tension of the film on the mercury changing from 10 ergs /cm* to 
83 args/cm • 

This current flowing for more than an hour was not capable of producing 
an overpotential A him was next formed by passing a current of density 
1 amp /cm * for a few minutes The circuit was then broken for 43 minutes, 
at the end of which time the electrode potential was -} 0 Oil, but a film was 
established, the surface tension being 180 ergs /cm* 

On now passmg a current of density 1 X 10"* ampe /cm * the single electroilo 
potential became much more rapidly negative than m the previous experiment, 
reaching a value of — 0 456 m 7 minutes, t « , m 7 minutes it had produced an 
overpotential of 0 170 volt 

These experiments would appear to provide strong evidence in favour of the 
theory outlined at the end of the two preceding sections by showing directly 
that the presence of the film favours the production of overpotential 

6 Belatwn between Surface Tenmon and S\ngU Electrode Potential 
Fig 0 shows a curve connecting surface tension and single electrode potential, 
obtained by the use of very small current densities with pure acid electrolytes 
Such expenments indicate that for electrode potentials more positive than 
about — 0 06 volt on the calomel scale, the potential is a single-valued function 
of surface tension, and that these quantities are connected by a straight line 
law Neitiier statement is true above this potential, the single electrode 
potenlaal rising rapidly, while the surface tension soon becomes nearly constant. 
Also the relation doee not hold for films established by higher current densities 
In these oases higher surface tensions are obtained on open circuit 
The graph shows that with the above qualifioatrons the potential difierenoe 
above -f 0-42 volt beats a constant ratio r txi the surface tension The 
value of this ratio is about 0 0040 Thu ratio remains constant up to surface 
laninnns of 110, but B glaoce at figs 2 and 3 shows that with current densities 
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of only »boat 0 0001, and surface tensions of about 130, r u as high as 0 009, 
and becomes hi^er for larger^ourrent densities By passing a large current, 
and then breaking the circuit, values of r of about 0'009 are obtained with 
potentials up to —0 9 Nearly always the surface tensions are over 120 m 
such oases, but on one occasion by adding fresh mercury to the cathode 
directly after passing a large current, a value of r was obtained on open circuit 



of 0 0098 with a surface tension of only €1 ergs /cm.*. TTi gh values of t have 
never been obtained with potentials more positive than — 0 05 volt 
With the electrode potential rendered negative on open circuit by previous 
passage of a Urge current an expenment was made to mvestigate the change in 
surface tension produced by making the electrode positive artifioially by Tiwfps 
of an apjdied electiomotave force The results are shown plotted on fig 5 
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rAaofy.— The following theory i» ooneietent with the above expenmenb* 
The film u piodviced ae the result of the accumulation of hydrogen ions brought 
up to tile cathode by the ounent. Its surface tension increases as it is built 
up At the commencement of the action the solution pressure, P, is given by 


0 98 X 10* being tiie absolute potential of -f- 0 42 volt on the calomel scale 
and 1 1 X 10* the osmotic pressure of the ions m a normal solution Until 
the film attains this solution pressure the single electrode potential will remain 
at the value oharaotenstio of mercury in that particular electrolyte Further 
passage of current causes further accumulation of ions and builds up the film 
giving it greater surface tension and a higher solution pressure This is 
supported by the fact that Cu ions when m solution replace a part of the him 
produced by a high current giving a sudden drop in surface tension on breaking 
circuit similar to that obtamed with Hg or Ag ions but much smaller m 
magmtade This drop is absent with all ions more electronegative than Cu 
The pomt at which r mcreases may oonespond to a change m condition, 
possibly the completion of a monomolecular layer, the added material of the 
film being no longer tightly adsorbed on the cathode surface and causing little 
increase in surface tension The free energy of tiio film, however, continues 
to increase On openmg the circuit the high free energy docs not immediately 
dissipate itself and the film become gas lous hydrogen, for the same reason that 
mtro-^yoenne does not spontaneously lose its high free energy and explode 
The general picture here suggested is oonsisteut with the known fact that the 
over-potential at almost all cathodes approaches the same value at high currant 
densities 

The over-potential when the polanong current is fi.owmg is mvanably higher 
than that observed on open circuit, ey , on breaking the circuit the potential 
falls extremely rapdly (within one-fifth second) from — 1 3 volts to — 0 93 
volt on the calomel scale Values higher than this have never been obtamed 
on open ouwuit The decay from this lower value is slow, m some oases many 
minutes elapsing before a sensible decrease occurs From this it would appear 
possible that part of the over potential measured while the current is flowing is 
due to the ohmic resistance of the film, which behaves os a leaky condenser 
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Samtnaty 

Simultaneous measurements have been made of the ungle electrode potential 
at a mercury cathode, and of the changes in sorface tension of the merouiy 
obtained when vanous currents flowed through cliSerent electrolytes 

The following conclusions were reached In order that hydrogen may be 
lAeraled cU the oathoie a film of htgh mtface tens%on must first be formed over the 
mercury In a pure acid electrolyte the passage of extremely small quantities 
' of electricity produce this film, which remains intact when the circuit passing 
the current is broken 

The addition to the acid of small quantities of ions of metals more noble than 
copper destroys the film completely and instantly The foUowmg gave this 
result, Ag, Hg, Au, Pt, Ir The mldition to the acid of ions of metals less noble 
than copper leaves the film intact The following gave this result. Ns, Zn, Cd, 
Fe, Co, Sn, Pb, Sb The effect of Cu is intermediate between these cases 
Thus it seems that the film when fuUy formed has a definite place %n the 
deotroehemioal senes 

The production of an over potential at the cathode reqwres the initial estabhehment 
of the film Conditions Chat will not prodnee over-potential when a film has not 
first been formed over the cathoile do produce an over-potential when a film 
has previously been formed over it 

Relation between Single Electrode Potential and Surface Tension.— The film 
can be built up slowly by the passage of extremely small ourrenta Till a 
certain stage is reached the single electrode potential measured above the 
reversible potential of rnerctiry is proportiona] to the surface tension of tiie film. 
Farther addition to the film increases tiie sin^ electrode potential but leaves 
the surface tension approximately constant 
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A Note on the Significance of the Electrode Potential 
By J Hkybovsk^, D 8c , Ph D , Charles University, Prague 

(Commuiuuateil by Prof F 0 Donnno, F R8 — Boceived Pebruary I, 1928 ) 

The following lines will suffice in this journal to invalidate Mr J A Butler's 
cnticism* of the present author’s communication “The Significance of the 
Electrode Potential ’’•f' 

1 In the present author’s formula the “ ionisation potential ’’ expresses 
correctly the free energy of gaseous ionisation of atoms since there is — at 
room temperature— no difference between the total and free energy of such 
ionisation | 

2 The term Mr Butler proposes for the expression of free energies of hydra- 
tion| IS mcluded in the wnter’s symbols Hh^h J" “^n'l Ha F 

3 The “ cycle ’’ by which Mr Butler toes to invalidate the present author’s 
formula for the electrode potentials|| has no beanng upon any i lectro chemical 
process In Butler’s deduction the negateve chargee (the electrons) as well ns 
the positive charges (the ions) are brought into the metallic electrode m 
exactly the same way, viz , from the ionisation equihbnum box I (stage 2, p 669) 
through the wet surface - inside the cell and solution— into the metallic 
electrode (stages 3 and 6) Consequently the electooal work (^ F) done m 
crossing with the negative charge tbs (moist) surface potential <j> must be 
equal and opposite to the work (— E, F — « P) done m crossing, with the 
positive charge, the surfai o potentuda B, and it Hence, of courae, Mr Butler’s 
results follows at once, viz — 

It F + E, P-^F = 0, 

which condition he should have been able to sec immediately without hia 
elaborate and lengthy cycle 

Such a treatment, however, cannot lead to any electro-chemical thermo- 
dynamio cycle, and this is where Mr Butler u abeolutely wrong The present 
author has nowhere brought electrons over the same interfaces as positive 
ions , on the contrary, everywhere the transfer of electrons into the perfectly 

• ‘Boy Sod FtooVA.xol 104. p 6S7<lflSS). 

t ‘Boy Soo Proo.’A,Yol 108, p. m (1IB3). 

t Bm the wtHas’s Brtt reply to this oritloism in tb* ' Ohealeal Mews,' vol. 128, p 307 

(i«W) 

{ Buttar, loe. oil, p MS, Oth Une from bottom 

I Xoe e»<« pp. 668-870. 
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diy meUl (outside the ceU) was coomdeied, whereas the ions were brought 
over the wet solution interlaces into the electrode (inside the cell). 

It 18 only the latter mechanism which leads to a differentiation between the 
electno work terms, expressmg the actual charging process of the eleotrodee, 
smoe electrons do not penetrate into solution but pass— during the electrolysis 
— through the metalhc connection outside the cell 

Correcting thus Mr Butler’s cyde by wnting ^ for the potential difference 
of the iry metal outside the cell and oonaequently leavmg out the work term 
RT log, tjttt (in Butler’s notation, p 669, 17th line), which expresses the 
bnngmgof the electrons through the wet surface into the electrode, we obtam — 
rt F + E, F - ^ P - RT log. *,/»M 

Substituting further from the constant 

KM.-Me+. s./Me.-Me^ tK/Me„ 

where Me^. means the concentration of (unhydrated) metalbc ions imagined 
to exist in equilibrium with the electrode, solution and vapour, Sm the equili- 
bnum concentration of electrons above the wet electrode surface and 
Me.(=» Men) the vapour pressure of the metalUo electrode, we have — 

« + B, - ^ - BT/F log. Me+,/Me+„ (1) 

an expression quite different from aero * 

The present author has shown elsewheref that bus cntidsed formula} for 
the electrode potential is obtained, by further substitution, from the above 
expteesion (1), which coincidence must indeed be expected from thermo- 
dynamics, since now both the corrected Butler’s as well as the writer’s cycles ate 
reversible 

Siirnman/ 

1 It 18 explained that the stages of the author’s cycle, denoted by J A. V. 
Butler as utevereible, involve the correct free energy terms 

2 Mr Butler’s proof, that the author’s potentials round the cycle are aero, 
M shown to be faulty owing to Butler’s transfer of electrons over the metal- 
solution-vapour interface instead of bnnging them over the dry a»tallio surface 
outside the cell When this wrong stop is avoided, it leads to the same relation 
between the electrode potential and the basic and ionisation constants, as haa 
been deduced by the present author, thus furnishing a further proof of the 
correctness of the deductions made by the latter 

* Cf the writer’s tlrrt reply, ' Chem New*,’ he, at, f, 3118, sod the Moond reply, 
»M., Tol 139^ p 389(1924) 

t ‘Ohsm New^’ he at , 'Jour Phye Chem,' vol 89, p. 344 (1986) i 'Oompt. Bmd 
Acad Puts,’ nd. 180, p. 1665 (1986) 

7 hoe e<l, p 631, Sih line 
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The High Tempei'oture Oxtdatton of Metals. 

By J S Domn, M.A., PhD. 

(Commuuic»tfd by Dr W Rosenhain, F R S — Received January 26, 1926 ) 

Tbo oxidation of metala at high temperaturea haa been investigated with 
tome thoTonghnesa by Filling and Bedworth * They found that the metals 
ooold be divided into two great classes aoooiding to the nature of the oxide 
{ooduoed. If the volume of the onde la greater than that of the metal from 
which it was produced an oxide film of compact structure and protective 
propertaea will be produced If the volume of the oxide la loss than that of 
ha parent metal a porous oxide is produced which has no protective action 
whatever 

The oxidation of the metala of the first class is controlled by the diSuaion 
of oxygen through the protective film of oxide and the api/hoation of the 
difhuoon laws to this process lead na to expect that the oxidation law will be 
W* =a amount of oxygen absorbed 
W* =t K/ t = time 

K 18 a constant 

FiUing and Bedworth showed that the metals copper, nickel, zmo and iron 
obey the parabobc law with considetrble accuracy at elevated temperatures 
At lower temperaturee they found that the behaviour of copper is abnormal, 
the oxidation varying apparently capnciously They attributed these 
bregnlanbes to the cracking of the oxide film and amved at a hmiting value 
for the oxidation rate of copper by drawing a curve thiongh their lowest 
vahies Thu procedure is perhaps open to cnticum. 

Cadmium and alummium were found to conform to the paraboho law for a 
while after whkh the oxide apparently became impervious and the attack of 
ooiygen fell below meosureable limits PiUmg and Bedworth advanced no 
explanation, but the suggestion of U R. Evans, that a change in the properties 
of the oxide bad occurred by smtenng or reorystalluation, affords a satis&ctmy 
explanation of this behaviour For oxides of such high melting pomts as 
ahmuna and cadmium oxide the sintering will be extremely slow at temperatures 
d 000* 0 and 800* 0 respectively, and this will account for the extremely 
long period of conformity obeerved 

* * J Inst. Met voL 2», p. 830 (1923) 
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The expeiunents of the present author on the low temperature oxidataon of 
copper afioid some support for this view 
It 18 therefore to be expected that aoourate conformity to the parabolic 
oxidation law will only be observed under conditions which lead to the formation 
of an oxide fUm whose properties remain constant m tune During the oouiw 
of an investigation of the oxidation of the copper sunc alloys the details of 
which It IS hoped to pubhsh later it became necessary to review cntioally the 
conclusions of Pilling and Bedworth and to formulate a more fundamental 
theory of oxidation and diffusion 

Data for the oxidation of alloys of the following compositionB are available for 
publication 


— 

NO a 1 

1 No 8 

No 9 


7 86 

90 37 

93 10 

0* 

U M 

< 0 01 

0 0<t 

< 0 01 

0 04 

I 

III 

29 08 

< 0 00(1 

9 S8 

0 004 
< 0 006 

4 84 


The oxide from No 3 onsists of almost pure zme oxide although at the 
lowest temperatures the copper content may nso toll 5 per cent 
The oxides from No 8 and No 9 consist of cuprous oxide and zmo oxide 
apparently in solid solution with the copper zmo ratio esaentially identical 
with that provailing m the alloy « e 90 per cent and 96 per cent copper 
respectively 

The experimental methods of Pitlmg and Bedworth were Mowed oloeely 
m one senes of experiments Oxygen was passed over the specimen under 
examination which was heated in an eleotno foraaoe and the extent of oxidation 
was established by weighmg the speoimen after treatment for five hours 
In a second senes of experiments designed speomlly to study the form of 
the oxygen absorption/laroo curve the specunen was encloeed m a silica tube 
with pure dry oxygen and observations were taken of the volume decrease 
at constant pressure It was found that the two alloys oontauung 96 tad 90 1 
pw cent of copper follow the paraboho curve 
W = Kl 

with accuracy The alloy oontauung 70 pet cent of copper follows a law of 
the same type 

W - Kr 


bat N IS rather higher than 2 
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The behaviour of theee alloyi is eummanaed m the lollovnng tables — 

The oxidation of Brass containing 95 per cent Cu 


Temperature 

j Wt *lMorbed in mguu. 

1 per sq cm tn 5 hoitn 

1 Oxidation uooatant gra '/uiu ’ 

1 per hour 

680 

2 83 

1 60x10-* 

728 

6 32 

8 00x10-* 

800 

12 0 j 

2 88x10-* 

880 

« 2 

9 0 X10-* 


21 4 

9 2 xitr* 


The oxidation of Brass containing 90 per cent Cu 


0 eis 

1 83 


7 69xl0-* 

8 7 xlO-> 
4 28x10-* 
I 89x10-* 
a 70X10 


Oxidation of Brass containing 71 per cent Cu 


Tompeiaturt 


I 0, ilworbed in mg (wr 


aso* 


880’ 



0 41 
0 367 


•q cm 


Oxidation rate “ conetant * 
gr» •/cm • per hour 


8 88X10'» 

6 70 

7 00 
4 15 

3 38X10-* 
i 70 


728“ 


1 54x10-* 
1 32 
1 36 


800“ 


5 23X10-’ 

6 40 


880“ 


2 26x10-* 

3 04 


* TUa value i> oahmlated bom the extent ol oudatioD aiter 8 hour perioda upon the aeeump- 
tkm of oontormitir to the pambolio law in order to faoiUtate oonipailaon with other reeulta. The 
faatthat tbla law ia not aoouratel; obeyed In no way loTalidates the ooneluaiona ol thia paper 
The adoption ol a more eomplex empirloal oxidation law wonld mean an alteration in the alope 
ol the (log j\ oorre without any change in the nature of the onrve itaelf 
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The expieanon of PiUmg and Bedworth connecting temperatoie and oxidation 
rate 

K » oxidation rate constant 
K »= aT* T =>■ temperature, 

a and 6 are constants. 


was found to hold for these alloys, but smee it is impossible to attach any physical 
meaning to an equation of such a type, this expression has been discarded 
If, however, loganthms of reaction velocity constants are plotted against the 
reciprocals of absolute temperatures, excellent straight hnes are obtained 
Fig 1 embodies the results of this mvestigation and also Filling and Bodwortih’s 
observations upon copper, iron and nickel Copper appears to give two 
intenectmg straight lines This point will be discussed later 
This result which is shown graphically on p 209 may be stated analytically 


or 


where 


(IT RT* 


W - 


W oxidation rate 
T absolute temperature, 
A and Q are oonstants. 


The magmtude of the temperature effect immediately roles out any meohamsm 
of oxidation founded upon the passage of oxygen through discrete cracks or 
channels Such a mechanism would have a temperature coefficient of about 
1 01 for 10° rise in temperature The observed temperature coefficient of 
1 3—1 6 is quite compatible with a process of actual solution of oxygen m 
the oxide 

It IS necessary to devise a theory to account lot a rapid exponential rise m 
the rate of diffusion of oxygen There is no property of the oxide as a whole 
which can possitdy account for such a rapid nse, and consequently we must 
look for some property of a few individual crystal umts 
Let us make two assumptions both of reasonable probability Firsldy, that 
the structural units of the oxide are in a state of vibration and that a random 
disinbution of energies of vibration jurevails, 

Secondly, that an oxygen molecule can only pees a structural unit provided 
that this possesses at the moment energy greater than a cntical value causing a 
loosnung of the oxide straotun at that pmnt 
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If the dutribatkm of energy in the solid u quantised the structural units 
may have energies 

0, E, 2E, 3E nE 
The ratios of the probabilities of these events are 

j g-(B;aT) g-(tB/BT) g-om/Be 

If in an aggrc^te of N units, M have zero energy 

N= -■ M 

1 _ *-(a/iu) 

Let the enticed energy ivhirh a unit must possess m order to allow passage 
of oxygen be PE 

The number having energy less than PE is 

M(1 )- ^ g-<re-mr^ 

To obtam the number of units havmg energy greater than or equal to PE, 
we subtract the mm of this geometneal progression from the sura to infinity of 
the some senes 

Therefore number with energy PE or above is 
“ "I'T 

the ratio of these to the total number is 

^-(PE/ET) 

The reaction constant K is proportional to this quantity 

K = i *-<«'•*"), log, K = - g + const , 

dlofcK _ ^ 
dT KT»’ 

which IS m formal agreement with the relationship found ezpenmentally 
It IS difiScult to state defimtely what is the structural umt thus mvoli-ed— 
the km or the molecule~but this does not invahdate the general line of treatment 
ouUittsd above The permeability of a solid is therefore linked with such 
properties as its vapour and dissoeiation pressures which ore manifestations 
ci a selected few specially active structural umts— m thu case one is tempted to 
say moleonles 

This theory is open to cnticism, for the energy of activation Q which must bo 
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imported m order to agitate the stniotonl mute saffioien% to allow the paaiage 
of oxygen or any other oolute is given by the slope of the log, K onrve 
If this 18 large an oxide should be relatively impermeable, and the lower the rate 
of oxidation the greater should be the value of Q We find, however, that all 
the log, K curves have approximately the same slope 

It must be remembered, however, that oxidation rate* are proportional to 
but not equal to the respective diffusion coefficiento, and the extremely small 
value for the oxidation of alummium is just as hkely to be due to the extremely 
small Bolubihty of oxygen as to a large energy of activation 

The behaviour of copper is peculiar, for, as already noted, it apparently gives 
not one straight line but two when the log of ite oxidation rate is plotted against 
the reciprocals of absolute temperatures It is difficult to say whether on^ u 
justified m resolvmg these data mto two straight lines or whether the high 
temperature pomte he on a curve continuous with the others It seems oertam 
from Pilling and Bedworth’s tesulte that only at the highest temperatuiea is 
found a fully annealed film capable of plastic deformation, and it seems portment 
to enquire whether at the lower temperatures they are dealing with the same 
cuprous oxide as at the higher temperatures , whether m fact copper oxide 
produced below 600° C is not m a somewhat similar state to the oxides of 
aluminium and cadnuum, and is much more permeable than a fully annealed 
specimen. 

With alloys oontaimng 90 per cent Cu, and 95 per cent Cu, a single straifdit 
line IS observed down to temperatures of 680° 0 

All the evidence seems to be m favour of attaclung the greatest weight to 
the high temperature measurements and accepting the relationship 


dlogK _9_ 
dT RT* 


with its theoretical foundation as a true description of the variation of oxidation 
rate with temperature 

The loganthms of the dissociation pressure of cupno oxide are plotted 
for comparison It will be seen that the slope of the dissociation preesme 
curve is considerably greater than that of the oxidation curve, so that we may 
conclude that the critical energy ht formation of cupnc oxide is gieatcc than 
that necesaaiy to allow the passage of o^gen by diffusion This would indicate 
that the mtermediate formation of ou|aio oxide is not the mechanism of difionon 
of oxygen through the layer of cuprous oxide 
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Th« equation which has been deduced for the influence of temperature upon 
difiusion rates should be valid also for other oases 



thonum in tungsten and sodium ions m glass 
Summary 

The ondation of three copper zinc alloys has been investigated and shoun 
to be controlled by diffusion through a protective film of oxide The rate of 
oxidation has been shown to vary exponentially with the temperature 
A theory of diffusion in eohd sohitions has been outlined and by the 
application of statistical laws to the thermal agitation of solids an expression 
for the vanation of diffusion rate with temperature 1 as been deduced which 
IS in formal agreement with the experimental law 
The results of Robert Austen and Van Ostrand and Dewty upon the 
diffusion of gold in lead are shown to be in harmony with this hypothesis 
The author wishes to thank Dr E K Rideal for much valuable advice and 
cntioism and the Council of the British Non Ferrous Metals Research 
Association for permission to pubhsh this work 

• Phys Rev vol 20 p. 113 (1022) 
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The Low Tempereaure Oxidation of Copper. 

ByJ 8 Dunn. M.A. P hD 

(Communioatad by Dr W Rosenhaiu, F R 8 — Received January 28, 1926 ) 


The attack of dry air or oxygen upon copper becomes appreciable eomewhefe 
in the neighbourhood of 200° C The mechamam of the reaction m this 
temperature range has been studied by a number of anthers but the absence 
of unanimity m their conclusions is remarkable It is evident that the oxidation 
of a metalbo surface may result in the formation of a protective oxide film, and 
that oontmued oxidation may be controlled by the diffusion of oxygen through 
the film rather than by factors which are normally described as chemical 
Under these circumstances the progress of oxidation is precisely similar to 
the flow of heat and is subject to the same laws 
If 0 IS the concentration of oxygen at a distance y from the oxide— oxygen 
surface after a time t then 



The solution of this equation is 


it 




If this expression is mtegrated with respect to C from x — Otox = co we find 
that the total amount of oxygen passing across the surface is proportional to 
Vt or 

W oxygen absorbed as oxide 
W* = Kt « = tune 

K vm const. 

IS the ideal oxidation law. This is identical with the oxidation equation 
established experimentally for copper, tuckd and iron at elevated temperatures 
by Pilhng and Bedworth • They found that this law was obeyed above 600° C 
and with some reservations down to 300° C Tammann,t working at tern* 
peratures between 200° C and 300° C , made use of the phenomena of surface 
colours in mder to follow the course of the reaction He assumed that the 

• ‘ J. Inst. Metals.’ voL 29, p. A28 (1923) 
t ‘ Z Anorg Chem ,’ vol 123, p 199 
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cokmrs were due to the interference of hglit in the thin him of oxide Vrom 
the colour of the film by normally reflected light, an estimate of the film thickness 
may be made,* but Tammann and Koster appear to have applied this prmciplo 
incorrectly for they rjuote figures for interference by reflection from two sur 
faces, at only one of which a phase change occurs Actually, a phase change 
occurs both at the air-oxide interface and at the oxide-metal interface 
Tammann’s oxidation equation is 


t IB time, 10 amount of oxygen taken up and a and h are constants, the latter 
dependent upon temperature 

W G Palmerf intestigated a copper film rendered catalytically active 
by repeated oxidation and reduction, and concluded that m this special case 
the omde formed had no protectn e effect and that the rate of oxidation was 
proportional to the square of the amount of unoxidiscd metal 

Hinshelwoodl recognised the protective action of the oxide but denied the 
interference theory of surface colours which forms the basis of Tammann's 
work 

Hmaholwood’s equation dediiceii in terms of pressure change measurements 
at constant volume 

KA-- J{p„log^“- (po-p)) 

showed upon experimental test variations of as much as 60 per cent m the 
constant KA 

It seemed therefore highly desu-able to discnmmate between, or possibly 
to reconcile, the various conflicting views upon the oxidation of copper A few 
experiments were earned out by the surface colour method both upon conimer- 
oially pure copper, cleaned by abrasion, and upon activated copper supported 
upon chma clay rods The specimens were placed m an evacuated vessel 
which was surrounded by the vapour of a boiling orgamo liquid Air was 
allowed to enter upon the attainment of thermal equihbnum. 

The appbcation of the interference theory of the colours of surface films is 
beset by difficulties As a first approximation the colours may bo assumed to 
be identical with the colours of Newton’ii nogs by transmitted light, and an 


p 2 


• ‘ Z Anoig Cbeoi.,’ vd 111, p. 78 , voL 188, p 196 
t ‘ Roy 8oc Proo ’ A voL 103, p. Ui (1998), 
t ‘ Boj Soc. PrM , »ol 102, p 318 (1998). 
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«»timat« of the film thioknesa may be made on this basit from BoUete table * 
Thu procedure mvolvea the aasumption that the phase changes at the an oxide 
and au metal mteifaces exactly cancel each other and also ignores the effect of 
the dupersion of the film Other objections have been raised to the use of 
RoUets tables, based upon the fact that the conditions of transparency of the 
him and the reflectivity of the surfaces are not identical It « also essential 
that the composition and optical properties of the film shall remain constant 
during the tune of the experiment 

In expressing the thickness of the oxide film as estimated from the colour 
of the surface film relative values are used expressed as the equivalent air 
thickness This is the th ckncss of an air film which would produce the same 
colour and it will be shown later that in the case of cropper no senous error 
M mvolved m assuming that the thickness of the oxide film u proportional 
to the eqmvalent au thickness 

In fig 1 a plot of the squares of th cknessea agamst time gives a senes of 



F g 1 —The Oxidation of Commercial Copper 
Ahmissa represent time in m nutee for 340* and 200^ n quarter minutes lor 284° 
OrdinatM represent the square of equivalent thiokiiess of ozids film 
* Wien. Ber vol 77 III, p 177 
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straight lines throngh the origin and conhmia the relationahip for the oxidation 
rate of normal or “ oommeroial ” copper, 

The greateet reliance, however, cannot bo placed upon the method for the reasons 
already outlined, and because it is necessary to draw sharp arbitrary distinction 
between tints which fade into one another continuously The experimental 
method of conductivity change developed by W 0 Palmer was accordingly 
adopted with some sbght modification Palmer (loc at ) introduced his copper 
into a heated reaction tube which waa filled with carbon dioxide Ho then 
exhausted before allowing the oxygen to enter This procedure is open to 
criticism for it is possible that oxidation, which is at first extremely rapid 
may take place to a oertam extent before exhaustion is complete In the 
present investigation this possibility was ebnunated 
by reduction «« situ, and to this end an apparatus 
was constructed which is represouted diagrammati- 
callymfig 2 

Thu oonsuts of a tube closed with a ground glass 
stopper at S, which admits two leads of stout silver 
wire LL to the copper film R which u supported on 
a china clay rod A battery at B furnishes a current, 
the dunmution of which measured in a cahbrated 
niilliammeter, M, enables rapid readings to be taken 
of the conductivity of the film Taps at P and A 
allow the exhaustion of the apparatus and the read 
imttanoe of air or hydrogen An organic liquid 
txnhng m the glass outer tubo Q furnishes a trans- 
parent vapour bath of constant temperature and 
enables observations of surface colour to bo made 
simnltanoously with those of conductivity 

It was found that very reproducible results 
could be obtained with thu apparatus, and that for a constant temperature 
of reduction, after one or two oxidations, the oxidation rate was independent 
of the jMtevioua oxidation history of the film 

In order to asceitam the linutations of the method adopted m estimating 
film thiclaiess from the suifaco colour, a specimen of activated copper was 
annftftlwl for fifteen mmntes at 444° C , and simultaneous observations of sui&oe 
colour and resistance were made whilst the copper was undergomg oxidation 
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The obeervationi ate shown m fig 3, where the smooth eurre drawn through the 
cncles represents the fall in oonductiTity of the film Croeeee represent the 
thioknew of the film eetuuated by the eutiaoe colour method, from Btdlets’ 
table upon the assumption of an mteiferenoe meohuusm of the production 
of the coloure The oloec oorrespondence of the thickneu estimated by the 



tig 1 — Fall in Coudoetivity of Oxkliied Copper 
Figs. 6-8 —The Infloenoe ol Annealing (figs #, 7), of SucoeeidTe Beduotion (fig 8), of 
Temperaturo (fig 8) on the Oxidation Rate of Activated Copper 


two methods shows that no senous error is incurred m the case of copper by 
the neglect of the corrections and refinements already outhned Equally 
good oottespoudenoe between the two eete of figures has been obtamed in every 
osM tested The straight Ime in the figure is obtained by plottmg squares of 
oondnotiTity fall against tune, and shows that the oxidation of the annealed 
film folIowB aoourately the parabolic law over the time interval investigated 
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A ntonbar of oxidation* earned out opon activated copper at 209° C ahowed 
that the fall in conductivity vrae not etnetiy patabohe the later point* on the 
carve ahowing a departure m the eonee of a diminishing reaction velocity 
Ahmunmni cadmium and braes behave m a somewhat similar manner when 
undergoing oxidation at more elevated temperatures and the present author 
has attempted to account for this departure from the ideal oxidation law upon 
the basis of a change m the properties of the oxide film due to smtenng or 
annealing which results m a lower permeabihty of the film to ox}rgen 
The oxidation of copper afforded an excellent opportumty to test this 
hypothesia Oxidation was allowed to proceed to a stage characterised by the 
appearance of the first green surface colour and was then arrested by removal 
of oxygen by exhaustion The specimen was then kept at the temperature of 
oxidation for periods of 30 mmutee and one hour respectively during which 
tune annealing may take place Upon readnussion of oxygen the reaction 
proceeded at a considerably reduced rate indicating with some oertamty that 
a change in the properties of the film brought about by heat treatment had 
mdeed occurred The results of typical experiments are shown m fig 4 



AbsoMta reprewnt time tn mmutes Ordinate* represent oonduotivity of copper la 
neiproeal ohm*. 
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Curve* 1 and 2 are aunple oxidations Curve* 3 and 0 show the rffect of attested 
ondation, and 4 is a check chronologicallj between S and 6 Curve 6 shows die 
effect of a senes of oxidations at 306° upon the oxidation rate The oonstuit 
difference m the ordinates of 1, 2, 4 and 6 illustrates the independence of 
oxidation rate upon previous oxidation treatment These curves are not 
oomcident owing to a fall in oonductivitjr of the copper film upon repeated 
reduction This is remarkable and seems to mdioate a high volatility of the 
copper at the moment of reduction 

If surface colour change be taken os the entenon the mteiestmg fact emerges 
that activated copper oxidises considerably more rapidly than commercially 
pure electrolytic copper which has been cleaned by abrasion. It therefOTO 
seemed of interest to investigate to what extent oiroumstanoes which 
influence the catalytic activity of copper have a similar effect upon the 
oxidation rate 

It has been shown* that a catalytically active copper is produced by the first 
reduction of cupnc oxide This catalytic activity is raised very considerably 
by a second oxidation and reduction, but subsequent treatment has compara- 
tively little influence The rate of oxidation is found to follow an exactly 
similar course 

Annealing at temperatures above 400° C is known gradually to destroy 
catalytic activity, and accordingly copper films were annealed at the boihng 
pomt of sulphur, 444° C , for varying periods Fibus which had been thus 
treated oxidised according to the parabohe law, and the more slowly the longer 
theur tune of anneahng These results are shown graphically m figs B and 6 
m which the oxidation rates of vanously treated copper films are compared 
by the surface colour method 

In fig 7 the influence of annealing as judged by the conductivity measurements 
18 shown The difference is much more pronounced than m the surface colour 
curves, and indicates that the anneahng of an activated film is accompanied 
by two effects, a change m the nature of the surface which influences the 
thickness of oxide formed in a given tune, and a change in the amount 
of surface exposed to oxidation which is revealed by the conductivity 

The influence of temperature upon the oxidation rate of activated copper 
appears to be abnormal m the neighbourhood of 210° (fig 8) Copper oxidises 
apparently more slowly at 225° than at 209, and at 241° the oxidation rate is 
very little greater than at 209 Above 241° the vuiation witih temperature 
* Constable, ‘ Roy Soe Proc.,’ A, »ol 107, p, 271 (192fi). 
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onoe more beoomei normal Pahner’a explanation, that this abnormabty is 
due to the fact that at about 200® cuprous oxide begin* to compete with copper 
for the oxygen, i* founded upon his theory of oxidation which is shown to be 
untenable A much more likely explanation is that cuprous oxide undergoes 
a transition in the neighbourhood of 200°-230® Indeed such a change has 
been shown to take place by the arrested oxidation experiment* \Miether 
this change is simply an annealing of a structureless oxide or a definite transition 
between two pdlymoiphs, or possibly a combination of both effects, is a question 
to which no defimtc answer can yet be given 
The results of this investigation confirm in every way the hypothesis that 
the oxidation of solid copper is under all circumstances controlled entirely by 
the properties of a protective oxide film Any departures from this law may 
be accounted for by a variation in the properties of the film This affords some 
support for the theory advanced to account for the departure of certain metals 
from the paraboho oxidation law Palmer m his work on the oxidation of 
copper neglected the earliest pomts on his curves, and plotting the resistance of 
his film against time obtained a straight Ime He justified this procedure by 
postulating an adsorbed film of carbon monoxide which catalysed the earliest 
stages of oxidation and made the earliest observations unreliable 
In the present investigation every effort was made to remove aU trace of 
reducing gas with a Topler pump In the case of the annealed copper films 
tbs process was contmned for os long as ^wo hours at a temperature of 444® C , 
but nevertheless the relationship 

^ = K was never obeyed 

dT ^ 

It IB true that a close approximation to a straight line is obtained, but the 
curvature, especially among the earlier pomts, is definite and unmistakable 
Tammann’s loganthnuo expression* for the oxidation of copper, foundetl as it 
u upon a fallacious appLoation of mterferenoe principles, merits little senous 
attention 

The parabohe relationship 

W« = Kt 

is therefore established for low temperatures as the ideid oxidation curve for 
copper, modified over long time intervals by a ohange in the state of the onde 

* Tlw present author has, however, oonfirmed Thmmaim’s eqaation Inr the oxidation of 
iroD in the nei|d>baurhocKl of 800° 0. 
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Thu remit u in harmony with that eetabliihed at higher temperatures by 
independent methods for copper and other metals. 

The fact that an aotivatod copper film oxidises oonatderaUy more rapidly 
than etther an annealed or a cold worked specimen u of oonsidetable importance 
It IS generally recognised that m the earliest stages, the orientation of the 
crystal units of an oxide film conforms to that of the underlying metal The 
stmcture of a metal may be brought out owing to the variation of the oxidation 
rate of difierent crystal faces, For a defimte time of oxidation each crystal 
face will be chaiactensed by a distmoUve surface colour. 

We are led to the conclusion that an abnormally permeable oxide film must 
reflect to some extent the structure of the underlymg metal When copper u 
produced from cuprous oxide at low temperatures the spacing of the copper 
atoms in cuprous oxide will prevail at the moment of oxidation Thu du- 
tnbution will be only momentary, for the action of mtetatomio forces will 
immediately come mto play and will aggregate the copper mto small crystal 
units. This process cannot proceed indefinitely for a contraction occurs, and the 
ooDoentration of the copper on various nuclei will remove the outer atonu of the 
small crystal umts beyond the mteratomio distance from their neighboais 
We shall therefore have produced what u virtually a coUoidal aggregate of 
copper atoms Whether the structure of cuprous oxide itaeli u preserved m 
the shape of small pseudomorphio umts of copper u a question which oould only 
be revealed by an X-ray spectrograph of extremely high dupeislon Either a 
colloidal structure m which the number of atonu m the mtocrystidlme boun- 
daries u comparable with the total number of atoms, or a structure m which an 
e:iq>anded or pseudomorphio copper lattice retaining to some extent the spaemg 
of copper in cuprous oxide, will account for the inoreaaod oxidation rate 
The X-iay examination of activated copper is m band at the present moment 
at Manchester An examination of activated mckel m Frof. Bragg’s laboratory* 
has revealed a broadening of the qpectral Imes, mdicating m the opinion of 
the mvestigator that the nickel atonu occupy their normal lattice but that 
the crystals are of oolbidal dimensions 

Stmmary 

The oxidation of copper in its normal commercial state has been shown to 
follow the theoretical parabolic law over comparatively short time mtervab. 

The oxidation of catalytically active co|^r has been shown to proceed 
more rapidly than normal copper, but the parabolic law u not obeyed 
toDr E.K.IUdnl. 
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The ongm of this departure from the ideal law has been traced to changes 
ocouiring m the oxide film and a general parallel has been established between 
catalytio behaviour and oxidation rate 

The expenmente desenbed are considered to throw light upon the nature 
of catalytically active copper to which a disperse structurt has been ascribed 

I should hke to thank Dr E K Rideal and Mr U R Evans foj much 
valuable advice and criticism, and the Council of the British Non-Ferrous 
Metals Research Association for permission to publish this work 


TAe Effect of Temperatuic on the Viscosity of Air 
By A 0 Rankink, D St , Professor of Physics in the Imperial College of 
Science and Technology 

(Commumoated by Prof H L Callendar, F R S — Received 4th February, 1926 ) 

The recent measurements of P A Williams* of the viscosity of air from 
16* C to 1002° G have produced unexpected results The greater part of this 
extensive temperature range has hitherto been quite inadequately investigated, 
and the new data, if correct, will obviously be of great value m relation to the 
theories of gaseous viscosity os a mea is of oompanng their validities It is 
proposed to extend the measurements by the same experimental method to 
argon, which, being monatomic, is of special importance theoretically For 
these reasons it is essential that the accuracy of Williams’s data should be 
satisfaotonly established before acceptance An examination of these data m 
comparison with data from other sources in respect of the lower part of the 
temperature range reveals difierences which cast doubt upon the reliability of 
Williama’s values, and there arc, besides, some features of his experimental work 
which are open to serious criticism. 

Of previous mvestigataoDS, that of Bieitenbacht covets the largest tempera 
tore range— namely, from — 21 4° C to 902° C For purposes of companson 
with lOismis’s results given in Table V of his paper, { Breitenbach’s values, 
interpolated where necessary, aro included in Table I, the laet column of which 
gtves the differences, expressed as percentages of Bceitenbach’s v'alues 

• ‘ Key Soo. Proc A voL 110, p lil (1928) 
t ‘ Ann d Pbya vol 07, p SOS (1S99) 

X Loe tit, p 101 
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Table I 


VBToiity In C' Q S Uratu x 10* 


Tempprntut* 


■^0 

SO 

luo 

ISO 

aoo 

ISO 

300 


Diflerenee por o*nt 


It Will be seen that whereas the results agree fairly well at 0° C , the difference 
of 0 8 per cent in the absolute values being probably due to errors lu calibra- 
tion, they separate rapidly from one another as the temperature increases 
Tho maximum difference occurs, ourioosly enough, in the neighbourtmod of 
189° C ; the lowest temperature, apart from tho calibration of the capillary at 
atmoepheno temperatures in terms of Millikan’s viscosity data, at which 
Williams has recorded observations 

The teat of the relative reliability of Brntenbach’s and Wiiliams’s data m the 
common region must depend to some extent on the support they have from yet 
other sources These are not numerous, but the viscosity of sir m the neigh- 
bourhood of 100° C has been fairly frequently determined Landolt and 
Bdmstem’s Tables record several values, all close to 2 21 X 10~° C G 8 uruts, 
which dietmctly favour Breitenbach’s accuracy The comparison of tiie 
absolute values obtained by vanous observers is, however, opn to obvious 
objectaons , it is fortunate, therefore, that we are able to aj^y a more stringent, 
test All differences aniing from errors of measurement of the dimensions or 
calibratoon of the capillary tube can be eliminated by dealing with the results 
of vanous observers expressed as reUm of viscosities at different temperatures 
Such ratios are measurable with much greater accuracy than is possible with 
absolute values Applying this method to BreHenbnoh's data at 100* C and 
16® C , we obtain 

7)109 2l207 1 221 

7)19 1 8or ^ 


Data are also available at 183° C for calculating the similar ratao for 

TJl, 


which Breitenfaach’s results give the value !• 419 
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We may treat the result* of various recent observers m the same way 
introduciog where necessary small temperature correotioiis to make the ratios 
stnotty comparable Table II includes the work of Breitenbach and all 
subsequent observers recorded m the 1923 edition of Landolt and Bhmstein s 
Tables 


Table II —Values of the ratios -312®. and ^^ISt obtained by venous observers 
riis 1)18 


Obnrver 

1 Refersnoe | 

lia 

n 1 

Bnlt(aibs(.h 

Sohultie 

TUitler 

Pednmn 

SoUerioh 

fiohmitt 

Rsakiiui 

Ann d Phyg toI 07 p 803(1890) 

Ann d Phya vol S p 140(1901) 

Ver)i d P)iyi Get vol 8 p U3 (1900) 
Pliya Rbv ' to) 25 p 220 (1907) 

Dla HsUe (1008) 

Ann d Phya vol 30 p 393(1909) 

Phys Zeit vol 11 p 745(1910) 

1 221 

1 221 

1 204 

1 222 

1 217 

I 410 

1 420 

1 110 

1 423 


Meftn TaluM 

1 218 

1 420 

WilUsma 

Roy boo Proc A vol 110 p 141 (1020) 

1 190 

1 370 


It will be seen that whereas the results of previous observers for these 
visoosity ratios are remarkably consistent Williams s values are much lowei 
than the means thus well established namely 2 5 per cent for the ratio 

312? and 3 6 per cent for the ratio 3"’ Breitenbach s ratios on the other 
>118 ili» 

hand differ from the means by only one or two parts in a thousand The 
wei^t of evidence thus points to the probability of Williams a results being 
T^wdy to one another in error to the extent mentioned and to tbeir bemg less 
reliable than Breitenbach s in the temperature region common to both Further 
it IS not likely that under the more difficult conditions of measuroment at the 
higher temperatures the accuracy w uld be unproved 
If we have to admita possible errorof 3 percent in Wilhams s relative measure 
ments tbegreaterpart of the significance of his curve m Fig 3* disappears The 

Imeanty of AB would not be so well established and its slope upon which 
the deduced value of Sutherland s constant C depends would become less deter 
mmate The magmtude of C is in fact so sensitive to variations m the slope 
of AB that apart from the present criticism the value given namely 172 6 
to four significant figures is certainly not justified and errors of the order 
mdioated would be capable of accounting for the difference between this 
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BurpnBin^j high value and that hitherto accepted -120 or thereaboute On 
the basia of the validity of this cntimm, theiefoie, it la impoeeible to accept 
as satisfactoryWillianu’BoondusionthatSutherland’s law breaks down definitely 
for air at the relatively high temperature of 260° C., and its implication that all 
previous observations which have confirmed the law below this temperature 
are senonsly m error That the law fails eventually is admitted, also that 
Sutheriand’s constant diminishes, but at low temperatures much nearer the 
critical temperature It may be remarked, moreover, that the value of 
approximately 70 for C, which WUliams’s own data give for the region between 
0° C and 100“ C , is quite inconsistent with Vogel’s larger values, which are 
quoted,* for still lower temperature ranges 

The most probable source of error m Williams’s experiments would appear 
to be the measurement of the high temperatures used On this question very 
little u Mid mhis paper For each expenment a single temperature is recorded 
to an accuracy of 1 degree, and there is no mention of the fluctuations of the 
thermocouple indioations over periods sometimes extendmg to more than two 
hours Moreover, although nothing is mentioned of a temperature survey of 
that part of the electric furnace occupied by tbe oapdlaiy tubes, a single thermo 
element near the entrance to the capillary appears to have been relied upon to 
measure the average temperature of the air in the capillary throughout its 
transpiration Having regard to the fact that the thermo-element was at the 
centre of the cylindrical tube of tbe furnace, whde the greater part of the 
capillary spiral was near its inner soiface and quite close to the actual beating 
cod, one would expect, without evidence to the contrary, that the capillary 
and the air in it would be hotter than the thermo-element, and that this 
discrepancy would increase at higher temperatures Such an under-estimation 
of the temperature would, at any rate, acoount for the rapid increase of viscoeity 
apparently observed, and possibly provide an exjdanation of the differences 
to which attention has here been drawn 

With reference to coruitancy of expenmentel conditions, it may be remarked 
also that the pressure difletences recorded, although given to the high degree of 
accuracy corresponding to about 0 1 mm of the gauge fluid, give no mdioation 
of the behaviourof the manometer during observations, even though the pressure 
diflerencM had to be mamtuned as nearly as possible constant by the operation 
of a valve by hand Absolute constancy under such conditions is evidently 
impracticable 

Finally, reference should be mode to a rather disturlnng statement on page 162 
• Loe ci<, p 103. 
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of paper “ The first capillary tested did not give concordant resulte 

and was re)ected A second and more uniform capillary yielded the values 
given in Table I ” No precise indication is given of the uniformity of either, 
so that Ihe effect of non-uniformity on reliabihty of results cannot be estimated 
It IS clear that large vanations from cylindncal shape of the capillary are 
not permissible even for comparative purposes The only safe procedure, 
when some non-uniformity is inevitable owing to difiiculties of manufacture 
at present associated with workmg quartz, is to ascertain whether Meyer’s 
formula is vahd for vanations of the pressure difference 

This test WiUiams does not appear to have earned out, his measurements, 
both m cahbration and in the subsequent high-temperature work, bemg confined 
to pressure differences withm 1 per cent of 73,200 “ dynes ” (presumably 
dynes/cm ’ is meant) Unless, at a given temperature, tbe transpiration times 
are related to the pressures in accordance with the formula assumed, the 
true viscosity is not bemg measured 

It IS suggested that Wdliams’s expenmental tube should be subjected to this 
tost, and that the temperature survey of the furnace already mentioned should 
be earned out In this way his laborious and mentonous work already done 
and in contemplation would assume a greater value 
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Sotjie Thermal GonetanU of Solid and Liquid Carbon Dioxide 
By 0 tlAAsa and W H Bakmbs, MoOiU University, M<»itteal 
(Communicatod by Prof H T Barnes, F R 8 — Received February 18, 1928 ) 

I —Introductum 

Carbon dioxide la a substance whose properties have been the sub]eot of 
innumerable investigations Particularly the pressure vohime-temperature 
relationships when m the gaseous and liquid phases have provided data for the 
basis of equations of state The thermal properties are not so well known 
and an mvestigation of these is the purpose of the following paper 
The aotoal measurements to be descnbed deal with the direct determination 
of the latent heat of fusion, the latent heat of sublimation and the specifio 
heats of the solid and liquid over the temperature range of 0“ C to -rl84“ C 
The expenmontal methods employed are of sufficient mterest to warrant a 
detailed description Smee it was found that the specific heat of the sobd 
carbon cboxide gave abnormally high results the expansion coefficient of the 
sohd was measured 

Carbon dioxide is one of a few substances that develop a large vapour pressure 
in the solid state The specifio heat and thermal expansion coefficient values 
are of mterest in this connection Furtiiermore with a posable use of carbon 
dioxide as a refrigerant on a commeroia! scale the exact determination of the 
thermal properties of carbon dioxide is of practical importance 

II —Speoifie Heati and Latent Heat of Fimon 
(a) Method — The method employed in the determination of the specific 
heats and latent heat of fusion resembles that used by one of us for ice, bensene 
and other substances and was bnefiy as follows * 

A closed metal container, filled with carbon dioxide, was weighed and then 
allowed to come to an imtial temperature in a brass tube, so arranged that 
nmfonmty of temperature was established rapidly The container and 
contents were then removed to an adiabatic calorimeter where the heat taken 
up by the carbon dioxide and its container was measured, this being corrected 
to a final temperature of +25° C (see calculations) The oontainer was 
next emptied and weighed, after which a blank test was made on the container 
alone over the some temperature range 

• UasM sad WsMbsuer, ' S KJCA,,' voL 47, p 1 (IMS). 
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From these values the total heat per gram of carbon djoxide {rom a known 
initial temperature to +26“ C was caloulated A number of leterminations 
were made with diflerent imtial temperatures and the total heats obtained were 
plotted on a curve From this curve the latent heat of fus on of carbon d oxide 
was found and the specific heats calonlated 
(ft) Apparatiu — The adiabatic calorimeter that was used is shown in fig 1 
The copper calorimeter vessel (D) had a capacity of 1300 c c wh le the o ter 



bath (K) contamed 10 htres of water The copper calorimeter a as set on 
legs (0) that were cemented to the outer bath as shown Cons dorabl attention 
was paid to the stirrmg because of the necessity far a rap d cq ai ration of 
temperatnre throughout the bath when hot or cold water was added Fo ir 
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stimirs (not shown m figux«), each with two pain o{ piopeller blades, were 
rotated in difierent directions so that each stirrer forced the water in the 
opposite direction to the one on each side of it. A multiple thermocouple (T) 
of copper and oonstantan was placed in the bath and calonmetor as shown 
and was used throughout the experiments as a null instrument 
By the addition of hot or cold water the outer bath was always kept at the 
same temperature as the inner calorimeter water to within 0 0006” C Even 
when largo temperature changes were taking place m the calorimeter, as when 
the cold container was suddenly introduced, it was possible to keep the 
temperature difference to within 0 01” C The temperature of the outer bath, 
whuih was the same as that of the inner calorimeter, was measured by means 
of a Beckmann thermometer Readinga were taken to 0 001° C This 
thermometer had been cahbrated by the Bureau of Standards and all the 
precautions necessary for its use as a precision instrument were taken 
The stirring in the calonmctcr was accomphshed by the up and down motion 
of a copper disc (L), appropnately perforated to permit the free passage of the 
thermocouple and the carbon dioxide container The weight of the disc 
was sufficient to permit rapid stimng, which was regulated by an electrically 
driven, adjustable eccentric The colorimeter vessel was insulated from its 
jacket by three small ivory knobs affixed to pegs at the bottom The covet of 
the jacket was tightly clamped to a ledge at the top, which was well greased 
with vaselme This made a very effective water-tight joint A tube, wider 
than the carbon dioxide container, was soldered mto the centre of the cover to 
permit the entrance of the contamer to the calonmeter proper Three other tubes 
of appropriate diameters served for the thermocouple arm and for the two 
stirrer wires. 

The following constant temperature baths were used to enable the carbon 
dioxide to be brought to a known imtial temperature before placing in the 
calonmeter 

An ice-water muture gave the 0” C bath Sohd carbon dioxide moistened 
with ether was used for —78 6” C Liquid air, obtained from an air hquefaotion 
plant and therefore practically pure oxygen, gave the lowest constant tem- 
perature bath employed. In the latter case analysis of the kquid air for 
oxygen content was resorted to in order to obtain the exact temperature.* 
For temperatures between 0° C and —78 6” C a large Dewar flask filled with 
ether uid vigorously stirred by a current of dned air was used The ether was 
brought down to the required temperature by the rapid additm of solid 
• Oeofge Oaode, ‘ Uqokl aIt, Oiygto. Nttrogeo.’ p. J8l (1W3). 
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carbon dioxide and could then be maintained at the deaiied temperature to 
within 0 1* C by the addition of small lumps of carbon dioxide A somewhat 
similar arrangement was empbyed to obtam a constant temperature bath for 
any pomt between —78 6“C and hquid aur temperature The ether was 
replaced by the first distillate from petrolic ether which remains fluid to very 
low temperatures Liquid air was forced mto a glass coolmg bulb (see fig ii) 
rapidly at first and then as required to 
maintam a constant temperature Stunng 
was effected as before by bubbling dry air 
from L through the petrolic there a con 
stancy of 0 1° being readily obtained 

The temperat ires of the baths were read 
by means of a platinum resistance thermo 
meter with compensating leads of the 
Callendat Barnes type which was operated 
through a resistance box a vanablt mer 
cuty resistance and the galvanometer used 
in the thermocouple circuit 

(c) Procedure —The container for the car 
bon dioxide was made of iron had a 
capacity of 10 c c and contamed about 8 
grams of carbon dioxide It was ro-'tal 
sealed and was strong enough to withstand 
the pressure due to liquid carton dioxide 
up to room temperature The container 
was weighed before and after each run to 
moke certam that no loss of carbon dioxide Fio 2 

oocurred due to leakage 

Thu weighed oontamer (see S m hg 2) hlled with carbon diomdo was placed 
in a biaaa tube of such a diameter that the container could }iut pass easily through 
It One end of the tube was closed water tight while the other was stopped 
With a cork to which the container was attached by means of linen thread 
Two copper duos enclosing wool (see W m fig 2) served to msulate the container 
from Ihe upper part of the tube Eleotno tape was wound over the side of the 
cork and the top of the tube Thu prevented any moisture condensing on 
Uie cork or the tube and eliminated the danger of introducing water from 
dut source mto the calorimeter 

The brass tube was then suspended m the constant temperature bath and 
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allowed to remain at a Imown imtial temperature fmr a auffioient length of tune 
to pemut the carbon dioxide and container to come to thi* temperature From 
1 to 1 J hours was found to be quite satisfactory For tiia pomts below —60’ C. 
the braes tube and contents were kept m sohd carbon dioxide moistened with 
ether for 1 hour before placing in the oonstant temperature bath This was 
done to prevent supercooling of the carbon dioxide It will be seen in the 
curve obtamed for the heat content of carbon dioxide (see fig, 3) that one 
deteiimnation at —61 1° C did supercool This happened before the necessity 
for preoooUng the carbon dioxide well below its melting point was recognued 
While the carbon dioxide was in the constant temperature bath the adiabatic 



calorimeter was prepared as follows The inner calorimeter vessel was weighed 
empty and dry It was filled with water at a suitable temperature and re- 
weighed, After placing in the calorimeter jacket the cover was immediaMy 
clamped into place, the tubes m tbecoverforthe introduction of the thermocouple 
and the container being stopped with corks. The calonmeter bath was 
immediately filled with water to the overflow, which allowed water to completely 
surround the calorimeter jacket, including the cover. The thermocouple 
waa set in place with one arm in the caloTimetet and the other m the water of 
the outer bath. By running in hot or cold water the temperature of the water 
m the outer bath was brought slightly higher than that in the calorimeter 
proper and mamtamed at thu higher value until the calorimeter waa required 
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lor use The reason for maintaining this sbght differenee m temperature was 
to prevent any distillation of the water from the calonmetor to the top and 
walls of the calonmeter jacket 

Shortly before the tune for the mtroduction into the calorimeter of the 
carbon dioxide and container the water in the outer bath was brought to 
exactly the same temperature as the water in the calonmeter proper Prom 
this point to the end of the experiment the two baths were kept as utarly as 
possible at the same temperature 

The Beckmann thermometer was read every five minutes until three successive 
readmgs did not vary more than 0 002° from one another Conditions m 
the calonmeter were then known to be constant 

The electnc tape was removed from the brass tube in the constant temperature 
bath and the carbon dioxide in its container was rapidly transfened to the 
calorimeter (see A in fig 1), the cork to which the contamer was affixed fitting 
the tube through which the contamer was mtroduced mto the calonmeter 
(see J m fig 1 ) Appreciable heat loss in the transference of the carbon dioxide 
to the calonmeter was avoided since the tune required to remove the contamer 
from the constant temperature bath to the calonmeter was less than three 
seconds The insulating plug of wool and copper discs automatically fell ofi 
as the contamer was removed from the brass tube 

Cold water was rapidly run mto the water-bath surroundmg the calonmeter 
as the water m the calonmeter cooled down When a constant temperature 
had agam been reached, readings of the Beckmann thermometer were taken 
every five mmuttis until three successive readmgs agreed with one another 
to 0 002° 

(<f) Sample SeC of Obtervatums —The following set of observations are 
oharactenstic of those obtained throughout — 

Initial temperature = — 78 6° C 

Weight of calorimeter and water = 926 00 gras 

Weight of calorimeter = 269 46 gras 

Weight of water =3 666 66 gms 

Weight of calonmeter, stirrer and thermocouple 

arm == 298 2 gms 

Specific heat of calonmeter, stirrer and thermocouple 


0 0827 cals per 
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Beckmann thermometer reading* 
Tune, 

9 00 p m 
0 06 „ 


Introduced carbon dioxide and container - 
Time 


Weight of container and carbon dioxide = 29 '6092 gms 

Weight of oontamer = 21 4300 gm* 

Weight of carbon dioxide = 8 0292 gnu 

(e) CalouJatumt and ResuUt -—The foUowmg set of sample calculations a 
based on the obsenrations given above 
Calonmeter temperature — 

Initial -3 64.3 Pinal -2 100 

Correction for standard 0 0001 0 OOSO 

Temperature change of calonmeter . = 1 4469° C 

Setting factor for Beckmann thermometer » 1 000 
Weight of water ^ 666 65 gms 

Heat given up by calonmeter, stirrer and thermocouple arm 
= 298 2 x 0 0827x1 4469 
=> 36 688 caloncs. 

Heat given up by water 

656 66x1 4469 
=3 947 863 calories 
Total calonmeter heat change 

= 983 62 colones 

Heat taken up by carbon dioxide and container near -f 26° C 
=9 6 6 cals per degree 
(from prehnunary curve of Total Heats) * 


• Since the end temperstwre was always leas than 1° eithar above or below 26° C, a 
preliminary curve of Total Heat taken up by carbon dioxide and container was plotted 
against Initial Temperature (ne^eoting end temperature) and the slopa waa detemined 
in the region of Kqnid carbon dioxide From thla slope the number at oaloriei taken up 
per degree waa found and was used to oonect the Total Heat taken up to an end 
temperature ol 26' C 
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Final temperature of container and contenta 
= 2 10“ (Beckmann) 

= 23 (>6“C 

Total heat taken up by carbon dioxide and oontamor from 
-78' 5° C to +26“ C =» 992 43 calonos 

The calculation ia self explanatory and it will be seen from it how the heat 
change is always calculated to the same end temperature 

The values for the total heat change, given m Table I, are the means of 
several determinations that agreed with one another to withm 0 5 per cent 


Table I 


Initial Temperate of Caibon Dioxide 

Total Heat (Calones) Uken up by 


Initi*! Tetnpenture to C 

+28 0" C 

0 0 

-87 8" C 
-84 r’o 

396 5 

800 8 

—61 4“ (' (Supercooled) 

61 1- C (Sobd) 

-70 6" (’ 

-78 S» C 

547 8 

908 i 

981 4 

990 3 


The values given in Table 1 were plotted on a curve* from which the nse 
in the heat taked up by the carbon dioxide at —66 2“ C (the melting pomt) 
was equal to 364 calories 

Hence the latent heat of fusion is equal to this nse in the heat taken up 
divided by the weight of carbon dioxide in the contamer. 

Latent heat of fusion of carbon dioxide 

^ 364 
8 029 

= 46 3 calones per gram 

as compared with the value 43 8 found by Kuenen and Robson t 

• This curve is not given bore but was dmilar to flg. 3, except that Total Heat of 
oontalner and contents was plotted against Initial Temperature on a large scale 
t ‘ PhU Mag voL 3, p. 624 (1902) 
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To obtain the speoifio heats oi the sohd azid kquid osrbon dioxide the speoifio 
heat of the container* was determined over the temperature range — 183‘r C. 
to 4-20° C and a number of additional determinations of the total heats of the 
carbon dioxide and contamer were made 
The beat content per gram of contamer and the heat content per gram of 
carbon dioxide are given in Table II below 


Heat Content per Oram (Caloriaa) 


+2a O’C 
0 0»C' 

- 37 8" C 
-8* S*C' 

-61 4*0 (Super^led) 
-61 4” C (Sofid) 

70 a° c 

- 76 8" C 



In Table II, column 1 gives the imtial temperature of container and contents, 
columns 2 and 3 the heat required to warm up one gram of container and 
one gram of carbon dioxide respectively from the initial temperature to -f 25® C. 
Thus, for example, the third to last figure m column 3 (nassely 94 34) means 
that it requires 94 34 calorics to warm up one gram of carbon dioxide from 
—78 6® C (its boiling point) to -f 25® C , without evaporation 

Tho values for the heat content per gram of carbon dioxide given in 
Table II are plotted agunst temperature m fig 3, where H represents heat 
content per gram of carbon dioxide and T represents temperature m degrees 
centigrade. 

In Table in below are given the average speoifio heats of carbon dioxide 
over several temperature ranges. 

* It Is of iaterMi to note that the average speoifle heat of Iran over the range 
— 183 1’O. to -|-S6'’0 wai found to be <H)S88 la agreement with the value found by 
Mohards and Jackson over the seme tempentm* range (* Z phya Ohem.,’ roL 70^ p. 414 
(1910)) 
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Table III 


Temperatnre Range | 

Average Specific Heat 

+85° C to -68 3° C 

0 690 oal« per gm per deg 

-68 2° C to -78 6“ C 

0 318 call per gm per deg 

- 78 6»C to -116 0°C 

0 284 call per gm per deg 

-116 0°C to -183 rc 

0 231 oaU per gra per deg 


By taking tangents to a carve of the total heats plotted to a large scale the 
specific heats of the solid carbon dioxide (C,) could be represented over the 
temperature range (— 56° C to —110° C ) by the equation 

C, = 0 400 -0 00283 T+0 0000126 T* 
where T represents temperature in degrees absolute 
The values for the specific heat at vanous temperatures are given m Table VII 
Eucken* obtamed 0 294 and 0 296 at 196 2° A and 196 4° A respectively as 
compared with 0 324 and 0 326 found by the authors 
The results obtamed for the molecular heats (at ooiutant pressure) of sohd 
carbon dioxide are of considerable mterest The average value for the molecular 
heat over the temperature range from the boilmg point ( — 78 5° C ) to the meltmg 
pwnt (—56 2° C ) was found from the foregoing results to be 15 312, this value 
decreasing to 12 496 over the lower range of —116 0° C to —78 6° C Both 
these values are much larger than the molecular heat obtamed for carbon 
dioxide in combination at much higher temperatures The average molecular 
heat of compounds such as BCOt is 20 7 and that of the oxides RO is 1 1 1 
so that the average molecular heat of carbon dioxide m combination is 9 6 
The molecular heats are of course all measured at constant pressure, and it is 
to be inferred from the above companson that the molecules m pure solid carbon 
dioxide are not held together as firmly as the carbon dioxide when combmed 
with metallic oxides 

In corroboration of this fact it was noticed that sohd carbon dioxide has a 
much greater thermal expansion coefficient near its melting pomt than is 
otdinanly attnbuted to a solid Measurements of this expansion coefficient 
have been made and will be described in detail later 

* • Ber Deut pbyukal Oca,' voL 18, pp 4-17 (1918) 
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Ill —Laitra Healt of SiAUmatwn amd Evaporatum 

(а) Mi^hod— In the detonmnation of the latent heat of evaporation of 
carbon dioxide a special apparatus was designed by means of which pure carbon 
dioxide could be generated and a known weight then condensed into a container 
The contamer and contents did not have to be weighed at room temperature 
so that there was no necessity of having a contamer that would withstand any 
appreciable pressure 

The solid carbon dioxide was allow tsl to warm up in an adiabatic calonmetcr, 
and the heat taken up by it from a known initul to a known final temperature 
was accurately determined 

During this nse m temperature the contamer was open to the air so that the 
carbon dioxide evaporated, the final temperature of the gas formed being that 
of the calorimeter 

(б) Apparatus —The apparatus for the generation and condensation of the 
carbon dioxide is shown m fig 4 * Dilute sulphunc acid (1 6) was contained 



in the droppmg funnel (A) and allowed to drop on a saturated solution of 
potassium carbonate m the flask (B). The carbon dioxide so produced was 
dried by passage through the concentrated sulphunc acid bubblers (D) and 
then over phosphorus pentoxide in the tube (B) By observation of the 
mercury manometer (F) the pressure of the carbon dioxide generated could be 
mamtamed at that of the atmosphere The dned gas was collected in the 
volume bulb (J), the pressure m this port of the apparatus being detemunabie 
at all tunes by means of the mercoiy manometer (L) 

Condensation was effected m the glass bulb (H) The first attempt was 
mode with a metal container fitted with a metal spiral as a receptacle for the 

* The distUlstfon flask and the(O) Ups (P) and (Q) wws sealed on for the dstennination 
of the oosffloieot of expansion to be described later 
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condensed oubon dioxide, bat it was found to have too high a heat conductivity 
Even with the spiral surrounded by a steam coil it became so cold that carbon 
dioxide was condensed in it, thus blooking the passage to the contamer proper 
Consequently the metal contamer was replaced by the glass bulb which was 
found to be very satisfactory 

The bulb (H) was constructed to have a volume of about 20 c c A glass tube 
at the top facilitated sealing to the mam part of the carbon dioxide apparatus 
and could be sealed of! completely after condensation of the carbon dioxide 
The bulb was also fitted with a thm-walled glass spiral of small bore through 
which the carbon dioxide was allowed to escape during the heat change 
measurements The object of the spiral was to ensure the escaping carbon 
dioxide being at the same temperature as the water in the calorimeter This 
spiral was a very important feature of the glass container The thickness of 
the walla was about 0 1 mm and the diameter of the tube was less than 2 mm 
Before placing m the caloruneter the tip of this thin tube was broken, and since 
the other tube from the bulb was sealed off, the carbon dioxide could only 
escape through the spiral. In this way all the escapmg carbon dioxide was 
enabled to come to the temperature of the water before leaving its influence 

The whole apparatus could be evacuated by means of a vacuum pump 
It woe found advantageous only to evacuate that part of the apparatus to the 
right of tap (G). the left-hand section bemg maintained always at atmospheric 
pressure. This eluninated the danger of an leakage through the rubber con- 
nection between the flask (B) and the rest of the apparatus that might have 
taken place due to the higher preesure on the air side of the tubing A rubber 
connection was used m order that the generator might be easily removed and 
cleaned out when the solution of potassium carbonate was used up Except 
at (B) all connections were glass blown to prevent any leakage m the apparatus 

(c) Procedure — The whole apparatus was swept out at least five times 
with carbon dioxide by evacuation of the part to the right of tap (Q) followed 
by generation of carbon dioxide m the flask (B), which passed through the 
partially opened tap (G) After filling all the apparatus with carbon dioxide 
at atmosfdierio pressure, taps (O) and (M) were ilosed, care bemg taken to see 
that taps (I) and (K) were open 

A piece of tissue paper was tied around the bulb (H) and a Dewar flask filled 
wilh liquid air was carefully brought up under it When using the bulb (H) 
without the tissue paper it was found that during the condensation of the carbon 
duMdde, even with dry air blowing around the condensation bulb, it was 
impossibla to prevent the deposition of a certam amount of water on the surface 
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of die bulb Consequently the values for the beat change when this took 
place were found to be a few calonrs too high and therefore were rejected. 
Results checking to better than 0 6 pet cent were obtained by the use of the 
tissue paper This paper prevented the condensation of water on the bulb, 
and the time to remove it before placing the bulb in the oalonmeter was 
negbgible smce it could be tom off at one stroke. 

As condensation took place m the bulb (H) the left-hand colvunn of the 
manometer (L) rose. Tap (I) was then closed and the positions of the mercury 
m the two anus of the manometer fL) were obtained from the scale (N). The 
apparatus was refilled with carbon dioxide at atmosphono pressure by partially 
opening tap (G) Tap (G) was then reolosod and, on opemng tap (I), further 
condensation took place m the bulb (H) os shown by the nse m the left-hand 
column of the manometer (L) Tap (I) was closed agam and the mano- 
meter read as before The apparatus was filled a third time with carbon 
dioxide at atmospheric pressure and condensation was effected as already 
described 

Note was made at the tune of barometno pressure, room temperature, and 
the temperature of the water-bath suiioundmg the volume bulb (J), The 
glass tube connecting bulb (H) to the apparatus was sealed off completely and 
the bnlb was immersed in hquid au for 30 mmutes 

When the adiabatic calonmeter waa ready the tip of the glass spiral of 
bulb (H) was broken, the tissue paper was tom off and the bulb was transferred 
rapidly to the calorimeter where the heat changes occurring were carefully 
noted. 

It was very important to have the end of the glass spiral project above the 
cover of the calonmeter jacket when the bulb was m the calonmeter proper 
It was found that the total heat from — ISS'l” C to C was 191 -5 oalones 
as compared with the probably correct value of 183 oalones when the carbon 
dioxide was allowed to escape from the bulb (H) mto the space between tiiie 
calonmeter proper and the calorimeter jacket. Thia is explamed by the fact 
that a certam amount of water probsUy evaporated mto the dry carbon dioxide 
gas circulating above it Even the evaporation of a small amount of the 
calonmeter water would have an appreciable effect os the heat measoremMitt 
because of the large latent heat of evaporation of water 

In order to calculate the amount of carbon dioxide m the bulb (H) it waa 
necessary to know aocnrately the different volumes present from which it was 
condensed. The volume of the bulb (J) was determined in the usual 
by ffUmg with water and weighing. The volumes of the tubing and bulb (H) 
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were determined by filling bulb (J) with «r at atmoepherio preeeure, evacuating 
the tubing, opening taps (K) and (I) and reading the manometer pressure 

(d) Calculations and Raulti —The mean of several determinations, agreeing 
with one another to better than 0 5 per cent , gave the total heat of carbon 
dioxide (solid and gas) from —183 1“ 0 to +24 6° C. 

^ 183 0 calories per gram 

From Table I the total heat of carbon dioxide (sohd) from —183 1°C to 
-78 B” C 

=» 26 66 calories per gram 

Taking the mean specific heat of carbon dioxide gas from tables* as 0 19, 
then the total heat of carbon dioxide from 0° C to +24 6“ C. 

=» 4 67 calonea per gram 

Hence the total heat of carbon dioxide fitom —78 6° C to 0° C 
= 183 0-26 86-4 67 
-= 181 8 calones per gram. 

Now the beat required to warm carbon dioxide gas from —78 8'’ C to 0° C 
=» 78 5x0 19 
as 14 9 calories per gram 

Hence the latent heat of sublimation of carbon dioxide 
= 151 8-14 9 
= 136 9 calones per gram. 

Andrewsf has recently measured the latent heat of sublimation of carbon 
duxide, obtaining the aomewhat higher value of 151 calones pec gram as the 
mean of a large number of determinations that do not agree nearly as well with 
one another as the various values obtained by the authors The difficulty 
pomted out by Andrews of obtammg good thermal contact due to the high 
msnlating property of the carbon dioxide snow itself falls away altogether 
m the method adopted m this laboratory. 

From Table III the average specific heat of sohd carbon dioxide from — 78 5° (' 
to —66 2® 0 IB 0'348, so that the heat required to warm solid carbon dioxide 
from-78 6“C to -66 2® C 

« 0 348X22 3 
M 7 76 calones per gram. 


* Landolt-Bamitein, ‘ Fkj« Cbera Tab p 1274 (1923) 
t ‘ JJt-OJS.,’ voL 47. p. 1597 (1926) 
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And the best nquiied to vum oaiboa dioxide gas from — T6-B*C. to 
-66 2* C. 

= 0 16x22-3 

«=3 4 24 calonas p« gram 

So that the latent heat of evaporation of carbon dioxide 
= (136 9+4 24)-(4B 3+7*76) 

~ 88 1 oolones per gram 

IV —CoejjuneiA ef Sxpantton 

(а) Method— The general method employed in the determination of the 
coefficient of expansion of carbon dioxide was to condense a deflmte weij^it of 
carbon dioxide in a small glass bulb fitted with a graduated capillary 
tube A known weight of gas was then condensed m the bulb as a hqmd, 
completely filling the bulb and part of the capillary tube, which was then 
seal^ off 

The position of the liquid in the capillary tube was read at different tempera- 
tures from the graduations on the gloss Then, knowing the weights of carbon 
dioxide and of liquid respectively, and the densities of the liquid at the vanous 
temperatures, it was poesible to calculate the densities of the carbon dioxide 
at these temperatures From the values so obtomed the coefificient of expsnaon 
of sohd carbon dioxide at vanous temperatures was calculated 

(б) ApparatM —The apparatus for the condensation of the carbon dioxide 
and the liquid was the some as that used in the determination of the latent 
heats of sublimation and evaporation A distilling flask (0) for the hquefied 
gas, together with taps (P) and (Q), was sealed to the apparatus between tap (M) 
and the vacuum pump (See fig 4) The gas was kept hquefied by surrounding 
the distiUmg flask with liquid sir 

The density bulb had a volume of about 3 5 c c and was glass sealed to 
the apparatus m the position occupied by the bulb (H) in fig. 4 The graduated 
capillary sealed to it was carefully calibrated. 

Constant temperature baths similar to those {wevionsly desenbed were 
used 

(e) Procedure —Some prolimmary tests were made on the solubility of carbon 
dioxide in petrobo ether (B P < 36® C ). The petroho ether was cooled with 
solid carbon dioxide and was then drawn through a filter of Imen and gloss 
wool into hme water There was no indicatom of the solubOity of carbon 
dioxide Petrolio ether was, however, abandoned as a hqmd smtable for the 
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meawements because of its vanabk composition and the exponmental diMcolty 
of adding definite quantities to the density bulb when filled with sobd carbon 
dioxide 

Smce this other consisted of a mixture of saturated hydrocarbons it was 
replaced by propane which could be prepared with great purity, could be 
handled in the gaseous state, and the density of which in the liquid condition 
had already been determined to a certain extent * 

The propane was made by allowing nonnal propyl iodide to act on nnc-copper 
couple in the presence of alcohol The liberated gas was passed through 
concentrated sulphunc acid and then condensed by means of solid carbon 
dioxide moistened with ether The hquefied propane was then allowed to 
distil mto a gasometer in which it was stored over water The propane so 
obtamed was punhed by passing three tunes successively through alcohol 
and over more nnc copper couple It was then passed through concentrated 
sulphunc acid to remove all moisture and was condensed by means of sobd 
carbon dioxide moistened with ether After several distillations, when no 
residue remained in a flask on allowing it to warm up to 0° C . the propane 
was finally distilled mto the flask (0) attached to the condensation apparatus 
(see fig 4) which was then scaled ofi from the air 
Carbon dioxide was condensed into the density bulb by the same procedure 
as before The apparatus was then swept out with propane and the propane 
was finally allowed to condense in the density bulb m the same manner as the 
carbon dioxide, rare being taken that the bulb was filled completelv with the 
liqmd The dcusity bulb was then sealed ofi from the air 
Readings of the capillary were taken m solid carbon dioxide moistened with 
ether, in bquid air, and at a number of temperatures between —78 6° C and 
— 140° C For these latter determinations the petrolic ether constant tera- 
perature bath was employed 

Smce the density of liquid propane was only knowm to about —78 5" C 
additional determinations were made using the method employed by Maass 
and Wnght The density bulb for these experunents waa fitted with a small 
bulb at the top so that the liquid propane could be warmed up to room tem- 
perature and then weighed Readings of the capillary were taken m liquid 
air and m the petrolic ether bath at different temperatures 
Table FV below gives the densities of propane as found They agree with 
those obtamed by Maass and Wnght at higher temperatures 


' Maass and Wright, ‘J ACS..’ vd 43.p.6(l921) 
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The densify determmatioiu of the carbon dioxide were repeated using a 
larger amount of carbon dioxide m the denuty bulb and also a new sample of 
propane, prepared and purified m the same manner as the first amount. 

(d) Caleulaiions and Results —The following calculation is typical of those 
made throughout this determination — 

Weight of propane = 0-4767 gms 

Weight of carbon dioxide 3= 4 8939 gms 

Temperature =» —116-2*0 

Volume of density bulb to pomt of meniscus corrected for temperature 
=3 3 7681 00. 

0-6642 

^ Weight 
Density 
^ 0 4767 
"“O 6642 
== 0 7177 c 0. 

~ 3 -7681 -0-7177 
= 3 0404 0C 

^ Weight 
Volume 
_ 4-8939 
"" 3-0404 
= 1-6096 

The following Tables V and VI show the reeults obtamed with two diflerent 
samples of propane 


Denmty of propane (from curve) 
Volume occupied by propane 

Volume occupied by the carbon dioxide 

Density of owbon dioxide at —1 18-2® C 
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Table V,-Sample A. 


Weight of Propane = 0 4767 gme 

Weight of Carbon Dioxide , — 4 8939 gm*. 



Table VI -Sample B 

Weight of Propane =. 0 2736 gms 

Weight of Carbon Dioxide =* 6 3362 gms 



It iB intereeting to note that Behn obtained a value of 1 66 for the density 
of solid carbon dioxide at —79° C , this being the only temperature at which 
it was determmed * 

The densities given in the above tables are shown m fig 6, whore D represents 
the density emd T represents the temperature m degrees Centigrade The 
values obtamed with Sample A (Table V) are designated by the oirolea 
• ‘ Ann. A. Phjiu,’ vol 3, p. 736 (1900) 


VOI.. 0X1.- 
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enolouiig oTotues while the plain cirolef mark thoae found for Sample B (Table 
VI) 

By drawing tangents to this curve the coefficient of expulsion of solid carbon 
dwxide was obtamed 



P» S 

In Table VII the expansion coefficients are given m column A and it wiU be 
seen that they are much greater than thoee of most solids 


Table VII 


Tempemture A ) 

Cf (Atouuc) 

3a((ubi(«l} 

C, (Atoodo) 

Cv (MoIwuUr) 

193 

0 301 

0 00138 

0 233 

9 77 

179 

0 288 

0 00118 


9 81 

171 

0 283 

0 00101 

0 333 

10 39 

105 

0 n 

0 ooose 

0 333 

10 31 

195 

0 M3 

0 00001 

0 237 

0 00 

ISl 

0 344 

000061 

0 230 

9 66 

lOS 

0 340 

0 00080 

0 322 

0 77 



Thermal ConttcmU of Solid omd Liquid Carbon Dioxide 243 


QrOneueu hM shown thst the moleoular heat at constant piessuie can be 
rdated to that at constant rdume bj means of the compresmbihty and expansion 
ooeflSoients m the following way 


C,-Cv(l4- 


9Ta»V \ 
KCv I' 


Cf 18 the molecular heat at constant pressure 
Cv IS the molecular heat at constant volume 
T IS the absolute temperature 
« IS the linear coefficient of expansion 
V 18 the molecular volume 
K IS the compressibility 


be put equal to ; 


constant k* then 


CV Cv (l+9fcTa*) 


using the extreme values of C„ T and a in Table VII, and assuming Cy to bo the 
same m both instanoes, k is found to be equal to 1197 and Cy (atomic) is shown 
to have the values given ui column 1 of Table Vll 
These values given an average for CV (molecular) over the temperature range 
laS" A to 109° A of 9 9 calories, which is considerably lower than the value for 
C, and more of the order of magnitude that one would expect Taking the 
values of Korent for CaCOj and OaO over a similar temperature range, the 
molecular heat for the bound CO* comes out to be 6 4 calories The high 
values for the specific heat at constant pressure obtained for carbon dioxide 
niay therefore be ascribed to its enormous expansion coefficient and probably 
its correspondingly high compressibihty 


V - Summary ani Vondxmon 

The specific heat of sobd carbon dioxide was measured over the temperature 
range 194 0° A to 90° A , and that of the liquid from 298° A to 19t 5° A 
The latent heats of fusion and sublimation were determmed directly and the 
latent heat of evaporatum was calculated 
As a test of the accuracy of the calorimetnc measurements it is of interest 
to oofnpare the latent heat of subhmation of the solid with that calculated 

* W C MoC Lewis. ‘ System of PhyBloal Chomietry, vol 3 p 110(1910) 
t ' Ann d Phya.,' vOl 30, p 40 llBll) 



24i Thermal ConttanJtt <^f Solid and Liquid Carbon Dioxide. 

from the OUiuius-Clapeyroii equation From density measurements of 
gaseous oorbon-dioxide at low temperatures mode m this laboratory* the 
weight of one litre of the gas at --78 6° C was found to be 2 840 grams The 
vapour pressure was taken from the measurements of Henning and Stockt 
and the calculated value for the latent heat of snbhmation was 137 7 cabnes 
per gram Tbs figure agrees to within 0 6 per cent of the result obtamed 
directly, namely, 136 9 calones per gram 

The expansion coefficient of the sohd was shown to be abnormally large, and 
values of so-called molecular heat at constant vohune were calculated on the 
basis of several assumptions which, m the opinion of the authors, mvahdate 
the accuracy of the absolute values They do show, however, that the 
abnormally high results for the molecular heat at constant pressure arc connected 
with this expansion coefficient 

The calculation of Trouton's constant from the date contamed in this paper 
gives it a value of 20 7 wbch places carbon diosde in the liquid state among the 
unossociated normal hquids 

It would be of considerable interest to determine the crystol structure of tike 
sohd because the expansion coefficient (especially near its meltmg pomt) is 
greater than that recorded for any other solid Probably the abnormally 
high vapour pressure of the solid is oonnectcd with tbs fact 


* Usan and Mennw, ‘ Roy. Soo Ptoo ,' A, vol 110, p 198 (1926) 
t • Zeit Phy« ,• voL 4, p 226 (1921) 
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A Homogeneous Vmmoleculaf Reaotum — the Thermal Decomjxaitwm 
of Acetone tn the Gaseous State 

By C N Hinshklwood, Fellow of Tnmty College, Oxford, aod W K 
Hotchison, Scholar of Corpiu Chnsti College, Oxford 

(Communicated by Prof J W Nicholeon, F R 8 —Received Feb 17,1926 ) 

Ummoleoular reactions m gases have a rather exceptional theoretical interest, 
because they involve, apparently, the spontaneous change of isolated molecules 
One example only has been satisfactonly mvestigated, the thermal decompoei- 
tiMi of mtrogen pentoxide,* and an examination of the molecular statistics 
of this reaction loaves a certain mystery abont the method by which the mole- 
cules are caused to decompose It is unwise to infer too much from what 
might be a quite special instance , hence we have during the last few years 
searched for other examples We now find that the thermal decomposition 
of acetone vapour satisfies the experimental criteria of a homogeneous, uni- 
molecular reaction Moreover, the pecuhanties of the mtrogen pentoxide 
decomposition are here reproduced, although the absolute temperature at 
which the acetone decomposition can be studied is approximatdy three times 
as high as that at which mtrogen pentoxide reacts with convemontly measure- 
able speed Since then this analogy exists between the two reactions, taking 
place at such difierent temperatures, we may b^n to draw theoretical con- 
clusions with more confidence 

The theoretical discussion u resen-ed for the last section, after the ezpen- 
inental work has been descnbed, because the conclusions depend very much 
upon the actual numerical results 

Expmmental Procedure — The velocity of decomposition of acetone m con- 
vMiiently measurable between 500'’ and 600“ 0 The reaction vessel was a 
silica bulb heated in an electno furnace, the temperature of which was measured 
by means of a platmum-rhodium thermocouple In a number of expenments 
confirmatory readings were taken with another thermocouple of base metal 
The tomperatnie could be kept constant within about one degree The 
decomposition was followed by observing the increase of pressure with a 
oapdlary mercury manometer The arrangement of the apparatus is obvious 
from fig 1, but a few special points ooU for comment Connection between 
the ailioa bulb and the glass parts of the apparatus was made by means of 
* DsnleU sod Johnston, ‘ J Amor C'hom 8oo ,' voL 43, p 53 (lUil) 
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fintly-groimd flanges which could be screwed tightly together They were 
about 20 nun broad and with their outer edges v«y slightiy lubnoated held 
vacuum perfeody when heated All parts of the apparatus which projected 
from the furnace had to be kept at a temperature above the condensing pomt 
of acetone namely about 40° C under the conditions of the experiments 
The capillary tubes including the manometer were heated by means of 
resistance wire and the flanges by means of a small tubular electric furnace. 
An extremely well ground capillary tap was used and with a thin layer of 
rather stiff lubricant showed no tendency to leak when warm The bulb A 
contamed very pure liquid acetone and vapour at any desired pressure could 
bo let into the reaction vessel through the tap if the temperature of the 
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foinaoe hestang A wee muteUy adjusted Bsading* of tune and prenure oonld 
then be token m tiie obvious manner.* 

Bviience that the Reaolton u Vntmokadar and Homogeneous —The expen- 
mentol cntena of o ummolecular homogeneous reaction are (a) that the tune 
taken for any fraotaon of the total ohange to complete iteelf is independent 
of the imtial pressure, and (b) that variation of the amount of surface exposed 
to the gas leaves the reaction veloiity unchanged Both these conditions 
are shown to be fulfilled by the following results 


Table I 



<1, fj, and ti are the times in sei'onds required for the pressure to increase by 
25 per cent , 50 per cent , and 76 per cent respectivrfy, of its initial value 
Condition (o) is thus fulfilled 

The following table provides further confirmation and shows that condition 
(b) IB fulfilled also 

Table II 



♦ For details <f. ‘ J Cbem Soo.,* voL IM, p 396 (I*S4) 
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The edditeon of sihoa powder to the bnlb prodooee no effect at an7 ■toga 
of toe reaotioxt. For example, the average values of the tune required for a 
26 pOT cent moreaee of preaeure in the above experiments were 

without silica powder, ti => 34 eeconds 
with „ <1 =■ 37 seconds 

At lower temperaturea the reaction rnnained homogeneous, as shown 
below 


Table HI 

Tom^ratun 

Iniit*! prtMorc 

MOO^dS 

MS 


rao* 

|301 

1 300 

Laol 

isoo empty 

2,080 \Balb oontainina 

2,3«) / aUioa powder 


In/lueticf of o(her Oatoi —In order to find the effect of foreign gases on the 
rate of reaction, a number of expenmento were made b7 mtroduoing carbon 
monoxide into the reaction vessel This gas was ohoeen as it was the ma)or 
product of the reaction 


Table IV 


Temperature 

Piwnre oi 
OOadded 

Initial prewire 
of Acetone 


Ig 

■eoooda 


h 

rNii j 

Nil 1 

808 

[3I6 


83 

80 

83 

82 

80 


ss 

68 

68 

82 

84 


The influence is inappreciable Nitrogen was found in a similar wa7 to have 
no effect 

Nature and Course of the Deoompositton — We have now shown that toe 
deoomposilaon of acetone vapour u a homogeneous reaction which latisflee 
the chiri expenmentsl cntenon of a unimolecnlar change We should there- 
fore be able to calculate the ununoleculai veiocit7 constants. For this purpose 
it M eeeential to know th* limiting value of toe preesure increase attending 
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the decomposition. We can hardly expect the experimentally observed 
“ end-pomt ” to be the proper value for insertion m the ommoleculor equation, 
because the hydrocarbons produced in the primary decomposition of the acetone 
undergo slow subsequent reactions, oontmuing after all the acetone is de- 
composed It IS, in fact, found that the curve obtamed by plotting pressure 
increase against time does not become parallel to the time axis, but contmues 
with a small upward slope, after it is obvious that the mam reaction is over 
A correction for this w easily applied in a way which is illustrated m fig 2 
Curve I 18 the experimental curve, which does not become quite honzontsl 



m the normal way The line AB, to which the curve la asymptotic, m drawn, 
and produced to meet the pressure axis at A The vertical distance between 
AB and the horuontal line AC at any time, gives the pressure mcrease attnbut- 
able to the subsequent reactions By subtracting these values from the 
on^tes of curve I curve II is obtamed, whidi is the ideal decomposition 
curve of the acetone, and is asymptotic to Ihe honxonfal bne AC, which 
repreeents the true end-pomt of the reaction. It will be seen that the correc- 
tions are not Urge over the first 70 per cent or 80 pet cent of the course 
The {oQowing table shows the method of oaloalating the constant 1 he expert 
meat was mads at 634° C 
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Time m minutn 




0 0101 
o 0100 
0 0090 
0 0008 


It 13 evident that we can m this way find the velocity constant, but the 
proof that the reaction is unimoleoular is, of coarse, independent of the mere 
constancy of theee figures 

The following values of k were obtained in this manner at 578° C 

Imtial Pressure 
of Acetone k 

362 0 00348 

189 0 00311 

112 0 00339 

Seconds and natural logarithms are used 
In what follows experimental results will generally be recorded m terns of 
the time required for the pressure to increase by 60 per cent or some other 
definite fraction of its initial value The relation between such tames and 
the velocity constant is given by the equation 

logC, 1 logC„etc., 

»2 H 

where Cj, etc , are constants For values of ti, corresponding to 50 per cent 
increase, we find, independently of temp^tore 
, 0 901 

k 

AwHytM of Ike ProduoU of SeaotMn — ^It is first important to mention that 
the corrected “ end-points ” obtained by the method of the last seotira axe 
independent both of the temperature and of the presence of silica powder. 
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For exftmpie, 560 mm. of aoetone at 634° C gave a corrected end-point of 
284 mm mcrease, or 77 per cent , emd in a emular expmiment at 678° C tlie 
corrected end-pomt increase amounted to 79 per cent Over this range of 
temperature the velocity vanee about tenfold This, as far as it goes, indicates 
that the nature of the reaction whose velocity we are measunng does not 
vary appreciably with temperature, but it was desirable to confirm this by 
analysis of the products of reaction. A number of analyses made at different 
temperatures and at different stages of the change showed definitely that the 
mode of decomposition is always the same 
The essential part of the primary decomposition is the separation of carbon 
monoxide from the molecule, leaving two methyl residues, the interaction of 
which determines the other products The simplest possible result would be 
their union to form ethane, but the application of Nernst's heat theorem 
shows that methane is the stablest of the hydrocarbons at these temperatures 
It 18 not therefore surprising that the result 18 by no means ethane alone, but 
a little ethylene, some free carbon, and pnncipally a nuxture of saturated 
hydrocarbons and hydrogen, the composition of which averages out almost to 
that of pure methane This corresponds with what Sabatier found in the 
catalytic decomposition of aoetone (' I^a Catalyse en Chimie Orgamque,’ 1920, 
p 237) A small amount of carbon dioxide was formed, which may well have 
come from the subsequent separation of carbon from carbon monoxide The 
amount of tarry condensation products was surpriBingly small, the reaction 
bulb never requiring to be cleaned The following figures illustrate the main 
point, namely, that the course of the reaction is independent of temperature 



1 Temperature 878' 1' | 

j Temperature 834* 0 

Fenwutage 

Half way 
through 

At «nd 

1 0 ^ 

Half way At end 

through of 

CO, 

48 

0 8 1 

76 

C,H, 

lU 7 

e 8 

U) U 4 9 

00 

38 2 

38 8 

33-2 1 32 * 

Satanted bydnwM'boiu 
+ H. 


81 8 

48 3 1 


A analysis was made of the “ Saturated hydrocarbons and Hydrogen ” 
by combustion The results were constant. The following is a tvpioal one, 
bdonging to the first analysis in the above table. 
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One volume of the mixture, -wbeo burnt with ur, gave a contraction of 
1 83 volumes, and 0 88 volumes of carbon dioxide were formed. Were the gas 
pure methane, the contraction would have been 2 00 volumes, and the volame 
of carbon dioxide 1 00 

The figures uorresponding to the second analjsu are 1 91 volumes confxao' 
tion and 1 03 volumes carbon dioxide 

The Temperature CoefficxeiU and the Heat of Aotuiatton — Since we have shown 
that the course and nature of the reaction are the same at difierent tempera- 
tures, we can calculate the heat of activation directly from the experimentally 
observed velocities In order to leave no doubt that the heat of activation 
refers to nothing but the primary unimolecular decomposition of the acetone 
molecule, the following method of calculation was adopted 

Let tu t-i, and /j be, as before, the tunes required for the total pressure in 
the decomposition vessel to increase by 26 per cent , 60 per cent and 75 per 
cent respectively, of its initial value Plotting the logarithms of these tunes 
against the reciprocal of the absolute temx>erature, three straight lines are 
obtained, the slopes of which determine values of the heat of activation If 
they were not all equal, we could extrapolate, and determine the heat of 
activation coireeponduig to the imtial reaction. But these three lines are 
almost exactly parallel, as shown m fig 3, and values of the heat of activation 
calculated from them are as follows — 

E from <1 68,000 cal 

E from /a 68,200 cal 

Efromta 64,200 cal 

The value obtained from the t^ curve is naturally a little inaccurate for 
reasons which will be obvious from the previous sections We may therefore 
take the average of the first two values and adopt as the best value for the 
heat of activation — 

E — 68.600 cal to the nearest 600 cal 

The results upon which the above oaloulations depend are summarised in 
Table V below 

Two experiments were performed at each temperature The results may 
be summarised in the formula 

dink 68,600 
dT ” fif* 

Therefore 

In i = Constant 
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The ezperuneotel points m fig 3 he closely on the lines so tbst we may 
detsnnine the vsiae of the constant by reading ofi the value of i corresponding 
to any standard tonperature At 660* C the value of <• read from the middle 
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onm w 1076 Moottda The oorreepondiag value of 1; as pnviottilj shOTTn, 
M thOTefoM =0 000837 WhMioe we find that the above equation 



If ti IS required it is found from the formula i = 0 901 jt^ The following 
typical examples illustrate the extent to which the formula is apphoable 
T (abs ) h (cal® ) t, (obs ) 

904 5“ 24* 24' and 26* 

857“ 200* 203* and 211* 

809“ 2240* 1960* and 1950* 

IheoreHoal digciusum —One of the most significant points about bimoleeular 
reactions in gast a la that the heats of activation form a regular senea increasing 
parall^ with the temperature at which the velocity constant attams some 
aangned value It can be shown that the number of molecules reaoting is 
given by the expression 

n onber of ooiknors X e ® ** 

multiplied by a factor wluch is not much leas than unity ♦ Since the number 
of collisions 18 not very different in different gases and at different temperatorea 
the rate of a bimoleeular reaction is governed mainly by the factor e 
so that for equal values of the velocity constant L is nearly proportional to T 
If the velocity of reaction were governed bj any entirely specific factor other 
than h this proportionality could not exist In this sense therefore pro 
portionah ty i f F and T in reactions of a given kind indu ates that the moleonlee 
arc activated by analogous processes There is evidence that the proporbon 
ahty IS also found m termolecular reactions f but there baa been no other 
luiimolecular reaction suitable for companson with the nitrogen peutoxide 
decomposition J J be heat of activation in this reaction is given by Darnels 
and Johnston as 24 700 calories At 66° C the velocity constant is 0 00160, 
with the tune expressed in seconds The value of k for the acetone deoomposi 
bon reaches this value at 662“ 0 The ratio of the absolute temperatoree is 
636 

thus J 65 In keeping with this the heat of activation m the aoetone 

* Cf J Cbeni Soc rot 1Z5 p 1841 (1924) PbU. Mag to) 60 p 1136(1935) 
t J Oh«m 8oo (1926) 

J Itoc, e$< tupra 
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is Tvy mnoh graater tlian that of the mf^ogeu pentonde 
deoompoutioii. We have 


neoompoaitlon of | 

Tfaha.) j 

K j 

KBT 

N.O, 

388 

84,700 

38 0 

CH.COCH, 

836* 

68,800 

41 4 


The parallelism u sufficiently obvious 

The position of the theory of unimolecular reactions may be summarised 

as fdbws — 

(1) Pemn’s argument* that the molecules must be activated by radiation 
iinoe the velocity constant is independent of concentration, and therefore of 
coUimoos, can be met by (a) the Christiansen chain mechamsmt and by (fi) 
Lindemann’s suggestionj that activation and de-aotivation take place at a rate 
which IS very large compared with the vdooity of reaction The chain 
meohanisin is very improbable in reactions which are not much influenced 
by the presence of foreign gases, and therefore in the decomposition of nitrogen 
poatonde and of acetone 

(2) Even if activation resulted m inunediate reaction, it has been shown 
that the energy of activation cannot be communicated to molecules of nitrogeu 
pentonde by collision rapidly enough to account for the observed rate of 
change.! Thus (5) of the lust paragraph seems to be mapplicablc, and we 
aie left with the probability that the molecules become activated by the 
absorption of radiation 

(5) The theory of activation by radiation of a narrow range of frequency is 
untenable || 

(4) The only question which ansca when activation by a large continuous 
range of frequencies is supposed, is whether the energy can be commumcatod 
to the molecules rapidly enough The plain truth about this is that, iii the 
present state of the theory of radiation, the question cannot bn answered 
As, however, this seems to be most probably the way in which the mnlecoles 
of nitrogen pentoxide are activateil, we should be justified m adopting it as a 

* ' Ann l*hys n.L 11, p 1 (lttl9) 
t ' Z physical Chew ,’ vol 104, p 451 (1083) 
t ‘ Trans Faraday Soc 1022, vol 17, p 
) Cy Telman, ‘ J Amer Cfavm Boo,' vol 47, p 1884 (1986) 

n 
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hTpotheais, if the atadj of other oiumoleonlar leactioiu led to the seme eon- 
ohlBlOXL 

£/RT for the eoetone decomposition bemg greeter then the value for the 
nitrogen pentozide deoompoeitaon, aetivetion of the molecules b^r any mechanism 
will be more difficult, since the probabihtj factor appears m the 

distribution law of all forms of thermal energy Thus the activation of the 
acetone molecules by collision seems to be impossible. The simplest way of 
showing this directly is as follows 

The rate of activation by collision m a unimolecular reaction with heat of 
activation £, cannot be greater than the rate of a bimoleoular reaction in 
which the sum of the energies of activation of the two molecules is B, and every 
oolhsion between activated moieoules is effective • Indeed it could only bo 
equal to this, if the joint energy of the two molecules wwe all communicated 
in the collision to the one which reacts The maximum rate of aotavation 
thus appears to be 

-v/2 a rt »* o* 

In the present example we have v ~ the diameter of the acetone molecule^ 
and may be taken as approximately 5 x 10~* cm 

« -« the toot mean square velocity, and at 856° Abs » 6 99 X 10* cm /sec. 

n as the number of molecules per c o and at 836® Abs and 760 mm pressure 

18 8 86 X 10“ 

Substituting these values in the above equahon, the maximum number of 
molecules in one cubic centimetre which could be activated by oolhsion per 
second is 0 64 X 10“ 

Taking the value of k at 835® Abs as 0 00160, the number of molecules 
in one cubic centimetre at 760 mm reacting p« second is 
1 33 X 10“, 

Thus the number of molecules reacting appears to be about 10* lames 
greater than the number which could be activated by collision. Thu number 
u far too large to be accounted for by any minor error such as the very rough 
value taken for the diameter of the acetone molecule 

It seems then that we must adopt some generalised form of the radiation 
theory, but whether thu interpretation u finally confirmed, or whether it 
has to be modified, the important poratave het u, that any modification will 
be equally appboable to both the unimoleoular reactions under oonstderation 


C/ ■ J Chun. Soo vd 125, p. 1846 (1924) 
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Summary 

The Utermal decompoataon of acetone vapooc is a homogeneous, unimole- 
oolar reaction, and has been investigated over the temperature range 
60«°-632* 0. 

The heat of activation is 68,500 calories, and the results can be summarised 
b]r the equation 


lnk = UW- 


68,500 

“51“ 


Caloulations show that the number of moieoulee reacting per second is about 
10'* times greater than the maximum number that could be activated by 
odlisioa. The absolute rate at 835° Abs is the same as that of the mtrogen 
penfanode decomposition at 328° Aba, the value of E/BT being neariy the 
same m these two reactions, for these two temperatures 


Oa$eou$ domination in Electric Duchargee — Port I The Com- 
hvatKjn of Electrolytic Oca sn Direct OurrerU Discharges 
By 0 I FntoH and L. 6. Cowbm 

(Commumoated by Prof W A Bono, F B8 — Beceived February 18, 1926 ) 
[PiATa 5 ] 

Inlroduotton 

In connection with the researches upon vanous aspects of gaseous combus- 
tion which are being earned out in the Department of Chemical Technology, 
Impoial College of Science and Technology, South Kensington, one of us 
(O I, F.) has undertaken a systematio mvestigation of the mechanism of com- 
bustion as initiated by, or occurring m, eleetno disohatgas. The present paper 
embodies the results of our expenmente upon the combustion of electrolytic 
^ gas m direct-current discharges 

Three phases have bem distinguished m tiie process of gaseous combustiou, 
namely, (i) a slow (non-self-propellant) combustion bdow the ignition point, 
(u) a edf-propellant flame propagation, and (in) sometimes^ also, a short pre- 
flame period dnnng which combustion la self-propellant. The point at which 
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the process becomes self-propeUant is sometimes termed the “ ignition point ” 
Before combustion can be determmed m it, however, energy in some form or 
other must be imparted to a given combustible system from an external source 
Frequently, heat energy is so supplied, m which case it is customary to speak 
of an igmtion temperature , on the other hand, electrical energy may be 
suppbed, e 9 , by a spark, m which case we speak of a minimum igmting energy 
or mmimum igniting lurrent being necessary to make the combustion sdf* 
propellant In such conditions, whilst the sdf-piopellant stage of combustion 
IB usually determmed by the purely electrical propertiee of the discharge 
employed (even though it may be affected by other influences, such as pressure 
waves emanating therefrom), yet, having once been set up, it is subseqnentiy 
propagated through the sptem mdependently of such properties On the 
other hand, the pre-ignition or non-aolf-piopellant stage is throughout 
intamately associated with and determined by the discharge itself Hence, an 
experimental examination of the influence of electric discharges upon the pre- 
igmtion stage of combustion m gaseous mixtures may be expected to reveal 
the nature and mechanism of electrical igmtion, and indeed of the process 
of combustion as a whole. 

Kitkby* has studied the effect of steady direct-current electric disohaigea 
on electrolytic gas at pressures bdow that at which ignition can occur. He 
found (provided that the circumstanoe# of the discharge, mcludmg pressure, 
cunent, and degree of separation of the electrodes were constant) that the 
amount of water formed was proportional to the quantity of electricity 
passed in the discharge, and mdependent of the nature of the electrodes, 
and " that the chemical action took place at all points of the discharge.’* 

As far as we are aware, with the exception of the above, all other mvesti- 
gations of the effect of electnc dischargee upon the pre-ignition stage of gaseous 
oombustion have been lumted to the detenmnation of the minimum igniting 
enogy or current. Sometimes, however, the sxpenmental results have beM 
contradictory, or difSoult to interpret, because of the fact that the types of 
deotnc dischargee employed have involved the mtroduotioa of unknown factors 
(both electrical and otherwise) whioh have obse>axed the issues 

Low-tension discharges wore flat employed by Prof W. M. Thomtoa,t 
and to him we owe the first proof of the significance of what he termed “ the 
least Igmting current” for vanous oombustible gaseous mixtuiee Both 

• • PUl Kig.,’ TOl 7, p 223 (1904) , vol W, p 280 (1007) , ‘ Boy Boo Vtoc,' A. 
yei 8S, p, ISl (1911)^ 

f ‘ Imt MhdBg Eng Tims ,’ p. 145 (1912) 
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direet and alternating currents were used The discharge was produced by 
opening a circuit in which a known current was flowing In neither ease was 
the rate of dissipation of energy m the discharge constant , it attained a 
maximum at or shortly after the bcginnmg of the opening of the circuit and 
fell with widemng of the gap to a mmunum, which was followed by extmction 
of the discharge The total amount of energy dissipated was unknown 
Although the current flowing prior to opening the iirciut was known, it 
could not, as Thornton pomteil out, in the case of direct current be assumed 
to be equal to the maximum that passed m the disihargo itself Witli 
alternating currents, additional complications arose in that the value of the 
maximum current also depended upon the phase angle and frequency of thi 
supply, as well as upon the actual moment at which openmg of the circuit 
began Thornton* showed that the nature and condition of the material of 
which the electrodes consist have a pronounced and, at times, somewhat 
erratic influence on the experimental resnlts obtained with such “ break 
sparks ” The region of the discharge, particularly when passing in a ga.s 
under normal pressure, is a zone of high temperature and contains the vapour 
of the electrode material The discharges produced m electrical bell signalling 
ciromta, such as have been investigated by Morgan,! are low-tension discharges 
similar in character to those discussed above 
Besides Thornton, | Morgan and Whederf have studied igmtion by high- 
tension discharges produced by means of an mduction coil or magneto acroat 
a fixed gap Taylor JonesH has oxammed in detail the extremely complex 
nature of this type of discharge, which is oeciUatory, a single discharge con- 
sisting of a taam of sparks Morgan,^] and Patterson and Campbell** have 
shown that the igniting power depends solely on the energy associated with the 
first oscillation, and not on the total energy dissipated in the complete train 
of oscillations of a single discharge The rate of dissipation of energy is not 
constant, and the maximum and mean currents thereof are difficult to ascertain 
without a suitable oscillograph Furthetmore, as has been shown by Prof 
H B DixoD,tt m' addition to the presence of electrode material vapour in the 

< ‘ Bnt Aasoe Mv Set Bept,,' p. M9 (l»23i 
t ‘J Chem Soo.’vol ll^ p 04(1810) 

! ‘Roy 800 Pra« A. vol 90. p 381 (191«) 

S ‘J Chem Soe.’vol 119, p 239(1921) 

II ‘ The Theory of tbs ladootloa OoU ’ (1921). 

^ ‘ Prltwiplss of KleeUrio Spark Igmtion ’ 

•* ‘Proo Phye Soo.’p 177(1910). 
ft ‘PM. Trsni ,’ A, vol 200, p 318 (1003) 
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diBobftTge, intense pressure waves ate set up m the sunounding gas The 
discharge is also characterised by a high temperature 

The high-tension capacity discharge, produced by discharging a condenser 
across a fixed or closing gap, resembles the first part of the induction coil or 
magneto discharge The rate of dissipation of energy is agam not constant, 
but the total energy dissiinted m all the oscillations of a complete train and 
the maximum current of the first oscillation can be readily ascertained On 
the other hand, the capacity discharge gives nsc to disturbing non-eloctncal 
phenomena similar to, but, as a nile, more mtensc than, those of the induction 
ooil discharge, being hot, containing metal vapour, and giving rise to pressure 
waves in the surrounding gas 

Thus the use of any of the above types of electric dischargee necessarily 
mtroducos not only electncsl effects which may be difficult to control and ue 
not readily amenable to exact measurement, but also disturbmg non-eleotnoal 
phenomena which may tend to mask the purely electrical effects of the 
discharge itself. 

In studying the electrical ignition of gases, the investigators referred to were 
chiefly ooncemed with the exanunation of such conditions as arise m igmtmn 
either in internal combustioo engines or in coal mines, and the typee of electric 
dischargee investigated were selected as doeely reproducing those oooumng 
m actual practice For the purpose of quantitatively investigating the electrical 
effects of eleotno discharges upon tiie pre-ignition stage of combustion, however, 
the discharge should be such that the current and rate of dissipation of energy 
are oonstant and that the non-electnoal phenomena with which tiie electric 
discharge is oidmanly associated ebouid be either elimmated or reduced to a 
minimum 

If, os was done m Kirkhy'a expenments, the necessary potential bo furnished 
by an accumulator battery m senes with a resistance to the electrodes of a 
suitably evacuated discharge tube, a discharge occurs, the luminous positive 
column of which is broken up into stnations If, after the discharge hw com- 
menced, the current be such that the fall in the voltage-current chatactenrtic 
IS steep, an examination of these stnse by means of a mirror revolvug at a 
smtable speed shows that they flicker, m spite of the fact that the deotiomotive 
force of the accumulator battery is constant Thu fliokerug or, rather, waxmg 
and waning of the light emitted by the luminous stne u due to capacity in 
tile oiromt, and differs both m appearance and nature from tiie type of dis- 
contmuity desonbed by Prof Whiddtngton, F.RS.,* which u praotually 
* ‘ Nstow,’ Tol. n% p (IMS). 
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independent of euy cepaaty included in the circuit If, however, steps are 
taken to eliminate as far as possible the efiects of stray rapacity of the leads 
passmg to the electrodes and of the electrodes themselves, the light emitted 
by the stnations becomes so steady that a flickering, even m the region of steep 
charaotenstio, can no longer be detected The current and rate of dissipation 
of mergy in the discharge are then practically constant, and both may be 
readily determined and controlled By suitably altering the shape of the 
elecfoodee and their degree of separation, a steady discharge may, m the same 
manner, be inamtaioed at more devated gaseous pressures Thermal effects 
of the discharge may be reduced by diminution of the pressure of the gaseous 
mixture m which the discharge is maintained and by employing small ounents 
Further, the use of suitable electrode matenals will greatly assist m keepmg 
the discharge free from metal vapour Pressure waves are not set up by a 
steady discharge 

ExprrtmetUal 

In the experiments about to be described it was our aim to arrange con* 
ditioos m such a manner as to olinunate as far as possible any chemical com- 
bination, including that due to heat, other than that caused by the ionisation 
of the gas , and then to study the proportionality, if any, observed between 
the rate of chemical change and the current or rate of dissipation of electncal 
energy We have been able to realise conditions under which the rate of steam 
formatiou, resultang from the passage of an electno discharge m electrolytio 
gas at pressures where ignition can occur, is directly proportiona] to the current 
passing and quite mdependent of (i) potential fall between the electrodes, (2) gas 
pressure, and (iii) temperature We beheve that this is the first time that such 
a direct relationship has been established in the case of an electric discharge 
m an explosive gaseous mixture In these experiments, steady electro, dis- 
charges were passed through electrulytic gas at pressures between 20 and 
100 mm throughout which range the gas is explosive, the maximum rate of 
dissipation of energy being in excess of 3 8 watts 

Jktcriptum of the Electncal VuouU (hg, 1) 

The current was supjdied by the rotary transformer, T, by means of which the 
’320-volt direct-current supply from the mams was converted to a high-tonsion 
direct onixent. As tihe pressure of the mams was apt to fluctuate, it was 
steadied by means of the floating acoumulator battery, B, shunted across the 
ttutna. The constancy of the steadied pressure was observed by means of the 
voltmeter, V The input terminals of T were connected with B through the 
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ammeter, A, and the vatiaWe reeistauoe, K The speed and hence the output 
pressure o( T could be oontroQod by means of R The normal speed of T was 



from 2,200 to J,d00 rpm aaotdmg to the output required The output 
commutator had 64 segments Bxammation of the discharge produced by the 
high-tension output current by means of a revolvmg mirror showed pronounced 
commutator ripple and also occasionaJ irregnlarities, the latter probably due to 
alight intermittent sparkmg at the high-tensiou brushes The remainder of the 
circuit now to be deecnbed was intended to smooth hut these npples and 
irregulantiei, and to supply a steady pressure to the electrodes The high- 
tension output terminals of T were connected through the large chokes Ii and I|, 
the Inductance and 'resistance of each being 65 henrys and 9,000 ohms, 
respectavely, to the terminals of the condenser, C, of 2 microfarads capacity 
One terminal of C was connected through (i) the choke, I3, the inductance and 
reaistanoe of which were 70 henrys and 13,000 ohms, respectively, (11) the non- 
inductive liquid resistance, r,, which was variable in steps of 100,000 ohms from 
0 to 1 megohm, and (lu) the non-induotive resistance, r^fif 60,000 ohms to the 
electrode, «i The other terminal of C was connected to tiie second electrode, e,, 
through the choke, I4, similar to I3, the moving coil milliummeter, a, and the 
resistance, r„ similar to r, The electrodes were shunted by the non-mductive 
20 megohm resistance, r4, across two tappings at a suitable distance apart, on 
either side of the centre of which was shunted the electrostetio vi^tmeter, v. 
These last-mentioaed resistances were connected through the shortest possible 
leads to the electrodw with the object of reduemg capacity effects on the 
electrode aides of r,, r, and 74 to a minimum The miUiammeter indicated the 
oumnts pauing r4 and the discharge between and e, The readings wet* 



GatMua Oomb'uation tn Eledno Dxachwgta 


duly oorreoted m order to obtain value of tiie cuirent earned by the discharge 
alone The corrections were small and, as a rule, negligible The rotary trans- 
former could mamtam, on an open oircuit, an output pressure of 1,000 volte 
between the electrodes With a discharge passing and a potential drop of 
600 volts between the electrodes, the transformer was capable of fumishmg a 
steady current of about 0 nuUiamperee, which value could not be much exceeded 
for any length of time without serious nsk of damage to the transformer 
Both aides of the high-tension cuouit were carefully insulated from each other 
and from earth 

The Combuitum Chamber (fig U ) 

The combustion chamber consisted of a gloss vessel fitted with a two-way tap, 
one branch of which was connected to the eleotoolytic gas 
supply, the other to a “ Hyvao ” oil pump A length of 
copper wire^ No 12 8 W Q , was seeled with sealing wax 
into each of the glass sleeves, #, which, in turn, were 
secured with sealing wax into the two tubes, (, let m at 
the top of the oombustion chamber at an angle to each 
other By raising or lowenug the sleeves, the pointa of 
the electrodes could be set to any desired degree of 
separation Each of the electrodes, Cj and <t> consisted 
of a 1 cm length of No 20 S W 0 wire, soft-eoldered 
to the end of the stout copper wire^ passing into the 
oombustion chamber The free ends of the electrodes 
were pointed and finally polished on a buff to a blunt- 
pointed cone 1 mm m height After being freed from 
all traces of grease, the electrodes were “ run in ” by 
mamtaming between them a discharge of 4 to b milh- 
amperei in electrolytic gas under a presaure of apptoxi- 
matdy 90 mm until, with the discharge still passing, 
tho pomt of the cathode was seen to be uniformly 
surrounded by a perfectly steady cathode glow Prior 
to this “ running in,” the cathode glow (and, to a lees 
extent, the anode g^ow) showed a tendency to wander 
idong the electrode to and from the point, thus oauamg 
variations in the effective degree of separation of tho 
dectrodes A U-tube manometer, one limb of whwh 
was doted, waa sealed mto the base of the oombustion chamber After filling 
Ae manomstw with mercury, 27 c o of ooncmtiated sulpbunc acid were 
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pip«tted into tiie oomVortkm dbAnibear. ‘Whan the okwed Hub of the 
mtoometer wu completely filled in& meicuy (at pNemma Above 806 mm.), 
the Yolnme of the free ipnce in tiie oombi^tkin chamber wm 108*0 o o,, and 
104*6 CO when completely evaeoated The oombuation chamber wee 
•anonnded a water jacket mamtamad at a oonatant temperature of 30° C 
The insulation reeiatance of the eleotrodea, when disoonneoted from the 
circuit, waa tested at frequent intervals by means of a megger at 1,000 volts 
and was found to be always above 60 megohms Thu test waa earned out 
with the oombuation chamber filled witii dry air at nonnal pressure and srater 
flowing m the water jacket 

Preparatum of tie Gat Muiure 

Electrolytu gas, prepared by electiolyau of a solution of thnoe re-crystalbsad 
banum hydroxide, was used m all experiments The gas was not stored but 
prepared as and when required for use, and waa purified and dned by passage 
tiuotq^ a spiral washer contaimng conoentaited csustio potash solution 
followed by two others oontanung concentrated snlphuno acid. The eleotrolysers 
and washers were sealed directly on to the combustion veasd. The punty of 
the electrolytic gas was frequently cheeked by exploding a known volume over 
oonoentrated milphnno acid m the combustion veesd and noting the final 
{Measure attained after explosion 

The Eleotno Ducharge 

Withm the range of conditions of ourroit and gas pressure examined m tiie 
expenments recorded below, three wdl-defiocd senes could be dutmguuhed in 
the diecharge m dectrolytic gas, namdy, the cathode, anode, and mter-dectiode 
sones. The entire cone of the cathode pomt was envdojped by a moderately 
Inmmous blue ^ow, the extent of which increased with increasing currmit 
but decreased very slightly with increasing gas pfossnio throughout the range 
of from 26 to 100 mm For example, with a gas pressure of 46 mm , the 
length of the cathode, measured from the extrame point, enclosed by the glow 
waa a{>{aoximately 1 0 mm with a current of 1 miUiampere and 1 *4 mm with 
6 mObaaeqieres With a gas pressure of 00 mm. and smulat cnitwuli, the ^w 
extended over 1 0 and 1 < 3 mm. respeotirely Under a low-power mioioaoope, 
the cathode sone could be resolved mto a thm, purple layer in immediate oontact 
with the cathode (cathode glow) and an outer, blue glowing layer (negative |^w) 
tonoentdc with butseparated from the cathode^w by a dark or, at most, feebly 
lumbotts bbe layer (Crookes’ dark space) (fig 8) On the extMae pomt of 
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th« imodt^ tme muiate huntnooi, redduh white spot (anode ^ow or spot) or 
ocoaatonaOjr a ekee diistei of two or three iraoh epote could be disfanguished 
The ipaoe between the cathode and anode zonex the inter electrode zone waa 
paitiij bndged by a bluish purple glow (positive column) which radiated m a 
fan or bnuh-ebaped manner from the anode glow towanls the cathode If 
the current were allowed to fall to below about 0 8 milliampere the exact 
value varying somewhat with the gae prewiure and possibly also with the nature 
of the deotrode material the discharge changed m appearani c the cathode 
l^w becoming less luminous shnnlung slightly m thickness but enveloping 
a greater length of the electrode (fig 5) The anode glow also became appreci 
aWy smaller The inter electrode zone howevw, wae almost completely bridged 
by a slender cone-shaped, bluish purple ^ow m which mmute stnss could 
oecasioiially be distinguuhed The sphancsl base of the cone was separated 
from the cathode zone by a narrow dark spce (Faraday dark space) but the 
pomt of the cone was in r mtac t with the anode glow Tht transition stage 
from the first to the second type of discharge is characterised by the appearance 
of a tiun glowing bluish layer situated approximately m the middle of the dark 
space of the electrode zone (fig 6) We wish to emphasise here that the results 
obtamed by us m studying the effeota of the types of discharge shown m figs 
4 and 6 upon electrolytic gas are not embodied in this paper but are reserved 
for a further communication The size and appearance of the electrode rones 
m both types of discharge were unafieot* d by a change m the degree of separation 
of the electrodes alone If the same current were mamtamed a change in 
the degree of separation of the electrodes resulted only in an increase m the 
sue of the brush-shaped gV w m the inter-eleotrode zone No difierenoe in 
the appearance of the discharge could be detected when platinum electrodes 
were substituted for copper ones It may be reasonably assumed that withm 
the oonditioiis of the expenments to be desenbod below the cathodic fall of 
potential was practically constant fur any given electrode material Revolving 
rainoi examinations of the type ol discharge reproduced m fig d showed that 
It WM perfectly steady and continuous under all conditions of our expenmente 

txpmmenlal Prooedurr 

Alter the dectrodes had been sealed in set to a defimte gap width and run 
in," the oombostiott chamber was evacuated and the eleotno discharge started 
YohuDinoui diffuse blue glows, that on the cathode being the largest, then en- 
veloped the deoteodee and the stout copper wires to which they were soldered 
Tht otunai was now approximatdy adjusted to the denred value by means 
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of the variable reeutanoe and electrolytic gaa alowly admitted into the 
comboation chamber autil ttie preeeure waa jmit below that, fmvtondy deter 
mined by experiment, at which either extmction of thediaohargeoccoired through 
the tiansfonner being unable to maintain the higher voltage now necesaaty to 



overcome the inoreaeed reeutanoe of the gap or exploewn of the mixture took 
place With admuaion of the gaa the disohaige tettled down to the tagioB 
amuitd and between tiie pomta of the electrodes a—uinmg the appeanuwe 
already deeonbed mA shown in fig 3 It was found easential to atari the die 
clUKge m the manner dtecnbed above If ttie diechaige was strook aftsr 
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admittion of tiie gas by applying a sufficiently high voltage to the eleotrodes 
either from the transfonner or m the event of this not being possible owing to 
the gap resutanoe being too great by means of an induction coil it was found 
that the first rush of current prosing at the beginning of the discharge not onlv 



disturbed the “ run in ’ condition of the deotrodw, but also frequently exploded 
the gat mixture 

At definite intervals (Ae individual duration of which depended upon the 
rate of eombnstKin the change of pressnre during one such interval being 1 cm 
or less) annultaneous readings were taken of the gas pressure, current and the 
potential £iU between the electrodea, the observations being continued un^ 
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tibe electrolytic gu had been almost consumed Synchronism of the read ngs 
was ensured by means of a b user s gnal aotnated at defln ted nterrals by a 
clock Th» procedure was repeated w th various gap widliis over a current 
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range of from 0 8 miUiampere to the hi^eet current capable of being fumiahed 
by the tauufoimer m most cases below 0 nulliamperea From the leeulti 
Obtained a senea of corves wae plotted connectang the gas i»eesore with in 
tun the potentaa! drop acro« the eleotrodea current and rata of «ftn. hns % n^ 
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From these ouivee the voltagee ouirentB end rates of combuetaon corresponding 
to any required gas pressure and d^ree of separation of the eleoteodes could 
be directly read off 



The sulphuDo acid oontamed m tiie combustion chamber was replaitd with 
the same volume of fresh ooncentrated aoid at the end of pver^ experiment 
During each experiment both the discharge and the miUiammeter were kept 
under observation Occasionally m tiie course of an expenment the anode 
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spot would jump from its nonnal poailaon on tho extreme pomt to another part 
of the anode, such movement bemg acoompatued by a sharp bck of the milHam- 
meter needle In such cases the expenment was immediately mtermpted, 
and the dectrodes repoluhed and “ run in ’’ prior to startmg another 

The Bxperimenial RetuUs 

Two senes of experiments were earned out, one with copper, the other with 
jdatinum dectrodes With the exception of those correspondmg to pressures of 
30 and 60 mm , which are shown graphically (figs 6, 7, 8, and 9), the results 
obtained over a pressure range of from 30 to 90 mm and with varying degress of 
separation of the dectrodes are tabulated below (Tables I to VI) The notation 
of the tables 18 as follows -- 

p — pressure of eloctrolytiG gas in millimetres of mercury 
d degree of separation of electrodes in millimetres 
V ^ potential fall between the dectrodes in volts 
% — current passing the dMcharge m miUiamperes. 
c - rate of combustion of electrolyte gas in cubic centunetree at NTP per 
mmute 


Table I —Copper Electrodes, p — 46 
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Ejiplamtvm and Notatmn of the Graphs (fig< C, 7, 8 and 9) 

Two gets of graphg arc ghown m each of the four diagraing {figs 6, 7, 8 and 9) 
incorporating the experimental results obtained at pressnree of 30 mni and 
60 mm , whu h have not licen included in the above tables The upper set, 
drawn m dot-ilash lines, shows the t liaractenstic curves of the discharge 
for each degree of separation of the electrodes, in nuUimetres, d, iihich 
were obtauied by plotting the potential fall between the electrodes in volts, 
V, against the current passing the disibarge in nulliamperes, » The lower 
set, drawn in full Imes, contains the curves connecting the rate of combustion 
in cubic centimetres at NTP jier minute, c, with the current in milliampercs, t 
In both sets of graplis, poiiiti of the curves corresponding to the difforciit 
degrees of separation of the electrodes employed are marked distinitively 
thus — 

o indicates results obtamed with d — l>8mro 
^ „ „ „ „ d = 3 8 mm 

X „ „ „ „ d 7 5 mm 

• , „ „ „ d = 16 0 mm 

Dtseiusum of the Restdts 

A noteworthy feature of the rate of combustion current (c/») curves is that, 
prior to following independent courses, they coincide and form the straight, 
VOL CXI —A T 
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line AB Thus the curve AHK ^ 10 0 mm ) consists of two distinct 
sectaons, one of which AH, m coinciding with AB, is common to the remaining 
curves, the other section, HK, being independent It will be convenient, for 
the purposee of discussion, to consider the coinciding and independent sections 
of the curves separately 

A The Coiimding Sections of the c/t Cuniet —At all points on the straight 
Ime, AB, formed by the coinciding sections of the c/» curves, the rate of oom- 
tutlton u directly proportional to the ourrenl Produced, AB passes through, 
or nearly through, zero The mean values of the ratio c/» at various pres- 
sures, for all pomts on AB are tabulated below 

Table VII 

Copper Electrode* j pUtlnum Eleotrodn 


0 40 0 8S 

0 30 0 S8 

0 SB 0 SB 

0 38 0 6S 

0 3B 0 SB 

Thus, for all pomts on AB, the ratio of the rate of combustion to current is a 
odnstant, the value of which depends solely on the nature of the electrode 
material and is independent of (a) the gas pressure, (6) the degree of separation 
of the electrodes, and (c) the potential fall between the electrodes In dee- 
cnbing the appearance of the discharge, it has already been remarked that, 
provided the same current be maintained, venation m the degree of separa- 
tion of the electiodes results only m a change m the size of the brush-shaped 
glow (positive column) of the inter-electrode zone Thus from these facts the 
conclusion may be drawn that, for all points on AB, combwtvm of the electny 
lytic gat occurred only m either one or both cf the electrode zone*, and not in the 
mler-^eotrode zone The answer to the farther question as to where the com- 
bination had occurred was furnished by two further senes of ezpenments, in 
the fust of which a copper cathode and platinum anode and, in the second, 
a platinum cathode and copper anode were em^Joyed The reeults are recorded 
graphicaUy m fig 10 

The valne of the ratio c/t over AB (Cu cathode, Pt anode) is now found to 
be 0 40, Mid 0'66 over A'B' (Pt cathode, Cu anode) The former value is 
slightly higher than tiie mean of those previously recorded for copper, the 
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lattfer ahglitly lower than that for {datiniim electrodes It therefore folk wf 
that for all pomta on AB eombiutton mu alnwsl uhoUy confined to the roihodi 



tone The rate of combination of the electrolytic gas was therefore proper 
tional to the number of lonn arriving at the cathode m a given time 

In view of the fact that the value of cjt is higher for a platinum than for 
a copper cathode it might at first sight appear that the combination taking 
place in the vicinity of the cathole is largely catalytic combust on thus 
occurnng on or in the surface of the metal However the fact that cjx is 
independent of variations in pressure from 30 nun to 90 nun invalidates any 
such explanation 

Further evidence to this effect was furnished by a senee of expenmonts m 
which a platinum platinum rhodium thennocoujJe was employed os cathode 
thus enabling the venation of temperature of the cathode zone with current 
to be determined The wires (No 26 8 W Q ) of the couple were fused together 
in an oxy hydrogen flame Hie junction was filed ahd polished to a cone of 
the same shape and dimensions as that of the normal electrodes hitherto 
employed the whole of the actual junotKin being inside the cone itself The 
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theTmooouple galvanometer was set up on the table on a block ot paraffin 
wax The negative lead of the high-tension circuit was connected to one 
wire of the couple With currents of not less than 0 8 railliampere passing 
the discharge, the cathode glow entirely surrounded the junction The results 
of these experiments showed that, within the range of pressure, electrode 
separation and current examined by us, the mean temperature of the cathode 
rone IS practically independent of the pressure and extent of separation of the 
electrodes, and la proportional to the current, nsmg from 20° C with zero 
current to 630° with 6 milhamperrs, the rate of increase of temperature 
being 86° per one railliampere increase in current, and very nearly uniform 
Prof Bone mfomw us that, some time ago, ho found that between 
360° and 400° the temperature coefficient of the catalytic combustion of 
electrolytic gas in contact with silver wire was 1 4 for each 10° rise in 
temperature It may therefore be concluded that the combustion which took 
place at the cathode in our said expenmonts was non catalytic, and that 
some other explanation must be forthcoming for the observed variation in the 
value of the ratio e/i with the nature of the cathode material A companson 
of die characteristic curves of the discharge between copper or platinum for 
the smallest degree of separation of the electrodes employed suggests that 
the cathode fall of potential of copper (coated with oxide) m steam is probably 
higher than that of platmum From this it may be inferred that, under the 
conditions of our experiments, electrons are emitted more readily by platinum 
than by copper Whether or not the true explanation of the for^mg relation- 
ship lies in this direction is not yet clear In order to elucidate the matter 
further, however, we are now carrying out experiments with electrodes of more 
electropositive metals than either of the two so far employed 
B The I ndrperdenl Sections o/ the cjt Curves — An inspection of the diagrams 
(figs 6 to 10) shows that the independent sections of the c/t curves are straight 
lines, though the steeper carves, on exceeding a certain current, merge mto 
true curves which rise rapidly towanis the ignition point 
The independent sections of the c/» curves leave AB at the currents tabulated 
below, which may for convenience be termed " independence currents ’’ 

It wnll be seen from Table YllI that, except* m tbe cate of tbe greatest 
degree of separation of the electrodes, the independence currents are lees for 
copper than for platinum, and that the nature of the anode material has little 
or no efiect upon the value of these ourrente Furthermore, an increase 
either m pressure or degree of separation of the electrodes results in a decrease 
of the independence current From these facts it may be concluded that, 
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for the independent eectione of the c/t curves combustion of the electrolytic 
gas 16 no longer confined to the cathode zone but also occurs in the inter 
electrode zode the anode zone, however still remaining to all intents and 
purposes, inactive The combustion taking place m the inter electrode zone 
IS probably confined to the only luminous portion thereof, namely, the positive 
column It may therefore be inferred that of the total combustion taking 
place as represented by the independent sections of the e/t curves the amount 
of chemical action occurring in the positive column is the difference between 
the total chemical action and that taking place at the cathode If for 
convenience, the ratio of rate of combustion to current for each independent 
section IS referred to co ordinates parallel to those hitherto employed, but 
passing through that point on AB at which each section becomes independent, 
and from the value of the ratio thus obtained that of the ratio r/> for AB 
IS subtracted, we obtain c /»' which is the ratio of the rate of that combustion 
which occurred in the positive column to current The values of e /»' are 
tabulated below 

Table IX brings out the following salient featores of the mdependent 
sections of the c/t curves — (i) The nature of the electrode material has, on 
the whole, little or no effect upon the value of c'/t' , for platinum the value 
of this ratio is, as a rule, though not always, a bttle greater than for copper 
The difference is, however, in most cases slight and withm the lumta of 
experimental error (u) The value of o'/*' increases with moreasmg pressure, 
and also (m) with increasing degree of separation of the electrodes These 
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facts constitute further proof that the chemical activity represented by o'/i' 
18 practically confined to the inter-electrode rone, and, in all probability, to the 
positive column of the discharge 


Table IX 



The abrupt nature of the departure from AB of the independent sections of 
the e/t curves remains to be accounted for A detailed spectroscopic 
examination of the dischaige is now under way, and will, it is hoped, furnish 
a satisfactory explanation of this phenomenon We bdieve at the moment 
that the inactivity or otherwise of the positive column may possibly depend 
upon the nature of the ionisation of the gases through which it passes 
Reference has already been made to the fact that the steeper mdependent 
sections of the c/» curves begin to nee mpidly when a certain current is 
exceeded Had a more powerful source of current been available in tbe course 
of these expenmente, there is no doubt that a similar rapid curving upwards 
at some pomt or other on all the curves would have been found In several 
oases (see Tables II to VI and the diagrams in figs 7 to 9) currents m excess 
of those at which a steepening up of the curves occurred were employed with 
the object of attemptmg to detennmo the lowest pressures at which such 
currents were capable of igniting the gaseous mutures With the experimental 
procedure adopted, by which the eleotrolytio gas was admitted mto the 
combustion chamber after the discharge had been started, it was found that 
the pressure at which ignition with a given current occurred mcreaeed with 
the rate of admission of the gas If the gas were rapidly admitted to a 
suitable pressure, and this pressure then maintained as closely as possitde 
by balancing the rate of slow combustion by regulation of the rate of supply 
of electrolytic gas, it was found that a definite interval of tune elapsed before 
ignitaou occnrred Thu interval, or lag, which in some oases amounted to 
several seconds, increased with decrease m either the current or pteaauie of 
the gas 
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In the light of the foregoing facte and considerations, the following suggeetions 
ma^ be advanced as a possible explanation of the mechanism of electrical 
igmtion of explosive gaseous media — 

When an electnc discharge, powerful enough to bring about ignition, is 
passed through smh a medium, chemical combination occurs in both the 
cathode and inter-cIcctrode zones The rate of such corabmation is duectly 
proportional to the current , that in the cathode zone being jiroportional to 
the total number of ions arriving m unit time at the cathode, and that occurnng 
mthe mter-eleotrode zone (positive column) being probably proportional to the 
number of suitable ions formed by the passage of the current The heat 
liberated by the gases on combination contributes to the number of ions formed 
by the passage of the current With an igniting current, tlus heat source of 
ionisation product ions more rapidly than they reoumbine to electrically 
neutral atoms or molecules, or are removed from the zone of the discharge by 
oonvection currents m the gas Thus this source of ionisation is cumulative 
and leads to ignition and explosion when a sufficient concentration of suitable 
ions has been attained Furthermore, ignition does not occur at the actual 
moment of initial passage of the igniting current, but only after the lapse of a 
definite interval, or lag, during which that concentration of suitable ions which 
IS neceesaiy to bring about ignition is gradually attamed by the cumulative 
addition of those ions which are formed by the heat of combination of the 
combustible gases, to the tons due to tne passage of the current Inspection of 
the diagrams (figs 6 to 7) shows that whether this critical ignition concentration 
of ions IB first attained in the cathode or mter^lectrode zone, or in both simul- 
taneously, depends in the mam upon the degree of separation of the electrodes, 
and to a lesser extent upon the pressure of the gas and the nature of the material 
of the cathode The lag found by ns m attempting to determine the least 
Igniting currents under various couditions, and the lack of agreement in the 
results obtained, which was certainly due to lag effects, are, at the same tune, 
accounted for on a basis of this hypothesw, according to which heat plays no 
r61e beyond that of furnishing tons 

Summary and Condudxng Rmarla 
In the foregoing experiments it has been shown that — 

(i) An eloctno discharge can be passed through electrolytic gas in such a 
manner that combustion takes place at a rate which is determined only by the 
current passed by the discharge 

(u) Up to a certain limiting current which depends upon (1) the nature of 
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the cathode, (2) the gas pressure, and (3) the degree uf separation of the 
electrodes, combustion is confined to the cathode none 

(ill) Such cathodic rombustion IS independentof(l)tbe potential fall between, 
and the degree of separation of, the electrodes, (2) the gas pressure, and (3) the 
temperature of the discharge, but depends upon the nature of the cathode 
material 

(iv) The rate of such cathodic rombustion is directly proportional to the 
current, i e , to the number of ions arriving at the cathode in a given time 

( v) After a certain limiting current has been exceeded, combustion commences 
abruptly ui the inter-electrode sone and is thereafter superpoeed upon the 
aforesaid cathodic combustion, the two then continuing as mdependent 
simultaneous effects 

(vi) The said inter-electrodic combustion is itself, like ‘the cathodic, also 
proportional to the current passing , unlike the cathodic, however, it is 
independent of the material of the electrodes, but dependent upon (1) the gas 
pressure and (2) the degree of separation of the electrodes 

(vii) Little or no combustton takes jdace in the anode aone 

From these facts it may be concluded that the combustion which occurred 
under the said conditions was primarily determined by the ionisation of the 
gaseous medium through which the current passed. 

The abrupt superposition of the uiten^leotrodir upon the cathodio combustion 
is strongly suggestive of a quantum effect Thus it may be that whereas in 
the cathodic sone, in which the potential fall is undoubtedly very steep, the 
ionisation of the gases is from the outset of a charactor favourable to combustion, 
m the inter-electrode lone, where the potential fall la much less steep, only 
one or neither of the constituents of the gaseous medium is suitably loniaed 
until a certain lumtmg potential fall is attained At any rate, in new of the 
results obtained, it is difficult to resut the conclusion that both cathodic and 
mter-electrodio combustion are determmed by ionisation. 

It is proposed to extend thui investigation to other cases of gaseous combustion 
and to 8up{dement these experiments with spectroscopic observations, w 
correlation with other investigations upon gaseous combustion proceeding m 
this Department of the Imperial CoUege 

One of us (G I F ) is indebted to Prof A. O. Ranlane for the loan of a Kdvm 
deotrostatio voltmeter, and to Dr. Robert Mond, who generously supplied some 
of the appaiatus employed m this investigation. Also, one of us (L G C ) 
wishes to thank the Sir Richard Stapeley Educational Trust for a personal giant. 
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The EhmtncUion of the Nodes in Quantum Mechanics 
By P A M DiRAf, 8t John’s College Cambridge 
(Commumcfttod by R H Fowler, F K 8 — Received Maroli 27, 1926 ) 

§ I Introducttofi 

The laws of classical mechanics must be generalised when applied to atomic 
systems, the generalisation being that the commutative law of multiplication, 
as applied to dynamical vanables, is to be replaced by certain quantum con- 
ditions, which are just sufficient to enable one to evaluate zy — y® when x and y 
are given It follows that the dynamical variables oannot be ordinary numbers 
expressible in the decimal notation (which numbers will be oollod c-numbers), 
but may be considered to be numbers of a special kind (which will be called 
q-numbers), whose nature cannot be exactly specified, but which can be used 
m the algebraic solution of a dynamical problem in a manner closely analogous 
to the way the corresponding i lassioal vanables are used * 

The only justification for the names given to dynamical vanables lies 
in the analogy to the classical theory, e y , if one says that z, y, z are the Car- 
tesian co-ordinates of an electron, one means only that x, y, z are q-numbers 
which appear in the quantum solution of the problem in an analogous way 
to the Cartesian co-ordinatos of the electron m the classical solution It 
may happen that two or more q-numbera are analogous to the same classical 
quantity (the analogy being of course, imperfect and m different respects 
for the different q numbers), and thus have claims to the same name This 
occurs, for instance, when one considers what q-nurabers shall be called the 
frequencies of a multiply periodic system, there being orbital frequencies 
and transition frequencies, either of which correspond m certain respects 
to the classical frequencies In such a case one must decide which of the 
properties of the classical variable are dynamically the most important, and 
must choose the q-number which has these properties to be the cxirreepondmg 
quantum variable 

In the classical treatment of the dynaraiosl problem of a number of particles 
or eiecteons moving m a central field of force and disturbing one anotiier, 
one always bogms by makmg the imtial sunplification, known as the elinunation 
of the nodes, which consists in obtauung a contact transformation from the 

* ' Boy Soo Prod A, voL 110, p Ml (IBM) Ifts method then given In 1-4 ii the 
one used here 
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Cartesian co-orchnatca and momenta of the electrons to a set of canonical 
Variables, of which all except three are mdependent of the onentatiou of the 
system as a whole, while these three detomune the orientation. In the absence 
of an external field of force, the Hamiltonian, when expressed m terms of the 
new variables, must be mdependent of these three, which simplifies the equa- 
tions of motion It can be shown that the now variables may be token to be 
the followmg the distance r of each electron from the centre, with the radial 
component of momentum p, as conjugate variable, the component M, (n p say) 
of the total angular momentum of the system in a given direction, * say, with 
the anmuth about this direction of the direction of total momentum as conjugate 
variable , and in the case of a system with a single electron the only other new 
variables may be taken to be the magmtude of the angular momentum k, 
with the angle 0 m the orbital plane between the radius vector and the Ime 
of intersection of the orbital plane with the plane xy as conjugate variable , 
while in the case of two eleotroDs the remaining new vanables may be taken 
to be the angular momenta k and k' of the two eleotrons, with, for conjugate 
vanables, the angles 0 and O' between the radius vectors and the hue oi 
nodes, and the total angular momentum j with the asimuth ^ of the Ime of 
nodes about the direction of j for conjugate vanable The transformation 
does not mvrdve anything essentially dificrent when there are mote than 
two electrons, as we may consider all the electrons except one as forming an 
inner system or core which plays the part of the second electron when there 
are only two, so that the j of the core counts as the i' of the whole system, 
the (j; oi the core counts as the O' of the whole system, while the magnitude 
of the resultant of k and k' is the j of the whole system, and the anmuth 
about the direction of tbs resultant of the Ime of mtersection of planes 
peqiendiculai to the vectors of k and h' la the All the new vanables are 
independent of the onentation of the system as a whole except p, ^ and iji 
(or 0 when there is only one electron) The vanables k, k', j and p may 
be called action vanables, emd then canonical conjugates angle variables 
The object of the present paper is to perform the corresponding initisl 
sunphfioation in the quantum treatment of the problem by the introduction 
of certain qaantnm vanables, which will be given the same names r, Pr> il, 6, etc , 
whose properties upon mvestigation will bo found to be closely analogous 
to those of the olsasioal vanables. The quantum vanables, of course, esnnot 
be considered geometncally The geometnosl relations satisfied by the classical 
vanables must be expressed in an analytio form, so that one can then try 
to obtain quantum vanables wboh satisfy Uie same algebraic relatums If 
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a clasMoal vanable la independent of the onentation of the aystem aa a whole, 
the corroeponding quantum vanable muat be mvanant under the transforma- 
tion 

2 = lix 4- miy + nji 
y = la* + *»iy -f 
z~l^ + 4 - 

where the i’s, m’a and n’g ore c-numbers Batisfjnng the same relations as the 
claaucal coeflScienta for a rotation of axes The new vanablea, of course mqst 
all be real, and also the angle vanablea 0, O', <{i and ^ must be such that the 
Cartesian co-ordinates, when expressed in terms of the new variables, are 
multiply penodio m the 0, 0', iji and ^ of penod 2 n Finally, the most essential 
property of the new variables is that they shall be canonical, which can be 
verified only by evaluating all their P B ’s (Poisson bracket expressions) taken 
two at a time 

In the present paper we are not concerned very much with what the Hamil- 
toman of the system is We simply want to find a contact transformation 
from the Cartesian co ordinates and momenta to the new variables, namely, 
the f’s, p,’a and certain variables which we call action and angle variables 
These can be true action and angle variables only if the Hamiltonian is a 
function of the r’s, p,'a and action variables only In this case, to complete 
the solution of the dynamical problem, t is necessary only to obtain a contact 
transformation from the r’s and p,’a to extra action and angle variables, which 
transformation may require the addition of functions of the r’s and p,’a to the 
previous angle variables When the Hamiltonun does not satisfy this condition, 
the action and angle vanablcs introduced m the present paper form a prebminary 
system of canonical vanables, from which the final umformising variables may 
be obtained by a further contact transformation It can be shown that the 
kinetic energy of an electron is a function of the r, p, and action variables only, 
and hence, if the total field m which the electron moves is approximately 
oentral or symmetrical about the z-axis, the Hamiltonian will difier from a 
function of the r’s, p,'a and action vanablcs only, only by a small quantity, 
so that the further contact transformation can be made with the help of 
perturbation theory In the absence of an external field of force the Hamil- 
tonian muat in any case be a function only of those of the new variables that 
are mvanant under the transformation (1), since the Hamiltomau itself is 
invariant under this transforraatioo 


+ f »ip, 

P, = kpm 4- f nipt 
P. = hpx 4- mtp, 4- 
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§ 2 Prdimtnary AlgtbraK BeUUtom 

Let T, y, i and p„ p, be the Cartenan oo-ordinates and momenta of an 
electron Any function of the oo-ordinatea and momenta of one electron 
commutes with any functaon of those of another Define r and p, by 

r = (** + y» + ^y, (2) 

rpf = xp, + yjj, + ip. - th (3) 

Then we have, since r commutes with x, y and * 

^ [r, rp,'\ =. X [r, p,] + y [r, pj + * [r, p.] 

[t. P,] =■ [{a:* + y* + a*)*, pj =• a>/(a* + !!* + **)*=» xjr, 

with nmilar equations for [r, p,] and [r, p,] Hence 

[f, rpj =>(** + y* + **)/f = f, 

[r.pJ-1 

Thus r and p, arc canonically conjugate and may be taken to be a pair of the 
now variables, as they are obviously invariant under the transformation (1). 
The (— lA) 18 put in equation (3) for symmetry and to make p, real, the 
conjugate imaginary equation, obtained by vmting — t for » and reveraing 
all orders of factors of products, being 

Pfr = p,x-|-p^+2V f tA (S') 

which agrees with (3) 

The components of angular momentum* of an electron are defined, aa on 
the classical theory, by 

= yp. “ tp,. »», = *p. - xp,, m, = xp,- yp, 

He have at once the identity 

+ y»»» + **».=■ 0 (*) 

as on the classical theory. Also 

[w„x]=-[*p,-yp,„*]«:y 'I 

['«« y] =• [*p, - ypm y] = - * J 

[m„ *] =. [xp, - yp„ e] — 0, (6) 

* llie MigQisr mumentum reUtiona of this wetioo have been obtained independently 
by Bom, Heisenbeig and Jordan Zolta f fliys.,’ rol ^ p. 6S7 (IMS)) 
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and uoularly 

lf»., p,] ~ p„ K, = - p„ 

K, p.] -- 0, 

with corresponding relatione for tM, and m. Further, 

[m, w»] [m„ zp, - xp,] ^ [«v, *]?,-* [»*, 

-= - yp» + rp, =. m. 

and similarly 

[m,, »».] m„ [m„ wj = m. 


(7) 

(8) 

(^) 


These relations will be continually used m the eubeequent work Kquations (5), 
(7) and (9) may easily bo remembered from the fact that the -f 'ugu occurs 
when the eyebe order (x y z x) is preserved, and the — sign occurs with the 
reverse ofder 
From (2), (6) and (6), 

[r*. m,] = [j* t- y*, mj = - 2xy + ‘2xv = 0, 


and from (3), (6), (6), (7) and (8), 

[rp„ mj = [xp, + yp, m.l == - yp, - xp, + rp, t- yp, 0 
so that r and p, commute with »»„ and therefore from symmetry also viith 
m, and and therefore with any function of the angular momenta 
Put 

M, ~ 'Lm, M, _ Urn, M, = Sw., 

the summation bemg eittndid over all the electrons We have at onte from 
(5) and (6) for each electron 


Also 
and similarly 
Let 


[M.,*] = y, [M.,y]=-x. IM„ :] = 0 
[M„ M,J = IS*n, Sw,] = L [m„ mj — Hm, =- M, 

[M„ M.J = M„ [M„ MJ = M, 


(10) 

(11) 


»i»* + »«** + «*•* — m* 

We have from (9), 

[m*, »»,] = [Wb* + »»,*, *nj - m, w, — »v ffl, + «>, m, 4- m, m, - 0, 
so m commutes with m„ and hence also with w, and w. Similarly if 
M.H M,» + M*=M* 


M commutes with M,, M, and M, 
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The tmetic eneigy of an electron u a function of (p,* + p,* + p,*) With 
the help of (2), (3) and (3') we obtain 

{yp. - ip,)> = {yp4/p, + tp, *p, - ypjtp, - zp,yp.) 

(y*p** + *V«’ - ypfT^ - + **p** - 2iA»p,) 

= (j:* + »*+z*) (p.*+P,* l-p.*)-(.tp.+yp,+ *p.) (p^+M+Pt* + 2iA) 

= (V + ;>,* + P.*) - (^r + **) (P^ + «») 

-- (Pz* + ?,* 1- p,*) - »*Pf* 

Hence 

p.’ + p,’ 4- p.’ = pt* 4- m*/^ (12) 

as on the classical theory Now m* w going to be a function of the action 
vanablee, and hence the Innetio energy of the system will be a function of the 
f's, p,'t and action vanables 

We shall not be concerned further with the r’s and p/s except to vcnfy that 
they commute with each of the action and angle vanables that will be introduced, 
this being necessary for the vanables to be canonical 


§ 3 The Actum Tartabla 

t)n the classical theory one of the action vanables to be introduced, namely, k, 
18 ]U8t equal to m The quantum vanable k may not be equal to m, but must 
be chosen such that x, y and z are penodio functions of its canonically conjugate 
variable 6 of penod 2n On the classical theory, if a co-ordinate, t say, is 
expanded as a Fuuner senes m the angle vanables, the coefficients of the terms 
involving e“** all vanish unless n « ± 1 This fact is expressible analytically 
by the equation BH/dO' = — c, or in P B ’s by [fc, [A, s]] =- — s We try to 
choose our quantum vanable ib so as also to satisfy 

»]]--* (13) 

This relation would ensure that when s la expressed m terms of the now vanables, 
It would be penodic m 6 of penod 2n, and, further, that all the coeffloients 
in the Fooner expansion would vamdi except those of e" and e~** terms 
The ordinary selection rule for k would then follow 
Equation (13) gives 

[i*, t*. *]] » i [*, [i. m + Ik. [*, *]] i « - (ib 4- **), 
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and hence 

[*>, *]] = k [fc*, [*r, s]] -f [Jt», [i, *]] I =- - d 2hL + zl*) 

^ - 2 (kh + tl^) + (i»z - ihi + zP) 

-2 (Lh + zL*)- Ani.lt. 

- - 2 (i»z t- *Jt») + Wt 

[**.*]]=-(*•-!**) *-*(**-!*•) (H) 

Now from (6) and (8) 

i [»»», *] = i K* + m,* *1 -* K- ym, - f xr», + wv*) 

= - m^y -)- tAa -= — ym, = xm, — (16) 

Similar relatione hold for i [»»’ x] and J (ni*, y] Hence 
ifw* [m*,z]] == % fw*, x] — v) + th (»»*, *] 

= m,2 (ym, - »«^) — m,2 (m,* — atm,) + \h fm*, *] 

2 (m^ + M,y + »»,*) w. - 2 (m.*+ m,* + w,*) t f [n»*, i] 

= — 2w*r + {mh — «n*) 

;»i* (16) 

Comparing this with equation (14) we see that they agree if we take 

m* ^ i* - Ik* ■= kikt, (17) 

whore 

ili-A-fJ*, A,=.i-iA 

(la general we shall tako the sulfax 1 attached to any action variable to denote 
the value of that variable men aacd by \h, and the auffix 2 to denote its value 
reduced by ) 

With k defined by (17), equation (14) follows from equation (16), but iqua- 
tion (13) does not necessanly then follow from equation (14) AVo may, 
however, take (13), together with the corresponding equations 

LA:,[i.r]]--r [*,(i,y]]--y (18) 

as completing the definition of k, which had previoualy been defined only 
through I? It seems probable that m general an algebraic equation in quantum 
algebra has an infinite number of roots, e y , the algebraic equation la — ax 
u analogous to a difierential equation on the classioal theory, and its general 
solution contains arbitrary o numbers It thus appears to be reasonable for 
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one to take two or more equations to define a q-number when necessary, pro- 
vided these equations are consistent, as in the present case 

One may examine the necessity for the further assumptions (13), (18) in 
the definition of k by the matrix method used by Bom, Heisenberg and Jordan ♦ 
If one regards (14) as a matrix equation and equates the (nm) components of 
either side, one obtains a relation effectively the same as Bom, Heisenberg 
and Jordan’s equation 22 Kap 4 (except for the fact that Born, Heisenberg 
and Jordan are using M instead of m, and X, a linear function of x, y and z, 
instead of z) From this these authors deduce that all X (nm) components 
vanish except those related to two it's, o, and say, that satisfy 

a, =■ ± ± 1 (23) Kap 4 

But we want each X (n«i) to vanish except when 

= (23') Kap 4. 

Bom, Heisenberg and Jordan state that negative values of k can be ignored 
without loss of generality, but this is justifiable only if it can be shown that 
transitions from a positive to a negative k cannot occur This cannot be done 
without further assumption, since if there is a matrix representation for which 
every X (nm) vamshes except when (23') Kap 4 is satisfied, one can obtam 
from it others for which this condition is not fulfilled, but only the condition 
that each X (nm) vanishes except when (23) Kap 4 is satisfied, by interchanging 
in the matrix k some of the pairs of rows, and the corrcsiionding pairs of 
columns, for which the o^’s arc equal in magnitude but opposite in sign, as 
this process docs not affect the validity of any matrix equation that 
involves k only through i' Equations (13), (18) supply tho necessary further 
assumption. 

One can take as another action vanable the quantity M„ equal to p say, 
since from (10) 

[?'.[?.»■]]=* tF.y] = 

[f. y]] = - [p. *] = - y 

These equations show that x and y are periodic functions of the vanable 
conjugate to p, of period 2w, and that all the coefficients m their Fonner 
expansions vanish except those of ^ and terms Further, since [p, z] » 0, 
all the coefficients in tho Founer expansion of z vanish except those of terms 
independent of ^ The selection rules for p follow from this 
* Bom, Heisenberg sod Joidaa, he eit 
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Again, when there la more than one electron in the system, we can definej by 

( 20 ) 

analogous to (17), and take j as an action vanable, because, as «o shall show 
later, quantities (ic (ly, ii. can be found which satisfy 

= (21) 
From the results of J 2 it is evident thaty, p and the i's commute with r and 
p, and with one another, and also j and the i’s are invanant under the 
transformation (1) 

§ 4 The Angle VanalAes 

Each of the angle variables w is given on the classical theory by e*” being 
equal to the square root of the ratio of two quantities that are conjugate 
imaginanes, i e by a relation of the type 



where a and b are real This, of course, makes tr real, sinoe li one wntes 
— » ter • in (22) it remains true On the quantum theory there are two 
oorresponding ways by which one could define «‘*, namely, 

but neither of these makes tr real The correct quantum generalisation of (22) 
18 the more symmotncal relation 

<>(o-.6)e‘- = o + ii. (23) 

This becomes, when one equates the oonjugsic imagmanes of either side 
«-•" (o + th) «-•• =. a - ih, 

which 18 equivalent to (23), so that w defined in this way is real We may solve 
equation (23) for e*" m either of two ways, namely, 

(o - .*) «** (o - It) » (« + »A) (a - ti), 

giving 

«*» {(a + U>)(a- tb)}* = {(« + .*)(«- »*)}'* (o + »*)(«- ib), 

so that 

(24) 

or alternatively 

(a — lb) s'* (a — 16) ^ (a — ib) (a + ib), 

which gives 

e*'-(o + ib){(a-ib)(a + »b)}-* (25) 


VOt CM— A 
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Suppose: 
We h*ve 


so that 

and 


that J IS an aotion vaoabis sueh that 
[J.«]=»A [J,h]=-o 

lJ,«» + .h]=»6-w = -»(« + t6) 
[J.(i-»h] = 6 + w = i(«-*5), 

J(o + i5)-(a4-*i)(J + S) 1 
J(a-t6) = (a-t6)(J-A) J’ 


(26) 


(27) 


J (a + t5) (a — ;h) = (o + th) (J + A) (o — * 6 ) = (a + » 6 ) (a — 16 ) J, 
so that J commutes with the product (a + » 6 ) (o — » 6 ) Hence from (24) 
or (26) 

J«‘- = e*-(J+A), 


or 

It does not (oUow rigorously that (to, J] = 1> but smce le oot nrs tu the analysu 
only through e“, the relation [e**, J) = %e'" is sufficient to show that we can 
take te to be the variable conjugate to J 


Prom (26) [I, [J, «]] - — o 


(28) 


Hence, to determine the angle variable w canonlrally conjugate to any action 
variable J, one must look for a quantity a that aatishes (28) and that commutes 
with each of the other action variables, and then, if it can be found, define w 
by (23) with h equal to [J, «] This will make ic real and conjugate to J, and 
will make it commute with the other action variables It would, of course, 
have to be verified that it commutes with r and p, (On the classical theory 
the conditions that a must satisfy are that it must vary periodiially according 
to the cosme law when w increases uniformly and the other new vanablos are 
kept constant, and must remain constant when the r’s, p/s, action vanables 
and w are kept constant ami the other angle variables vary arbitrarily ) 

To detemune, fur instance, the angle variable 0 canomcally conjugate to 
the A of 5 3, we know that [A, [A, *)] = —* and that s commutes with p, and 
hence for the case of a system with a single electron when there is no other 
aotion vanable, wo can take 0 to be defined by 

e-(s-»[A,r])e« = s + *[A,r]. (28) 


We shall have to take a different value for a when there is more than one electron 
m the system, smce z does not commute with^' It is obvious that 0 , defined 
by (29) or 


«« = {(, + » [A, »]) (* - » [A. s))}-» (* + » [A. *]). 
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OoiluaatM with r uttoe z and h do bo IV) prove that it also commutee with p, 
we bare 

[* 

* (rp,) ==-(rpr + »*) * 

This equation must still be true when for s is substituted (z + > [i z]) or 
(*—»[* *]) or {(r + t [it *]) (* — » [i, *])}• * It follows that «** commutes 
with fp, and hence with p. From (27) we have the equataon 

I, (+»(**]) ==(* + »(* *])i, (30) 

which will be required later 

In the same way we may define ^ the angle variable canomcally conjugate 
to p by taking o ==■ M, smee we know that [p [p M,]] — — M, and that M, 
commutes with each i and with ^ We thus have 

- »M,) - M, + iM, 

It IS obvious that r an 1 p, commute with ^ since they commute with M, 
and My 

The equations (23) (24) (25) tot the typical angle vanablo are most useful 
in the form 


0 + i6 = {(fi + tb) (a - ti)}* e*' e*" {( ♦ - ti) (o + i6)}* I 
a - lb ~ {(a - tb) (a + ih))* e •* _ {(a 1 i6) ( i - ih)}* J 


(31) 


It IS necessary ti evaluate the products f (a )- »h) and (o — »6) m each case m 
which these equations are used hor the catH. when a is M, and b is M, vie have 


(M, I- tMy) (M, iM,) -= M/ + - » (M,M, ~ M^M,) 

) bp 

-f- Pi 


so that equations (31) become 

M. + iM. _ (f - p,*)‘ «*♦ = (j' - p/)» 'I 

y (32) 

M. - .My - (/ - pf)*e-^ = p,*)‘ J 

The evaluation of the product (* + •[!; z]) (z » [I; z]) is not so easy 
We shall evaluate the more general product (z + » [h z]) (C — » [* C]) where 
S Y) 1^ are three quantities satisfying the relataons analogous to (4) (5) and (€) 


* This is not ngcroDS but appwuf to be Jnstiflable 
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S«2 

(and the relations corresponding to (5) and (6) for m, and m,) m which x, y, « 
have been replaced by ^ t), u vc need this piece of analysis later 
^ 7], must satisfy the relations analogous to any of the consequences of (4), (6) 
and (6) that do not require for their proof the fact that x, y, z commute with 
one another, such as (16) and (13) [providod the auxiliary assumptions (18), 
(18) required for the definition of k ate true for the ^ 

We have from (16) in which *n* is replaced by it*, 

+ *]i: = [i*,z]=»2(m^-»iVSi4-»A*) 

Also 

I [t, t] - [4. z]h = %h [i. [i, r)] =: - lAr 

from (13) Hence 

k [*, z] — + \ihz, (33) 

and similarly 
From (4) 

+ m,y) (m,5 + m,ir]), 

so that 

(m^ -- m^) (m,5 - m,Yi) + 

=- m, (rw, + ym,) 5 + *».(yw. + »»,)>) 

+ w, (*«*,- ym,) 5 + m, (ym, - rmj ■>) 

= t«, (m^ + m^) 5 + m, n) 

+ m, (m^ - m^) 5 + », - m^) q 

— (m/ + f»,*) (*5 + y>j) - thmjfl + lAflvnj 
Using these results and also (30) we tmd 
*(*-A)(s + i[i,r])(!;-»[i.q) 

= i(* + .[4,*])A(i;-.[it,13) 

= . (w^ - m^r)} {hK-* ("*,5 ~ »V))} 

= (m^ - m^) (m,5 - »n,i)) + + t {m^ - in^^)} A,!; 

- lA,^ (m,5 - m,ij) 

- (♦«.* + «.,*) {x% + yr,)- m.HK + tAfUj («) - y5) 

+ A, {A,* + » (m^ - tnj^)} C - tA^ (m,5 - w,ii)) 

« (A, A, - m*) (xi + y»)) + (A,* -m/)xJi + ihm, (*ij - y5) 

- »A, {- (m^ - «i«y) ? + («»» - ite) 5 - (*>V + »Ay)> 5 } 

«= (A,* - m,*) (r5 + yq + *?) + tAm,(an) - y5) 

-♦*t{«.(S'?-^) + »«,(t5-*i:)) (34) 
Now take ^ v;, equal to ar, y, « Equation (34) reduces to the simple result 
A (A - A) (r + 1 [A. *]) (* - 1 [A, *]) a*- (A,* - «»,») r» (36) 
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in The Trarufomatum Equalumtfor the System mth a Stngle Electron 
Wben the system consists of a single eleotroin the new canomcsl vansbles 
oie in addition to r and p, the action vanables I [defined by (17)] and 
p [ «= mj and the angle vanables 6 and ^ [defined by (29) and (32)] With the 
help of (3B) the transformation equation (29) may be put m the form (31) 
The result is 

* + •[* Mi-A) ‘(V-P*)*«" ] 

= rk ‘ (i,* - p»)‘ s“ = rt-‘ ^ (i,* ~ p*)* il ‘ ^ (36) 

s-x[k x]^rk ‘(A:,*-p*)‘e ^■=rk ‘e ^•{kj‘-f)^k 

We have already shown that the new vanables satisfy all the conditioDs that 
they ought to satisfy except that [9 ^] => 0 Thu relation is not very easy 
to prove but fortunately it is not of any dynamical importance since if it 
IS not true our 0 and ^ would differ from the true vanables conjugate to k 
and p only by real quantities that are functions of K and p only and are there 
fore Constants The amplitude oi x y z expressed as houner senes will 
therefore not be affected 

A simpler way than the one already given of proving that the transformation 
from the original vanables to the new variables is a contact transformation 
IS to assume that the new vansbles are canorucal and satisfy the quantum 
conditions and to deduce from that that the onginal vanables are canonical 
It IS convenient with this method to introduce the vanables 

,1* -»(I +p + lA)‘e »<*♦*> -te 

(k-p-{h)te^* *> = «*.» + 

7),= -.(t-pd iA)*e “* ♦' --.e ♦)(A_p_iA)l 

which are easily venfied to be canomoal and which give 

5i7)i=« -*( fc )-p- JA) 7),5i=.-t(*4-p + JA) 

Ssls t{k-p~\h) »j,5,= -*(i-p + iA) 

The transformation equations may now be put in the simple form 

a-iy-Jri ‘(V-V)*-* ^ (57) 

m, + MU, =■ 

OT, — «», 3=J sSflJi 

*I». + W>» + ^.=”«3»r + »*. 
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from which one can eanly verify that x, Ptt Pi^ canonical when it la 

aMumed that the ^’g and ij’s are canonical IncideDtaU 7 this method ahowa 
that our pieviovui 6 and ^ do commute 
Equations (37) arc also the most oonveniont onea for evaluatiiig the amphtudes 
of the vanous components of vibration, since they give at once 



The simplicity of equations (37) is due to the fact that one can associate 
each component of vibration of the system with the product of two of the v) 
variables that are not conjugate With systems of more than one electron 
there are too many components of vibration for this to be done, so that there 
ate no equations correspondmg to (37) for such systems 

§ 6 The Tramfonmtxm Equatwnsjor the Syelem unth T m Electrons 
Consider now the case of a system with two electrons and use dashed letters 
such as X, pt, m^', k' to refer to the second electron. We take for our new 
variables, in addition to r, p„ r', p^, the action variables k [defined by (17)), 
k', p andy [defined by (20)], and their conjugate angle variables 0, O', ^ and iji, 
which will now be defined 

We define ^ as before by equations (32) To define 0 we must replace the * 
m (29) by some quantity that also satisfies (13) and that commutes with k\ p 
andy The quantity xw,' + + *«.' («• q . m' say, using the dot to denote 

a scalar product and q to denote the vector x, y, z) has the necessary properUe*, 

[i,[*,q in']J = [*,[h,q]].m'--q m' 

from (18), and 

[q.m',r] = 0, 
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owing to tbe Awt that k' otnumutoa with m,', m,' and m,' , and fartfaoT from (4) 
q m' *= q (M - m) = q . M, 

10 that 


[q . m'. ri *[q . M. M.] + M,] 

» -yM.-*M, + aM, + yM, = 0, 

and from symmetry 

[q m'. M,]=0. [q m', M,]-=.0, 

so that 

[q in',j]=.0. 

as required Thus 0 defined by 

e"(q m'-ilit.q m']) = q . m' + . [i, q m] (3«) 

IS conjugate to i and commutes with i', p and j, and also, may be proved, at 

in the case of a single electron, to ooramute with r and p, In a corresponding 

way we can define 0' by 

e^(q' m-tlk'.q' m])««'=»q' q' m] (40) 

To define i)< we must introduce the quantities 

p, =a m,m,' — m.m,' =a — m,'M, = m.'M, ~ M,m/ "i 

p, =s — m,'M, =» m,'M, — M»m,' > (41) 

p, ~ — w,'M, = — M,w,' J 

We have 

[M,, p,] = [»«» "»,»»,'] + K', - >«.m, 1 = - + fiyn,' = p, T 

[Mfl l*v] = [«>.. ~ »»*«,'] = - + m,m,' ■« - p, J 

[M„ p.] = - m^' ~ = 0, (43) 

and further 

pm — (w,m,~ »»,f«,) *»«' + — «»•**♦») m,' + (n*^, — m,' 

— ~th {mtpnj + + «v«/), 

and 

p m' = nt, — *»,'♦»,') 4- »»» (m/Wa' — fnjm,') -f m, («*,'«,' - 

— tA(ni,w*,' 4- + w.m,'), 

so that 

p m = 0. (44) 

The relations (42), (43) and (44) between p„ p,, p, and M., M, correspond 
exactly to the relations (5), (6) and (4) between *, y. * and m» bv «« so that 
any consequences of (fi), (6) and (4) that do not requite for their proof the fact 
that X, y, z commute with one another can be apphod directly to the p’s and 
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U’« The equations (13)i (18) an suoh oonsequeuoea, and give when appbed 
to the (x's just equations (21), and thus justify the definition (20) for the action 
vanable j [The iact that (13), (18) involve an additional assumption, which 
may be regarded as oompleting the defimtion o{ Jb, here repeats itself, as (21) 
mvolvea the corresponding additional assumption, which may be regarded as 
oompleting the definition of 7 ] Equation (33) apphed to the p’s gives in a 
similar way 

J L?. ji.] = M,(i* - M,p, + (45) 

which will be required later 

Now p, evidently commutes with r, f„ r', p,', k and k', and we have proved 
that It commutes with p, so that we can take it to be the quantity to be 
substituted for a m (23) for the definition of We then get 

We have thus oetabluhed all the relations necessary for the new vanables to 
be canomcal except that the angle vanables commute with one another, but 
this, as before for the case of a single electron, is of no dynamical importance. 
All the now vanables except p, ^ and <)i are obviously invanant under the 
transformation (I) 

To put the transformation equations (39) and (46) m the form (31) it 11 
necessary to evaluate the (o + *6) (« — tb) for each of them. For the case 
of (46) the analysis loading to equation (34) is directly applicable, and gives, 
when one wntos j for k, M, and M, for m, and *»,, p for m„ and p», p,, p, 
for X, y, r and 5, t). 

iO -A) (ia. + *L;, p.]) (p.-»[;. p.]) 

= Oi* - P*) (p,* + P,’ + P.*) + »*p(p«p, - P,P») 

- Vi{M, (p»p, - P.P,) + M, (p,p, - p,p,)}. (47) 

We have 

P,* 4- P,* + P,’ = 5^ (»»,**»,'* + «*»«,'* - »»,«»,»»,' w/ - m,m^,'OT,') 

= (w,* + + m,*) («,'» + m,'» + m,'*) 

- (»Vn»' + ni,*",' + wpn.')* 

+ (m,»n, - m,«,) (m,V - m,'m,') 

= — (m ra'f — A* m m', 

[Pn P»] = [p» w.] < + [p., m,’] - [p„ mj m,' - m, [p„ m,'] 

= + m. («,m,' + 

- (- + t>hrn,m,' 

=*(«. + O («h,w»' 4- + «.«.') 

^ 4- («**»» - «sm») m»' + *»f (« - »•'"»»') 


and 
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u ^ iait two t«rms caocel, with smuIaT relations for fpiy, [i,] and [{i.,, fi,] 
Hence the right-hand side of (47) becomes 
(ji* — - (m m')* — A*m m') - k*jha m' 

-f JV)m m' 

= — AV® «n' + A;i (;i;j ~P®) m tn' 

” {Jt - ?*) {»»’»»'* - («»> "»')• + *71 m • m'} 

Now 

= *(7,‘-Mi- 

m m' - A^, = 1 — ki'ki — Aj,) 

m*m'* — (m m' - Aj,) m m' = — J {(;,* — k^kf — A/ A,')* — A*j,*} 

= -10/"37.*(M. + W + i**) 

+ (* 1*1 - 

= - i Oi* - 37 i* {** + *'*) 4- - *'?} 

where we have used the notation 

(o, 6, c) = - (o‘ + (>* c‘ - 2A*c» ~ 2c»a* - 2 oV) 

= (a -f 6 + c) (a -I- 6 - c) (<» - 6 -f c) (- a -f A -f r) 
for throe quantities a, b, o that commute Hence (47) reduces to 

7 (7 - A) (l*. + » (7. (*.]) (tt, - • [7. (^1) = i Oi* - J>*) ( *, A'. 7.) («) 

The evaluation of the product (a 4- lA) {« — »A) for equation (39) h more 
complicated, and the method will only be indicated The product to be 
evaluated, namely, (q m' -f » [A, q m']) (q m' — » [A, q m'], is composed 
of the sum of three terms Uke 

m;*(* |-,rA,*])(x-.[A.*1), 

and three terms like 

{<«.,'(£ 4- » [A, *]) {y - « [A, y]) 4- 4 - 1 [A, y]) {i - t [A, »])} 

The values of the first three terms ate giv«a directly by equation (36), while 
the vabe of the sum of the quantitaes (*-!-» [A, x\) (y — » [A, y]) and 
(y + » [A, y]) [x—t [A, *]) can be obtamed by applying the Imcat transforma- 
tion (1) to the » and m, in (36) and equating the coefficients of ftw, on either 
side. Proceeding m this way we obtam finally 

A(i-A)(q m'4-»lA,q m']) (q . m' - » [A, q ni'])==i(kt,l',j)r* (60) 
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With the help ol (49) and (60) the tranaformation equatioM (W), (SO), (40) 
may be pat in the form (31), and give 

ti. + » [j, = ir* 0.* - ?•)* (i. 

t*. - • D. I*.] =b-*(ji*-f>*)‘(*.*'.ji)*«-‘*j-* f 

and 

q m' + I [i, q m'] = Jr*-* (l„ y)* e***-* = IrA-'c** (i,. i'.j)* *“* I 

with corresponding relations for 0 ' 

§ 7 Systems mlh more than Two Bleetrons 
The extension of the transformation to systems of more than two electrons 
may be made as on the classical theory, as explamed m { 1 The }i„ M, 
of the core form the w,', m,', »«,' of the whole system and the j of the core 
forms the k' of the whole system A shght change must be made m the <|i of 
the core in order to change it mto the O' of the whole system, since the t)i of 
the core has to commute with the M, of the core or tn,' ol the whole system, 
while the 6 ' of the whole system need not do this, as m,' is not an action variable, 
but must instead commute with the p and j of the whole system This change 
is made by substituting for p. m the defining equation (46) the scalar product 
of the (p(, p,, p.) ol the core and the m„ m,) of the outer electron, m the 
same way in which the definition of 9 was changed on passing from the case 
of one electron to thecase of two electrons by substitutsng q . m' for the * m (29) 
This change also makes 0' invanant under the transformation (1), while the 
(|( of the core was not On the classical theory the geometno meamng of the 
change is that the ij; of the core is its azimuth about the direction of the } 
of the core measured from the plane containing this j and the z axis, while 
the O' of the whde system is the same azimuth, but measured from the {dane 
containing the j of the core and the 7 of the whede system 
There are alternative ways of treatmg the system of more than two electrons, 
as one may add the angular momenta together according to different plans , 
for instance, one could first add the angular momenta of the two outer electrons, 
and then add this sum to the resultant angular momentum of the remaining ones. 
The suitabihty of the different methods depends on the relative importance 
of the different perturbation terms in the Hamiltonian The acUcm vaiiaUee 
(sotcept p) are always r^ted to the magnitudes of angular momenta by 
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eqMtians of the type (17) end (20), while the method of 1 4 can always be 
used to find the angle Tariables 

S 8 Appltcattoiu, The Boundary Values of the Action Vanablet 
The applications which are now to be made are vahd only when the 
Hamiltonian is such that the h, k', y, p arc the true action variables or 
appioxunately so 

To obtam physical results from the present theory one must substitute for 
the action variables a set of c-numben which may be regarded as (bung a 
stationary state The different c-numbeta which a particular action variable 
may take form an arithmetical progression with constant difference h, which 
must usually be bounded, m one direction at least, in order that the system 
may have a normal state All the terms in the Fourier expansions of the 
Cartesian oo-ordmates that correspond to trawutions from a statidnary state 
inside the boundary to one outside must vamsh It may seem that these 
conditions arc diffacult to satisfy, and that m general there would be no way 
of choosing the arithmetical progression to satisfy them In practice it appears 
to be a general rule that the conditions can be satisfied m a way of which the 
following example is typical 

Suppose that w is an angle vanablo and J the conjugate action variable, 
and that wherever e** occurs in the transformation equations it has immediately 
in front of it the factor (J, — c), where c is a c-number, and wherever e"*" occurs 
it has immediately behind it the factor (J« — c), which is equivalent to the 
factor (Jj — c) immediately in front Then we take J to have the senes of 
values 0 + Ih, c jA, e+ sh, , which terminates at (c -J- \h) The 
amplitude related to (c + c — \h) is given by one puttmg J — c f JA 
in the coefScieut in front of e" or m the coefficient behmd e"‘“, and therefore 
vanishes on account of the factor (J, — c). The ampbtudes related to 
(o + iA, c ~ iA) and (c + ^A, c - JA) are given by one putting J - c + JA 
tnd J =«=• c + jA m the coefficient in front of or the coefficient behmd 
«"**" Now can occur only through 
{(J, - c) e-}* = (J, - e) e*- (J. - c) e- = (J - c - ^A) (J - c - ] A) r'*. 
so that Its coefficient vamshes when J = o 4- iA or c + JA, and siradarly 
s”*^ can occur only through 

{«-*• (J, -c))*^ e-*"* (J - 0 - iA) (J - 0 - :A) 

In tiie same way can occur only through 

{(J. - s)***}* « (J - c - iA) (J - e - }A) (J - c - iA)****, 
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*Bd its coefficient vamehes when J »» o + JA « + 4^, « c + {A and so oh 
Thus all the amplitudes in the Founer expansions that are related to a vahie 
of J greater than r and a value less than e vanish, which justifies the series 
we have chosen for J We coidd equally well have taken the senes c — •JA, 
c — 3A, c — 3A, We may call the value J = c the boundary value of 
either senes 

In the same way when there is more than one action vanable, J and J' say, 
if e** IB always preceded in the transformation equations by a coefficient 
with the factor /(J^ J'), and «“*• is preceded by /(Jj, J') we may take 
/(J, J') 0 to be a boundary value for J This equation, though, may also 

bo considered as fixing a boundary value for J', and it is therefore necessary 
that the factor / (J, J/) should always occur m front of e'" and / ( J, Zy) in 
front of 

Now consider (32) and (36), the transformation equations that involve the 
angle variables for the system with a single electron We see that e** is preceded 
by the factors (j — p,)*, (j + p*)*, which are the same as (A — pj)*, (A + p*)*, 
and e** by (i — p,)*, (A + pj)*, and, further, that e** is preceded hy (A| — p)*, 
(A, (- p)* and e"** by (Ai — p)‘, (Aj 4- p)* All the conditions are therefore 
satisfied for A — p => 0 and A + P — 0 to be boundary values of the action 
variables Hence for a given A, p takes the 2 I A I values ranging from | A | — ^A 
to — I A I + iA It may be shown that A takes half integral quantum values 
when the central field consiste of an inverse square field of force with a small 
inverse cube field of force superposed (with non-relativity mechanics), and 
thus has the values ± JA, i fA, i JA , corresponding to the S, P, D 
terms of spectroscopy There will thus be 1, 3, 5 ststicmary states for 
fl, P, D terms when the system has been made non-degenerate by a 
magnetic field, in agreement with observation for singlet spectra 

We have already shown the selection rules for A and p It remaina to be 
proved that transitions from A » fA to A => — ^A cannot occur, os these 
would appear experimentally as 8 —*■ 0 transitions When A is ± JA, the only 
possible value for p is rero, so that we have to consider only transitions for 
which p does not change From (36) or (38) we see that the coefficient in 
front of s'* m the Founer expansion of s vanishes when one puts A =o ^A, p « 0, 
so that the transition A => JA to A = — ^A cannot ooour 

For a system with two or more electrons, we see from equations (32) and (51) 
that; ± p =» 0 are boundary values fory and p, and from equations (61). (52) 
and the equations corresponding to (62) for 8', that A ± A' ± y =» 0 are boundary 
valuesfor A, A' andy Hence ptakes the values from !y | - JAto - |y| -(• ^ 
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while j t«koi the values, when k and U ate positive, from i + it' — to 
|h — h'l +iA, in agreement with experiment This rule apphes generally 
for the addition of any two angular momenta 

The transition i =« to it = — is still forbidden, sineo when k — ±\h, 
3 can take only the value V, so that 3 cannot change dunng this transition, 
and from (62) the coefficient in front of e'* vam'shes when one puts k = \h, 
3 = k\ on account of the factors (h* + A' — y)* or (A* — A' +y)* 

{ 9 TAe dnomalotu Zeeman Effect 

The present theory does not give any explanation of those atomic phenomena 
that come under the heading of duplexity, namely, the peculiar relationships 
of the relativity and screening doublets in the X-ray spectra, the branching 
rule of spectroscopy, and the anomalous Zeeman etfoot If, however, one 
adopts the nanal model of the atom, consisting of a normal senes electron 
and a cote m which the ratio of magnetic moment to mechanical angular 
momentum is double the norma! Lorontz value, then the present theory gives 
the correct g-forroula for the eneigy of the stationary states in a weak magnetic 
field without further assumption 

The energy of the atom m a magnetic field in the direction of the z-axia is 
proportional, with this model, to 

m, 2m,' — M, + m,' 

instead of to M„ as with the normal model If the field is weak wc may use 
perturbation theory, according to which the change m energy of the stationary 
states u given, to the first order, by the constant term in the Fourier expansion 
of the energy of the perturbation m terms of the nniformising vanables for the 
undisturbed system We must therefore obtain the constant term lu the 
Fooner expansion of (M, + «.') in terms of the 6, 6', ^ and We have from 
(46) and (41) 

J L;, 1*.) - M, {iS^: - m,'M.) - M, (m;M, - M.m,') + itAp. 

« (M.* -f M.» M.*) m.' - (SUn.' + M, m/. + M. <) M. + JtAp. 
From equations (61) the Founer expansions of p, and [j, p,] contain no constant 
terms Hence the constant term m the expansion of «».' if 

Mags!. ± Mst V ±4?.: M. ^ h'h’J:. i to - kikf - A, 'fa') ^ 

using (48), and the constant term m the expansion of M, -f m,' is 
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The coefficient of M. m thu expremoo is the p-vslue, and agrees ^th Luidh’a 
formula.* 

1 10 The Rdatwe Inten$%het of the Line* of a Jlfufhplet 
The amplitude of vibration of an atom corresponding to transitions from 
the state J, » to the state J, = (ti, — ar)A u obtained by cme putting 
J, ^ h,A in the coefficient m front of exp t£a,ier in the Fonner exponsKW of 
the total polarisation of the atom, or by putting J, (n, — a.,)h m the coefficient 
behmd this exponential We cannot actually determine the amplitudes at 
present because we do not know the action and angle variables cortespcmding 
to the r's and p,'8 If, however, we assume that the Fourier expansion of r 
does not involve p, j, ^ or iji, then when i/r, y/r, t/r are expanded as Founer 
senes m e'*, ef*, the ratios of the coefficients will give the ratios of the corre- 
sponding amphtudes We can thus determine the relative intensities of the hnes 
of a multiplet and of the components into which these hnes arc split in a weak 
magnetic hold f 

For the case of a system with a single eleoiron, equations (38) give at once 
the relative amphtudes of the components in a magnetic field For the case 
of the core - senes electron atom we must obtain the Founer expansions of 
X, y, t from (32), (61 ) and (62) It is convement to introduce the quantities 
- yM, == tM, - M41 - Mji - ikr 

- M/r - zM, xM. - M, r - thy 

Xj — - M^y — xM, — yM, — = M,y — — thz 

We have 

+ M.X. = 2^{(M,M,-M,M,)j-rAM^}==0 (63) 

and 

IM„ M = [M„SM-yMJ--M,z + rM.= k, 1 
IM„ = [M„ - zM,] -= M4, - zM, - - >1, i 

(M„ X,] = [M„ M,y - xM,] = - yM, }- xM, == 0 (66) 

The relations (63), (54), (56) between the X's and M’s correspond exactly to the 
relations (4), (6), (0) bjtweon the x, y, z and wi’s or relations (44), (42), (43) between 
the p’s and M’s We can therefore apply results deduced from (4), (6), (6) directly 
to the X’s We thus obtain, corresponding to (33) Or (46) 

J b. M = M,X, - M,X, + iiA X., (56) 

• laniU, ‘ Zeit» f Phjn vol 16, p 180 (1023) 

t 'The lelatlre IntensiUe* of the aorapoiiMU of a line la a mtgaeiio field hava bsen 
obtsioed by Born, Heisenberg and ilotdan (too eW ) by Ifhelr matrix method. 
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•ni ftlao w« can take Xv Xy, X, to be the ^ i) C of equation (34) and can wnte 
|i«, |ty |i, for z y c provided we replace j Thu 

gives 

jO-*)(i*. + ‘L; \]> 

=“0**-P*) ((*»\i+ H + ((1,X, mX.) 

-•J,{M,(p,X.-p.X.) + M,(p.X,-[i,X.)} (67) 

Now 

(*,X, + p,X, + p,X, = (m. «, - m, m.) - thx) 

^ {(m, m, — »», wi.) M, — (»», m — >», m,) M, 

— %h (»i, Wi — m, m,)}* 
^ (m^ff -|- et,M,) 

— (»», M, + tJV, M, + »n, M,)ei,}* 
= b„,{( 7 »,M, + 4 - iHiM,) m, 

f m, (m, M, — M,»», ) + m, (m, ~ • )} * 

-=imMm q + tAfiq 

Also 

|x,X, - |i,X, - iv (zM. - M^) - m (M^ - yM.) 

I- p,y 4- p.*) M. - ((i,M, + I i,M ) z 
~P qM. 

and sumlarly 

p,X, |i,X, p qM, 
lx,J,-p,X,-p qJl, 

while 

ft q = Sw(»v». »'.»»») i-xw (»'rf - w»y) ”) 

q m] JiAq tn 

from (33) Using these results and the fait that M, M, M, commute with q 
(smee they commute with A end with q m ) equation (67) heoonua 

= C;,‘-P*)(m M q TO +iAfi q) + * {AM,> -y,(M,« -p M,»)} p q 
*0i*-J^)(»n M q m 4-iAp q-tjji q) 

= i0.*-?*){0,j, + **-i‘)q •« 

-2ty,(A[Aq m]-itAq m)} 

-;>*){(*: + * +J,)(q m -.[fc q m^) 

-(AH k -y,)(-fc + fc'+y»)(q m +»[Aq m^) 
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Now substitute for ti, + iL?, <l m'— i [i, q . in'] and q m ' + 1 (.t, q . m'] 
tbeir values given by (61) and (62). 

After oaucelling certain factors and taking the e** over to the nght-baud side, 
we obtain 

^ + {F,, F,, (68) 


F n = i (*+k'+J+i*)‘ (k-P+J+i*)* (*+A'+J+3A)‘ (L-l' 

(*+*)*» 

F+i' - 1 (i+it'-j-iA)»(-k+PH-;+iA)*(*+i'-j- J*)*(-k+k'+j4-**)‘ 

■^U¥ih)nHk-h)* 


Similarly it may be shown that 


<F-i' *'“**'- *’} (W) 


where F.j', F_i ate the quantities obtained by writing — A for A in F+j, F+j', 
respectively Also from (62) 

q m'=.r(;j,/;)‘(P«e-« + Fo'e‘») (60) 

where 

Fo = ij* (A+i'+J+lA)» (A+A'-y+iA)* (A-A'+j+iA)* (-A+A'+y-lA)* 
■-j,‘;.*A‘(A+A)‘ 

and Fo' is the quantity obtained by writing — A for A in Fp. 

From (66) 

J U. X,] - M, (Mo* -- yM.) - M. (xM, - M.*) + JiA^. 

= (M.‘ + M,» + M,») * - (M,x + + M,*) M, + itAV, 

Hence 

Jijt* = <t m'p - ith\ +jU, >J. 
or 

z^JLqm' + i,i (A. - lU. >.)) - 4»,- (\ + » [J. a (61) 

JiJt Ji Jt 

Also we have 

(I + ty)(M. - iM,) = xM, + yM, + »(j,M.- xM,) 

= q m' -jw + t{X,-»At) 

H3* )i 

+ l*2L±^A(X. + i(i.X3 
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n«ng (61) Now take tia factor (M, — »M,) over to the nght-hand side, 
and substitute for (M. — ita ralue from equations (32), namely, 

(j* — Pa*)”* *** result after rearrangement of the factors is 




\]) 


To obtain the Fourier expansions of x/f, y/r, tfr it is now only necessary to 
substitute for the factors q m', >i, — » (j, X,], and X, + t [j, X,] in (61) and (62), 
their values given by (60), (68) and (69) The ratios of the amplitudes obtained 
in this way are in complete agreement with those previously obtained by Kronig 
and others* by means of certain spocial assumptions, and m agreement with 
experiment The F^x, P_x, Fo of the present paper are proportional to the 
square roots of Ktomg’s F+x, F_|, JFo 


My thanks ate due to Mr R H Fowler, F R 8 , for his criticism and help 
in the writing of this paper 

Summary 

The new quantum mechanics which invidves non-commutative algebra is 
applied to the problem of a number of electrons moving m an approximately 
central field of force, a contact transformation being obtamed to a set of 
vwables which includes the k for each electron and the j of the whole system 
It IS found that each k is not equal to m, the magnitude of the angular momentum 
of the electron, m on the classical theory, but must be related to m by the 
formula (it + \h) {k — jA), and a similar relation holds between ) and 
the resultant angular momentum of the whole system 
It le shown that the theory gives the correct boundary values for the j of 
the resultant of two angular momenta whose k’a are given, and also gives the 
correct y-formula for the energy levels of an atom in a weak magnetic field 
on the assumption of the usual magnetic anomaly of the core of the atom The 
theory also, gives Kronig’s results for the relatave mtensities of the lines of a 
multiplet and their components in a weak magnetic field 


* Knmlg. ' Zeita f. Fhys^’ vol SI, p. 8S6 (1925) ; SommerfeM and HSnl, ‘ Sits d. 
PrsQM. AkadMUie,* p. 141 (1926) i Russdl, ‘Proo, Nat. Academy Soienoea, UJS.AV 
voL 11, p. 814 (1926). 


VOt OW —A. 
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On the Flow of Ocuet at Htgh Speeds 

By T E Stanton, F R S 


(Reooived March 29, 1926 ) 
[PLATn 6 ABd 7 ] 


In a paper on the diachargo of gaaea under high pressures* the late Lord 
Rayleigh called attention to the deficiencies m the present state of knowledge 
of the charaotenstics of the flow of a gas, from a vessel m which it is compressed, 
through an onfice into the atmosphere or into a receiver at a lower pressure, 
and suggested that farther study was desirable in the direction of mvestigating 
the accuracy of the common assumptions of the adiabatic character of the 
flow and its dependence on the pressure m the receiver 
Assuming adiabatic flow the values of the velocity of the jet and the rate 
of discharge are given by the well-known relations— 


where u is Uie speed, p and A the pressure and area of the jet, and w the rate 
of discharge, the suflflx o referring to the conditions uuido the discharging 
reesol where « =■ 0 

It may be recalled that St Venant and WanUelf were the first to obtain 
the equations of discharge in the forms given m (1) and (2) and to attempt a 
venflcation of them by experiment In discussing the value of the theoretical 
discharge they appear to have ignored the possibihty of any vanation in the area 
of the jet and to have confined their attention to the pressure and velocity 
changes m the plane of the least section of the onficc In this section it is 
apparent from (2) that as the value of p diminishes, po romaining constant, the 


value of w rises to a maximum when p reechos the value 




then diminishes mdefimtely with further reduction of the onfice pressure, as 
a result of the oontmual reduction of the density with fall of pressure and the 
fimte cdiaracter of the velocity apparent from (1) If, therefore, the pressure 
m the plane of the orifice is sensibly that of the receiver, the absurd conclusion 
• ‘Phil. Mag ,'to 1 S2, p. 177 (1916) 
f ‘journal de I’Eoole Polytsdu^us,' voL 16, 1830 
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If reached that the diachatge into a vscuara moat be zero Such an efieot 
was BO manifestly opposed to experience that it was decided to investigate the 
matter experimentally For this purpose air at atmospheric pressure was allowed 
to enter a previously exhausted receiver by means of an orifice, and the rate 
of discharge was determined from obaervntaons of the pressure and temperature 
of the air m the receiver at equal intervals of time 

The results of these experiments showed that the rate of discharge increased 
as the ratio of the receiver pressure (here called p,) to the imtial pressure 
diminished from umty to 0 4, but that when the latter stage was reached 
further reduction m the receiver pressure had no effect on the rate of discharge 
which remained constant They concluded, therefore, that no identity could 
exist between the pressure in the receiver and the pressure of the ]et m the 
plane of the least section or throat of the orifice for values of p,/po between 


These observations were subsequently confirmed by R D Napier* and 
H Wilde,t who observed the rate of discharge to become constant at values of 
pfipa ID ^e neighbourhood of 0 6 No further advance, however, was made 
in the theory of onfice discharge until 1685, when Osborne ReynoldB,^ who 
apparently was not familiar with the work of St Venant and Wantzel, obtamed 
BUmlar expressions to (1) and (2) for the velocity and rate of discharge in an 
attempt to explain the observations of H'llde, but made, in additum, two unpor- 
tant deductions from these relations which had escaped the notice of these 
workers In the first place, instead of considering a continuous fall of pressure 
m the throat of the onfice, Reynolds assumed a oontmuous fall of pressure 
along the axis of the jot, and treated A inequation (2) as the variable, ir and po 


being constant 


This at once led to the condition p =‘po - 1 at a 


minimum section of the jet Following the characteristics of the flow as the 
pressure in the receiver was gradually reduced from a value equal to that m 
the discharging vessel, it could, therefore, bo regarded as made up of a senes 
of streams m the discharging vessel converging towards the onfice and emerging 
mto the receiver firstly m the form of a parallel jet, the pressure in which was 
sensibly equal to that of the receiver, and then when the pressure had attained 


9 value p=‘po ^ wdled the ontioal pressilre, developng a 


* ' DlMhsige ol Fluids,’ Napier 
t ‘ Proo. Msnohestet lit and PhiL Soo ,* 1888 

t ‘Proe MsnohesterUt aodPhlLSoe,' isast ‘PUl M|gV Marah, 1886. 

z 2 
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nummum gection and expending farther down stream until its prewure had 
reached that of the receiver Further from general oonnderafrons of the 
curvature of the streams, it appeared that the position of the nummum seebon 
would be down stream relative to the plane of the onfice 

In the second place, by remarking that the theoretical velocity of the ]et 
at the mmimum section was that of sound under the conditions existing at that 
section, Reynolds perceived that when this velocity was reached no further 
reduction of pressure in the receiver could affect the distnbution of pressure 
and velocity on the upstream side of the minimum section, and concluded that 
the rate of discharge would then remain constant The phenomenon of i onstant 
rate of discharge obaerve<l by St Yenant and Wantael was, therefore, explamed 
on theoretical grounds 

It may be remarked that this argument assumes that the area of the minimum 
section of the }et remains entirely unaffected by the conditions of pressure m 
the receiver It is, however, conceivable that, when once the velocity of sound 
had been attamed, further reduction ui the pressure of the receiver might aficct 
the position and also the diameter of the minimum section then established 
Neglecting for the present this posaibikty, it will be recognised that the work 
of Reynolds placed the theory of onfice discharge on a satisfactory bams ai 
affording an explanation of the observed facts An outetanduig furoblem was 
the relation between the receiver preasure and that at the nummum section 
of the jet, and on this the large amount of expenmental data available might 
be expected to throw some light, but on examination it waa found that all this 
work consists of measurements of the receiver pressure corresponding to the 
oommenoement of a constant rate of ducharge, and no meaaurement of the 
pressure of the jet appears to have been made 

The results obtained by the early workers, 8t Yenant and Wantsel, Napier 
and Wilde, all seem to agree in mdioatuig that a constant rate of discharge 
ia obtained when the receiver pressure u of the order of the theoretical vaks 
for the preasure at the nummum section, , p, 627 po, aud this would 
appear to confirm the view of Reynolds that prior to this stage the flow oon- 
airted of a parallel jet at a pressure equal to that of the receiver and also hu 
tacit assumption that, when the cntical pressore had been reached m the jet 
and the mimmum section estabhohed, no farther reduction in ihe receiver 
pressure would affect the area On the other hand, some recent careful deter* 
minations by Hartahom,* undertaken at the suggestion of Lord Rayleigh, have 
exhibited a marked divergence, from the theontioal hmit, of the volua of the 
^ • • Boy See. Flee.,’ A, voi^M (1917). 
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leoeiTei prettnie when the tato ot dtschatge has become constant Some of the 
results of Hartshorn’s expenmcnts arc shown in fig 1, m which the ordinate 



Fio 1 


IS the pressure difference between the atmosphere and that of the reservoir 
Bupplying the nossle, and is taken to be a measure of the rate of discharge 
It will be seen that m the oase of a thin-lipped oniice the rate of discharge 
did not become constant until the receiver pressure was reduced to one-filth 
of the initial pressure In discussing Hartshorn's results it must be borne m 
mmd that they were esaentially small scale experunents, the diameter of the 
throats of the orifices being of the order of 1 mm , and that their characteristics 
might be afieoted to some small extent by viscosity and heat conductivity 
wluch have been found by Buctangbam and Edwards* to have an appreciable 
effect on the flow through the onfioee used m Bunsen’s effusion method of 
determining the relative densities of gases The onfioes m this apparatus 
are, however, approximately 0 06 mm in diameter, so that such effects might 
reasonably be expected to be n^hgibly small m the onfioes used by Hartshorn 
Apart from this consideration, the results of Hartshorn’s expenments appear 
to afford evidence of an effect of the receiver pressure on the discharge which 
has not hitherto been suspected, and this view is strengthened from an examina- 
tion of the accuracy of the method adopted by Hartshorn for detecting vana- 
UoQi m the rate of the discharge which enabled him to detect vanations of 
the order of 0’ 1 per cent It is cleat from the form of the curve (3) in fig 1, 
with the very large exe^eration of the vertwal eoale, that observations of an 
aoounoy of, say, 1 pet cent , which may be regarded ae in all probabiUty that 
* * Soimtlfle Psiwrt of Buieau ol fltandafdi,’ Ko. K9 
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of the earher meswurement*, would suggest a ontioal value of the receiver 
pressure lo the ne]ghbourhood of 0 6 

The results of Hartshorn’s expenments with diverging nowles of vanoua 
angles of divergence are also exhibited in fig 1, from which it will be seen that 
the range of constant rate of discharge extended, for small angles of divergence, 
from p,/po = 0 to pripo =08 It 18 certain that when the latter stage was 
reached these nozzles could not have been “ runmng full," for in that case the 
pressure at the outlet of the nozzle would have been considerably below the 
value of 0 6 instead of above it It appears probable, therefore, that at this 
stage the jet in the region between the throat and the outlet of the nozzle was 
surrounded by a stream tending to move in the opposite direction down the 
gradient in pressure from the receiver to the throat Whatever be the explana- 
tion of these results, the general impression denvod from Hartshorn’s experi- 
ments 18 that the receiver pressure is a factor affecting the rate of flow, and the 
desirability of further expenmental work mentioned above is emphasized 
It was decided, therefore, to undertake an experimental study of the distri- 
bution of passure and velocity in jets flowing through orifices of different 
forms, with special reference to the following points on which the above 
discussion shows that further evidence is required — 

(1 ) The existence of a minimum section of the jet and its vanation in position 
and magmtude 

(*2) The relation between the pressure in the receiver and the pressure m the 
jet for increasing and constant rates of discharge. 

(3) The possibility of the oharacteristios of high speed jets being affected 
by the dimensions of the orifice and the viscosity of the air 
The above investjgations form Part I of the present paper 
Part II IS devoted to a study, also suggested by Lord Rayleigh in the paper 
to which reference has been made, of the motion of jets at speeds above the 
velocity of sound, and the nature of the wave motion set up on their emergence 
into quiescent air 


Pabt I. 

Stetton I —The CharacunstK* of Jets from tnfioa of dijfert»t form tn the rtgum 
of the cftitoal pressure. 

Per this purpose observatidns were made of the i«essuie distnbufroA to the 
]et along and at right angles to the axis and of the vanation m its lateral 
dimensions, with dutatice from the plane or throat of the orifice 
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For convenience of otMervation theae experunento were made on jeta dit 
charged into the open air from a vcmel of about 200 cubic feet capacity auppUed 



Fiq 2 


with oomproseed ait from a DO h p Brotherhood Compreeeor The general 
anangement of the apparatue it ehown m fig 2 The air from the veeeel la 
admitted into a oylindnot) box, fitted with guide bladea to damp out the eddiea 
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and irregulanties of flow, bo thftt b steady supply of air at a known pTMsute la 
delivered to the orifice which u aorewed into the cover of the box A bracket 
IS attached to the outside of the box, and earned the pressure tube which is 
provided with a micrometer to enable readings to be taken along and per- 
pendicular to the axis of the jot Three forms of onfice wore used — No 1, a 
circular hole in a thin flat plate. No 2, a plain nozzle having a faired 
entry and parallel outlet , and No 3, a diverging nozzle havmg a faired entry and 
a diverging outlet consisting of a cone of total angle 3° 34' These are shown 
m fig 2 For a study of the oflect of the Imear dimensions of the onlice two 
thm-lipped onfices were used— one 0 61 cm. diam and the other 1 22 ems diam 

(o) Axial Dulnbution of Pranire —The results of the observations of the 
pressure along the axis of the jet are given m Table I, and are shown plotted m 
fig 3, in which the thm Imes indicate the pressure vanation at different values 
of the ratio of the atmospheno pressure to that of the discharging vessel, ♦ e 
Pripo, and the thick bnes the position on the axu of the jet at which the 
theoretical critical pressure 0 627 p# was reached It will be seen that this 
position depends on the shape of the onfice and within limits on the uuUal 
pressure of the jet In the ease of the diverging nozzle the position appears 
to comoide, withm the lunits of accuracy of the observations, with that of the 
throat of the onfice, and is approziinately independent of the initial pressure 
of the jet withm the range of observations On the other hand, m the case of 
the plain nozzle and the thin-hpped onfioes the position at which the cntical 
pressure is reached is in all oases appreciably down stream relative to the 
throats, this divergence appeanng to diminish to a definite limit as the 
value of IS diminished On referring to the curves for the thin-bpped 
onfices It will be seen that this limiting position » reached for a value of p,lpg 
of the order of 0 23, which is roughly in agreement with the value of the ratio 
at which the limiting value of the discharge was reached m Hartshorn’s oxpen- 
ments with an onfice of this type, It would appear, therefore, that Uie stage 
in Hartshorn’s expenment on the thm-bpped onfice between values m PfjpD 
from 0 6 to 0 2, m which a small increase m the rate of discharge was noted, 
corresponds with a definite diange in the position of the section of cntical 
pressure. 

The distance of the limiting position of the section of cntical pressure from 
the throat of the onfice is approximately 0 26 B for the plain nozzle and 0 4 B 
for the thin-hpped onfice, whwe B is the radius of the throat. 

The oomparison of the results frmn the geometrically similar tbu-hpped 
oofioes (fig 3) an of interest in showing that for orifices of them dinennons 




OISTANCC FMOM -milOAT Ol* QMliriCC. IN Cmk 
Fio 3. — CWviM of VarUtioo of Stotio Premuie Azu for Orifaoea of diflerrnt form, 
duohMgmg into atmoaphere A thwk bna indkate* tlt» poaHion »t which tha 
prea tu ra resobea the theoretical oritio^ value, p, o Atmoaphmo preaaun 
p, Prearare In raacrroir 

OmteHon the abaoiaaal valuea in the upper ri^t>hand figure ahould read at 
+ 08, 13, 18, S3, S8. -33, Imtaadof 15 40 

* It trill be teen from Section in tUaihmlaritjrdoiinoteztead to the dlTeigiiignoialea 
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{b) Hadtdl Duinbutwn of Premtn — ^The observed distnhution of ststic 
pressure acroM that section of the jet having the critical value of the pressure 
at the axis is shown, for the 1 22 cms thm-hpped onfioe and the divergent 
ndule in fig 3, from which it will be seen that the falling of! m the value ol the 
Static pressure near the boundary is appreciable It might bo supposed at 
first sight that this was a frictional effect, but as has been pointed out by previous 
wnters,* the relatively large curvature of the individual streams near the 
boundary must involve a radial pressure gradient of the kind observed to which 
must correspond an upstream displacement of the throats of the elementary 
streams near the boundary 

A method of venfying this assumption which suggested itself was the measure- 
ment of the pressure m a pitot tube inserted at various points of the jet 
Assuniing no losses in the elementary stream m which it is placed, and jirovided 
that the velocity docs not exceed that of sound, the pressure m the pitot tube 
should be equal to the pressure m the reservoir from which the stream emerges 
If, therefore, the pressure m the stream near the wall is affected by fnttion, an 
appreciable difference between the pitot tube pressure and the reservoir would 
be observed This method of discnmination was accordingly adopted, and the 
results of pitot tube observations on the two orifices considered are shown plotted 
m fig 4 It was not possible to get an observation nearer to the walls than 
0 026 cms , but for all radn less than thia uo vanation of the pitot tube pressure 
was noted, and the observed value was within 0 5 per cent of that of the 
tZlem THIN LlPPtO ORIFICE 1 2lem DlVEBfllNa NOItUE 



olJet 

♦ OoiteriU, ‘ Api^ied Meohsaica,’ p. «70 
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receiver preeaure It was concluded, iheteloie, tiiat the obeerved falling cfl 
of the static pressure near the walla was not due to fnction but to the 
up-stream displacement of the throat of the outaide streams 

(c) The Yanatton in the Linear Dimeiuiont of the Jet inth Distance from tie 
Throat of the Orifice —The object of theae experiments was three-fold, and may 
perhaps best be expressed in the form of the following three questions — 

(1) Could the existence of a mimmum section of the jet be detected for values 
of p,/po less than 0 627 f 

(2) If so, did its position coincide with that section at which the theoretical 
cntical pressure was observed ? 

(IS) Did the area of the mimmum section of the jet from a given onfloe 
depend on the value of the ratio of the receiver pressure to the initial 
pressure ? 

The determination of the effective boundary of the jet was obviously difficult, 
and after some consideration it was thought that a sufficiently accurate location 
of it would be the point at which the pressure m a pitot tube was a mean between 
that in the interior of the jet and the atmosphenc pressure The method 
adopted, therefore, was to move the pitot tube across a diameter of the jet by 
moans of a micrometer and measure the distance from boundary to boundary 
as dehned above. The measurements were all made on the 1 22 ems diameter 
thm-hpped orifice, and the reduced values of the diameter of the jet at varying 
values of the imtial pressure and of the diptanco from the plane of the orifice 
are given in Table II Mowing 

It will be seen that there is a well defined muumom section for all but the 
highest value of p,/po. the value of which is so close to the cntical value at which 
the formation of a minimum section b^ins that the detection of a minimum m 
this case could hardly be expected, Further, the areas of the minimum seotiona 
increase as the value of p,/p« dinmushes, and this afiords an explanation of the 
low limit of this ratio at which the discharge became constant in Hartshorn’s 
experiments on this type of onflee (fig 1) 

On comparing the positions at which the mimmum sections are located by 
the above metihod with the ooiresponding positiona of the section at which the 
critical pressure exists for this noazle, which u shown in fig 3, it will be seen that 
the agreement « reasonably good. It was concluded, therefore, that the 
answers to the above questions were all in the affirmative 
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To sum up, the coaolosiona denved from the eirpenments desoribed m the 
present section are as ioHows — 

(1) In each of the throe charaoteruhc types of orifice which may be used for 

the discharge of gases from a vessel at constant pressure into a receiver 
at a pressure appreciably below the critical value 0 627 po. the section 
of the jet diminishes to a minimum value, at which the velocity is that of 
sound under the conditions existing, and then mcreases This minimum 
section in the case of a free jot is not constant in area or position relative 
to the plane or throat of the orifice, but depends on the total ratio of 
expansion 

(2) In a jet in which the expansion takes place withm sohd boundaries, 1 1 , 
a diverging nozzle, the mtmmum section may for all practical purposes 
be regarded as coincident with the throat of the nozzle for all ratios 
of expansion 

(3) The flow of the fluid up to the mimmum section is adiabatic m character 

Section II —The Charaolmsttcs of the Sate cf Duehargefron Onfieee of Different 
Forme 

The results of the expenmenta described above on the variation in position 
and magmtude of the minimum section of the jet from a thm-hpped onfice 
afford, as was pointed out, a partial and probaUy a oomplete explanation of the 
low value of the ratio Ptipe at which the discharge became constant for this 
form of onfice, m Hartshorn’s experiments On the other hand, the cause of 
the extremely high value of the corresponding ratio in the case of the 
diverging nozzles was still an obscure problem, and m attempting its solu- 
tion it was thought advisable in the first instance to determme whether 
this oharactcnstic applied to diverging noszles of oonuderably greater dunen* 
sions than those of Hartahom, which it will be remembered were 1 nun 
diameter In the tests previously described on the two geometncally 
similar thin-Iipped orifices, 0 61 and 1 22 ems diameter, no appreciable 
scale effect could be detected, but this might possibly be due to the absence 
of a sohd boundary to the jet, end it was thought that for a completely 
enclosed jet the influence of the viscosity of the air might be much more 
marked It was decided, therefore, to investigate the chasaotenstics of 
the disobaige from the onfioes ueed in the preeent work For this purpose 
the ongmal method of St Venant and Wwitsel, in which the flow is from the 
atmosphere to a vmiable Iowm pressure, possesses, as pointed out by Lord 
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lUyleigh,* conaidenblo ad vuttages over that of diBoharging into the atmosphere 
from a vessel in which the pressure was varied, and it was accordingly adopted 
The rc-arrangement of the apparatus for the purpose was rendered comparatively 
easy by the device of utilising the ducharguig drum of the previous experiments 
as the receiver, by previously exhausting the latter to a low pressure and then 
allowing air at atmospheric pressure to pass through the norsle into the receiver, 
the pressure in which would gradually nae The arrangement of the apparatus 
18 shown m ftg 5 The discharging nozzle is enclosed in an air-tight cylinder 



communicating with the receiver by means of a stop-valve The orifice box 
IS attached to the other cover of this cylmder, and is supphed from the external 
air by means of a brass pipe 2 8b ems diameter and 300 oms long provided 
with a bell mouthjnece at the inlet and pitot and static pressure tubes near the 
dehvery end, from observations on which the mass flow can be measured 
The receiver was disoonnecteil from the air compressor and coupled to an 
exhausting pump so that the pressure m it could be reduced to any desiied value 
below atmospheric pressure A static pressure tube was inserted in the axis 
of the jet as diown and connected to a manometer Proviaion was also made 
for nooidhog the pressure in the outer cylmder, % s., the receiver pressure, and 
the pc^unue m the onfioe box, or the imtial preeeure, which was slightly below 
that of the atmosphere 
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In making an expenraent the preMore on the drum having been reduced 
to a given value the exhaust pump was stopped and the valve connecting the 
receiver to the onfice box was opened Beadings ol the discharge gauge and 
the manometers connected to the box receiver and static pressure tube were 
then taken at equal intervals of time 

The results proved to bo of considerable interest, and gave a satisfactor3)' 
explanation of the peculiar behaviour of dive^ng nosries which had previousljr 
been obscure 

Takmg first the case of flow through a thin hpped onfice the results of the 
tests on the 0 615 ems diameter onfice are shown in fig 6 In this the values 
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of the measured mass flow and the pressures at difieient positions along the 
axis of the jet have been plotted as ordinates on a base of values of the ratio of 
the receiver pressure to the imtial pressure As regards the venation of mass 
flow, it will be seen that the flow becomes constant at a value of p,/po equal 
to 0 3, which, as will be seen from fig 1 agrees closely with the value found by 
Hartshorn for this case 

It would appear therefore that as predicted from the ezpwuneuti on 
geomotneally similar onfioes desonbed in Section I, tbe effect of linear dimen* 
sions on the hmitmg conditions of flow are, tor this type of onfice, extremdy 

The pteasore curves taken at the three positions A, B C and D mdioated in 
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fig. 6, alio afford a latiifactory check on the obeervationi, described in Section 1, 
ol the movement, with vanationi of p,lpt, of the section at which the cntical 
prowure cxiati It will be seen that at 40 cms of mercury, which is the critical 
pressure in this case, the position of the section is 0 264 cms m front of the 
orifice for p,/po = 0 527, and moves to a position 0 16 cms in front of it 
when the ratio has fallen to 0 18 

It may be remarked that the change in the rate of discharge between values 
of p,/po of 0 2 and 0 637 taken from the curve of fig 6 is of the order of 10 per 
cent From Table II it will be seen that this is in close agreement with the 
measured changes of area of the mimmum section of the jet This is satis- 
factory evidence that the velocity at the minimum section of the jet remains 
invanable, as it should do according to the theory 
The results of a similar senes of observations on a divergmg noule of throat 
diameter 0 616 cms. and a diverging outlet ol total angle 2° 62', are shown in 
fig 7, in which are plotted the valnes of the rate of discharge, the pressure at 
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the axis of the j«t at the least section of the noule, and the pressures at the wall 
of the nosxle at two points distant respectively I 27 and 3 81 from the throat 
From the curve ol discharge it will be seen that this bean a close resemblance 
totihatobeervedbyHartdiomforhisnoxzleBof 4 4° and 4 6° angles of divergence 
in which tie discharge appears to be constant up to a value of the receiver 
lUWMUie equal to 80 per cent, of the initial pressure There is, however, 
VOL. CXI ~-a. Y 
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in the present expeninents a small but perceptible fall in the discharge before 
this stage IS reached, and corresponding with it there is also a slight increase 
in the throat pressure There would appear to be some evidence, therefore, 
that even in such completely enclosed jets aa those m diverging norsles, there 
18 a very slight movement of the section of cntical pressure down-stream as 
the value of p,/po increases with a consequent perceptible decrease in the 
discharge The plotted jiressure vanations at different distances along the 
diverging outlet throw considerable light on the actum of the jet m passing 
through the divergence It a ill be seen from the figure that the pressure at S 
distance of 1 27 ems from the throat remains constant up to a value of jv/po 
of 0 60. and then begins to rise with the receiver pressure At 1 81 ems 
from the throat there is no steady value and the pressure rises with the receiver 
pressure throughout the whole range It is clear, therefore, that st no stage 
of the expansion docs the noxzle “ run full ” at this distance from the onfiee, 
and the pressure here is sensibly that of the receiver At I 27 eras from the 
onfiee the nozzle “ runs full ” up to a value of p,/po = 0 66, and then breaks 
away from the walls As a vanatum on this expenment an extonsiou piece 
was fitteil to the end of this nozzle so that the length of the diverging cone 
was doubled and the observations repeated It was found that the cntical 
pressure at the throat was not reached until the ration p,lpo had attained the 
value of 0 90 Further, the values of p,lpo which the jet broke away 
from the two jmints to which the manometers were connected were considerably 
greater than those previously observed Again, on shortening the nozzle to 
one quarter of its ongmal length the cntical pressure at the throat was reached 
for a value of p,/po of 0 70 It was clear, l2ierefote, that the cntical points in 
the discharge and pressure curves of the nozzle were dependent ujxm its 
length As a second vanation the angle of divergence of the nozzle was 
mereased to 4® .‘JO', and the test repeated In this case it was found that the 
discharge remained constant up to a value of ptipo appreciably greater than 
when the angle was only 2° 62' On mcreasing the angle still more the vraluc 
corresponding to the cntical value of the discharge receded, showing that 
there was a maximum value for some definite value of the diverging angle 
It would appear, therefore, that in a diverge nozzle supplied with air at 
constant pressure the expansion ceases, % e , the nozzle fails to run full at some 
point in Its length depending on the value of the receiver preuuie, the angle 
of divergence, and the distance of tiie pmnt from the end of the nouie, and 
tfiat as the receiver pressure nses the pout of break away moves gradually up 
to the throat, and finally at a value of p,jp^ dependmg on the shape and 
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dimension* of the nousle disturbs the preseore distribution there with consequent 
reduction in the flow On the down-stream side of the point of break away 
the region between the walls of the nOKsle and the issuing jet is therefore one 
of back flow towardathe tliroat of the uozsle with a pressure gradient consisting 
of the difierence between the receiver pressure and that of the jet at the point 
of break away This action affords a satisfactory explanation of all the charao- 
tenatiCB of diverging nozzles observed by Hartshorn 

Seetton III —The EmsU nee of a Stale Effect »n the Flow Ihroitgh GenmrtnenUy 
Similar NozsUs 

The effect of the changes in dimensions of the nuzzle on the pressure and 
discharge dharat tenstics described above raises the question whethi r the flow 
through nozzles at speeds above the velocity of sound may not be affected by 
the viscosity of the air since this would be a necessary accompaniment of an 
effect due to the Unear scale of the nozzle The results of changes m dimensions 
hitherto iliscuased, cannot, of lourse, be taken to prove that the conditions 
for dynamical sirmlanty in the flow must include some unknown scale 
factor, for the reason that geometneal similarity in the various nozzles tested 
did not exist In this connection it may be pointed out that the conditions 
lor dynamical similarity of flow throughout the nozzles are — 

(1) The nozzles must be geometrically similar 

(2) At similarly situated poiuts m the outlets (o) the product of the Imear 
dimension and the speed divided by the kinematic viscosity, and (6) the 
ratio of the speed to the velocity of sound, must have identical values, 

(«) 

n ’ 

( 6 ) 

_ »* 

V, V, 

It IS generally assumed that when the speed is in the neighbourhood of the 
velocity of sound, as m the cases under consideration, the effect of the viscosity 
of the air is negligible, » e , condition (a) may be ignored as an essential for 
similarity of flow, but as far as the wrnter is aware, experimental evidence bearing 
on this point appears to be lacking It was decided, therefore, that as the 
method of observation described m the last section was exceptionally siutable 
for testing the above assumption, a senes of tests on geomefncally sumlsr 
diverging nozzles should be made In such tests it was clear that, provided 
the imtial pteunre and temperature of Hie air supply rernmned constant, 

Y 2 



824 


T. E. Stanton. 


the prewure dutobutions in socii noules akonld be identic^ for identical 
valuea of pJjHt, if dynamical nnulanty m the flow was independent of 
condition (a) 

Three diverging nozzles were prepared for the tents. The diameters at 
the throats were 0 61, 0 SOB and 0'162 cm., respectively, and pressoio holes 
were made in the walls at distances of 2 08 and 6 46 throat diameters from the 
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The refulte of the teste on these nowles we shown m fig 8 in which for 
the sake of oleamees only the presanie vanationa at the two points m tlie 
walls corresponding to the changes in the leoeivei pressure are plotted 
It will be seen that in the case of the pressure at the wall of the nozzle at 
2 08 diameters from the throat the steady pressures in the stage during which 
the nozzles are running full are different in amount and the values of p,jpo 
at i^ch the break away of the flow from the wall takes place are also different 
The latter phenomenon is much more marked m the case of the pressures at 
6 4b diameters from the throat At this point the largest nozzle is running 
full up to a value of p^jp^ of 0 46 whereas the flow has failed m the case of 
the smallest nozzle in the neighbourhood of p,lpt, -is 0 10 
It IS dear therefore that in those expenments dynamical sinulanty in the 
flow was not preserved and the condusion derived from the results is that 
condition (a) above is necessary and probably sufficient for this purpose It 
IS of mterest to note that in this case mstabihty m the flow is associated 
with a reduction m the value of the entenon vf/v instead of an mcrease m this 
quantity as m the case of the breakdown of steady motion into turbulence 
in the case of a fluid flowing through a channel with parallel boundanes 
It follows therefore that smoe a reduction in the value of vl/v can equally 
be made by an mcrease in the kinematic viscosity of the flmd a similar effect 
to that shown m fig 8 for nozzles of different sizes should be obtained for a 
smgle nozzle in which the initial temperature of the air was vaned 
The posabihty that the effects shown m fig 8 were due to smidl deviations 
from exact similarity in the dimensions of the nozzles was considered very 
remote owing to the care taken in their preparation but it was thought that 
a check on the results by means of a variation of the initial temperature of the 
air entering one of the nozzles would be of value Arrangements were there 
fore made for varying the uutial temperature of the air by means of a cod of 
mangamn wire through which an eleotno current oould be circulated wound 
round the inlet pipe shown m fig 6 The temperature of the air was measured 
by mercury thermometers — one placed near the entrance to the nozzle and one 
at its outlet The results of two tests on the 0 162 cm diverging nozzle C - 
one at atmospheric temperature and the other at an imUal temperature of 
14PC— atediownmfig 9 

It will be seen that, as predicted, the effect of a rise of temperature of the 
au IS to move the point of " break away nearer to the throat in the same 
maanot as a reduction in the sue of the nossle, and the results therefore 
confirm the oonoliwona derived from the previous tests 
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It may be remarked that the dimoneiona of the noulee used for theae expen- 
rafenta are relatively small, and it is posuble that in comparatively large sisee 
the effect of the d/v factor may also be relatively small 
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Pa»t II —The Characteristics oe Air Jets at Speeds above the Velocity 
OF Sound 

tiecliun 1 ~ The Mcaturemenl of the Speed 
In the case of gasea flowing at moderate speeds, the most convement and 
accurate method of measuring the velocity at a point is by means of the well- 
known instrument consisting of a combination of a pitot tube and static 
pressure tube In the use of this instrument the changes in piessuro velocity 
and density of the air atnam arc siipposeii to be given by equation (1), which 
lor the present purpose may be written in the form 



where the suffix u refers to the undisturbed conditions of the air stream 
Assunung that the stream is brought to rest at the mouth of the pitot tube, 
the pressure in the pitot tube will be given by 

(£-)V^1+TLJ_!H!L;, (4) 

>o' 2 u** 

where <24 is the velocity of sound under the conditions poPo Vor speeds up 
to 180 feet per second, where p — po 1* small, the formula reduces to 

J> - J»o=-‘JpoWo*, (5) 

so that all that is then required for the detenmnation of the speed is a know- 
ledge of the density of the fluid and the pressure dificrence between the pitot 
and static pressure tubes This relation has been found to hold a high degree 
of accuracy over the range to which it is apphcablc 
It nught be assumed, therefore, that equation (4) might be applied to the 
detcrmmation of the velocity of jets moving at speeds exceeding the velocity 
of sound in a similar manner to that adopted for low velocity calculations It 
11 found, however, that calculations of speed so determined are not rohable 
m that they give values of the spi'ed appreciably less than the real values 
determined by mdepeudent methods The oause of this discrepancy was 
explained by the late Lord Rayleigh, who showed* that the dynamic pressure 
on a small obstacle placed in a stream of air moving at those speeds will not 
be that due solely to the adiabatic compression of the stream impinging on it, 
but that this compression will be divided into two stages in uiie of which 
adiabatic conditions obtain, and m the other the conditions for a stationary 
wave of ftmte disturbance From an appbcation of Bankine’s theory of 
• * Roy. 80c Pioo..' A, voL 84 (1010). 



928 


T. E. Stantoa 


tbeimodynamio waves of finite disturbance to the motion. Lord Rayleigh 
showed that the dynamic pressure measured at the centre of the obstacle would 
be related to the speed, density and static preaenre of the air by the following 
relation* 



m _J]L ’£ _ 

po Y -1 1 o- Y + 1 


and Pi IS the observed dynamic pressure which may bo the pressure in the mouth 
of a pitot tube facing the stream 

The advantages of the use of a pitot tube (or the measurement of the values 
of «/o at very high wind speeds were so obvious that it was decided to attempt 
to make an expenmental verification of the accuracy of Txird Rayleigh’s relation 
when used for this purpose 

To obtam a high velocity of flow a diverging nozzle 1 27 ( ms diameter at the 
throat and having an angle of divergence of 4’ 66' was used At the end of the 
divergence the air passed into a short length of parallel channel and thence by 
an expanding cone into a pipe 7 6 ems diameter in which the mass discharge 
could be measured A small pitot tube was inserted at the ans near the end 
of the diverging cone to enable the values of to be observed This tube 
could be replaced by a static pressure tube for the measurement of po 

From the obeerveil values of p^, po, and assunung a value of y, the theoretical 
value of u/a could be calculated from equation (6) lor any point m the cross 
section of the jet 

As no determmation of the actual value of «/a at a pomt to the degree of 
accuracy required for the calculation seemed possible, it was necessary to adopt 
a method of mean values such as a companson of the mean value of u/a from 
the pitot tube measurements with its mean value calculated from the observed 
mass discharge and the density, the latter quantity being estimated from the 
pressure and temperature of the stream For this purpose it was essential 
that the nozzle should be "rnnnmg full” over the expenmental section, 
and considerable tune was spent in determining a mutable angle of divergence 
for the nozzle and the value of the uutial pressure of the air for this oonditioa 
to be satisfied Finally it was found that m a nozzle of the dunennoiu 
given above, with an initial pressure not less than 220 ems of mercury, there 
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was a continuous fall of pressure from the throat to the experimental section, 
and the pitot tube pressure over the whole section was sensibly constant 
except in the region close to the wall It was considered, therefore, that the 
nozzle was running full and free from waves at the experimental sei tion An 
attempt was then mode to measure the temperature of the flow by inserting 
thermojunctions in it, but any correct estimation of the true temperature 
was soon found to be hopeless owing to the heating up of the tbermojunction 
by the adiabatic compression of the gas in its neighbourhood, a diiliculty which 
was encountered m the well-known porous plug experiment of Joule and 
Thomson This idea was accordmgly abandoned, and consideration was given 
to the use of the well known reaction method for the determination of the 
momentum of the jet which, m combination with the value of the mass discharge, 
would give a value of the mean velocity of the jet * This method appeared 
to be more promising, and the arrangement set up for the measurement of the 
momentum is shown in fig 10 

It will be seen that the norrle is supplied with air by means of two india- 
rubber tubes connected to a tee-piece screwed mto its inlet end, and rests 
on a narrow air-tight seating made at the entrance to the parallel discharge 
channel which is the same diameter as the outlet of the nozzle A weigh beam 
IB earned on kmfe edges attached to the bracket supporting the discharge 
channel, one of its arms carrymg a scale pan and the other engaging with a 
pivot on the axis of the nozzle By this means the vertical reaction of the 
jet could be measured 

In the first attempt at cabbration the mean values of the speed and density 
were calculated from observations of the mean value of pu’ given by the weigh 
beam, the moan value of pu given by the discharge meter, and the known area 
of the channel supposed to be running full A mean value of a was then oalou- 
lated from the observed static pressure and the calculated mean density 
The rate of the mean speed to the mean value of a was then compared with the 
mean value of w/o obtwned from the pitot and static pressure measurements 
This method was, of course, open to objection that the error due to the assump- 
tion that the ratio of the mean values of w and » was equal to the mean value 
of the ratio might not be negligible On birther voundetation it was seen that 
thiB objection could be overcome by proceeding as follows —Assume the cross 
aeotion of the jet to be divided mto concentric rings of width 8r and the value 
of «/a detemuned for each nng from pitot and static pressure obscrvationa 
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in each. If the momentum of the fluid paesing through each of the rings is 
3M we have — 

2:*M=S2w«fptt*,| (7) 

or S pY ^ Sr = M the total momentum of the jet From the observed 

values of jp and the calculated values of uja the summation on the left can be 
evaluated grapkioaily and the extent of its agreement with the observed value 
of M will furnish a measure of the accuracy of the Rayleigh formula. 

The observations made few the purpose of the cahhiatioa are given in Table III, 
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in which are also given the values of the observed and calculated reactiona 
It will be clear that m calculating the total reaction dne to the jet account muat 
be taken of the difference of static pressure between the outside and the umdc 
of the no»le The measured reaction is the difference between the vertical 
forces in the noula (1) before the jet is turned on and the external and internal 
au pressures are equal, and (2) after the jet u started when the external pressure 
will be atmospheric and the internal pressure the static pressure of the jet 
at the section considered Thu measured reaction must, therefore, be 
augmented by the product of the area of the jet and the difference between the 
atmospheno pressure and the static pressure of the jet As the static preasure 
of the jet vanes across the section this quantity was evaluated by the plani- 
meter in the usual manner It will be seen that the measnred reaction u 
only 1 5 per cent below the calculated value which u within the accuracy 
of the observations It would appear, therefore, that the method here described 
of estimating from Lord Rayleigh’s formula the value of uja at a pmnt m a 
current of an moving at a speed considerably in excess of the velocity of sound 
IS reliable 

For the estimation of the actual velocity a further determination <A the 
temperature or density of the air at the point considered is, of course, neoeasary 
For the reasons given above thu measorement u a matter of considerable 
difSoulty, and until it u overcome it would seem that recourse must be had to 
the calculation of the density on the aesumption of adiabatic expansion bom 
the initial pressure and temperature m the reservoir, supposed known, to the 
measured pressure at the pmnt considered, or, alternatively, the direct calcula- 
tion of the speed from equation (1) Hie aocuraoy of such estunations will, 
of course, depend on the extent to which the flow in Uie jet u adubaric in 
character and also on the eflhiiency of Ihe nozile, • e , the absence of distuibanoee 
such as stationary waves and failure of the nossle to run full 

Totillustrate the kmd of aoouraoy obtained by these methods, four sxpen- 
ments were made with the nosale deeonbed above— two at values of the inituil 
prewire at which the noxzle was known to be mnning full, one at an imtui 
pressure at which the flow had oommenoed to break down, and one at a sbll 
lower imtia] pressure when the point of Isealc away had penetrated to some 
distance from the outlet of the nossle towards the throat 

The observations made were — 

(1) The initial ptestore and tempmture in the reservoir. 

(2) The statw pretouie and pitot tube ptssnM at a point in the axis o< tia 
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nocsie at Ute outlet and alto the preeanre at the wall of the noaale at 
this section 

(S) The reaction of the jet laeoing irom the noule 

(4) The mass discharge of the notsle 

From these data the values of the speed at the point considered were 
calonlated — 

(1) From equation (1) (= Oi say) 

(2) From the value of u/a given by equation VI and that of a calculated from 
the observed static pressure and the dmsity dhloulated on the assump- 
tion of adiabatic expansion (= Vt) 

The value of the mean speed (v^) over the eectaon of the outlet was also 
caknlated from the reaction and the mass discharge. 

The obaarvations and reductions are given m Table TV 

It will be seen that in the first two experiments the values of the calculated 
speeds at the axis of the noszle are m good agreement with each other, and 
alao- the mean speed over the section is what would be expected from the 
comparatively alight retardation which is known to take place at the walls, 
( s , the mean values are 96 and 97 per cent of the speed at the axis Further, 
the {wessure at the walls u appreciably lower than the pressure at the axis, 
M it should be. On the other hand, m expenmoit (3) the pressure at the 
walls IS considerably higher than at the axis mdioating the commencement of 
the breakdown of the motion and the values of tiie calculated speeds are not 
in approximate agreement It is clear, however, that the break away of the 
flow from the walla has not become considerable at this stage, since the mean 
speed IS stall of the same order as the calculated speeds. In the last experiment 
the break away is apparently complete and the disagreement between the 
oaloulated valuM of the speed is still more marked 

The general oonolusum from these experiments is that so long as a diverging 
noBxle runs full tbs flow may be taken to be sensibly adiabatic throughout 
except m the immediate neighbourhood of the walls 

iSiehon II— The Prmun and Veloaty Dutnbutum in High Speed JeC* emerging 
into StiO Air. 

The diaraetenstiot of air jets emerging from a oroular onfioe mto the 
atmosphere have been investigated by Bmden* by means of the shadow 
method of Dvorak, in which a point souioe of h^t is used to throw a shadow 
* Wlsd(niaB‘s'Aiuia)wi.’Bd.«», pp 364 and 426 (1890) 
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of i«t Oft a screen Ob exaiamatwa of Vke haibaim ti Hkb sMbnr it wai 
foiui4 tliat when the speed of the ]et attained a definite value a MCiea of bnght 
equidistant duos became vuible On menMUig the air speed the distaaoe 
between the dues increased and du^jona) tmsa oonneotuig their ucfiraimtiee 
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also appewed. At ttfll higher speeds the discs gradually broadened oat into 
a 'nog shaped ionPahon and the diagonals became curved These chatac 
tenshcs are illustrated in fig 12 m which is shown a senes of shadowgraphs of 
]ets from nosrle No 2 fig 2 at mcreasmg speeds The discs were identified 
by Emden with stationary waves m the jet and their first appearance with 
the attjunraent of the velocity of sound m it but hia conclusions that this 
velocity cannot be exceeded and that the pressure in the emergent jet is uniform 
and atmospheno have been shown by I rd Rayleigh to be erroneous * 

A theory of the formation of stationary waves m jets has been developed 
by Prandtl t Acconling to this theory the waves ongmate at the outer edge 
of the onfi< e and their characteristics will depend on the ratio of the pressure 
of the jet on emergence (pi) to that of the atmosphere (pt) If p > p: waves of 
rarefaction will proceed from the edge of the otiflco inwards the velocity at 
any point being such that its component perpendicular to the direction of 
uniform density is that of aoonl at the temperature anl pressure existing 
there It is also assumed that these waves of rarelbotioii will imdergo reflection 
at the boundary of the jet and become waves of condensation On the other 
hand when the pressure on eraorgenoe is leas than that of the atmosphere lie 
initial disturbances are waves of compression which become waves of rarefaction 
from the boundary of the jet 

The value of the wave length woa deduced by Prandtl from the theory of 
the small disturbances m a cyhndnoal jet m which the motion is steady and 
under the ossumptioas of the existence at the boundary of atmoepheno pressure 
and a dieoontinuity of velocity Takug the axis of y as that of the jet and 
assuming the velocity along the axis V to be neatly constant while u and u> are 
small the solution of the equations of motion gives 

0 =* V + H 008 PyJ« ~ (8) 

so that the wave length of the penodio features along the jet is given by 
At the boundary of the jet amce p is constant » is constant and therefore 

Jo{|JR\/^-l}-0 (9) 

The lowest root of this is 2 406 so that 
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In coinponng the wave length given in this formula with the measured values 
obtained from photographs of the ]et, which were somewhat similar to those 
shown in 6g 12, Prandtl assumed that the values of V/a could be estimated 
with sufiiuent accurmy from the inclmation to the axis of the jet, of the 
(haractenstic lines of the photograph indicating positions of maximum or 
minimum condensation and obtained what he considered to be a satisfactory 
check on the theory 

For the purpose of the present investigation shadowgraphs of the jets 
emerging into the atmosphere from norsles of different forms and at difierent 
imtial pressures were obtained by the method desenbed above and the interior 
of the jet was then explored by means of the statn pressure and pitot tubes 
These observations were sufficient to ileternune the length and amplitude 
of the stationary waves and the variations m the values of V/o along and at 
right angles to the axis 

In the first senes of tests the converging parallel uozsle No 2, fig 2 was used 
The vanatum of the static pressure was measured along the axis and also 
along a line parallel to it in the neighbourhood of the boundary for four different 
values of the mitial pressure, and the results are shown plotted m figs 11 (a), 
(6), (c) and (</) , the corresponding shadowgraphs are shown on Plate 6, 
fig 12 (a), (6), (c), (d) It will be seen that the amphtude and length of the wavee 
dumniah as the initial pressure is diminished, the disturbances eventually 
vanishing when the pressure lu the jet on emergence exceeds the critical value 
0 827 po 

The results therefore i unfirm Bmden’s conclusions as to the nature of the 
motion, but definitely disprove his prediction of a uniform pressure and, as 
will be seen later of a velocity equal to that of sound throughout the jet. 
There is also a marked difference between the mean pressure at the axis and 
that in thi neighbourhood of the boundary, and this difference is stiU con 
siderablc even when no wave formation is apparent 
An interesting effcft of this radial pressure gradient is that the velocity 
of sound IS attained at the boundary before it is reached at the ans, and it 
would, therefore be expected that the wavea would first be detected at the 
boundary In the case of (a), figs 11 and 12, this is seen to be the case 
The corresponding values of V/a were calculated from the static pressure 
the pitot tube pressure observations by means of the Rayleigh formula, and 
arc shown plotted in fig 14 for a higher value of the initial pressure 
Comparing the observed distnbution of pressure with the chsractenstio 
features of the shadowgraphs, it will be seen that the position of the discs 
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oorreftponds with the sections oi maximum condensation exc cpt m the case 
of (o) figs 11 and 12 where the variations of proasurc although perctptible 
were too small to enable the ontbne of the wave to be determined with 
precision Further these positions also coincide with those at whiih the 
calculated value of V/a is unity which is a saUsfoctoiy explauatu n of the 
persistence of the disc effect i ven when the average lelocitj is i r iisiderably 
above the velocity of sound 

It will be clear that this condition prevents any precise comp irison of the 
observed wave length with the theoretical wave length obtained by Prandtl s 
investigation which assiimi s a constant valui of V/a throughuit the wave 
It may be remarked however that the observetl wave length does i rresptnd 
with a value of V/a lutermediati between the maximum and minimum values 
attained Thus in the case illustrate 1 in tigs 1 1 and 14 the wave length is 
1 4 ems so that the solution of equation (10) gives V/a — 1 33 Tlit observed 
values of V/a throughout the wave ranged from 1 to 1 62 
Shadowgraphs were also taken of jets discharged from diverging nozzles 
and these are illustrated in fig lb 

In these oases it was possible by varying the initial pressure to make the 
emergent pressure of the jet either greater or less than atmospheric and so to 
vary the position relative to the mouth of the nozzle of the section of maximum 
condensation as will be seen from the shadowgraphs It will be seen that 
these shadowgraphs indicate the existence of a compluated senes of waves 
proceeding from the intenor of the nozzle in addition to those formed at the 
outer edges It would be anticipated from the work desenbed m the prt ceding 
sections that the internal senes of waves would disappear for a sufficiently 
high value of the initial pressure and this appears to have happened in thi last 
expenmenta on nozzle No 1 In the case of No 2 nozzle the angle of tliv i rgince 
was too great for a wavelcss jet to be formed at the maximum initial pressure 
available 

From the Prandtl theory of the formation of waves it might be supposnl 
that in the case of a jet emerging into the atmosphere at a uuiforni pressure 
over its whole section equal to that of the atmospheri no waves wiuld be 
detected even when the velocity was considerably above that of soon 1 An 
attempt was made to venfy this assumption by fitting a parallel j ornou to 
the enil of a diverging norrlt and carefully watching the shadow of the jet 
on the screen while the issuing pressure as measured on the edgt of the nozzle 
was gradually raised from a value below to a value above thi atraospheno 
pressure This was repeated several times but no change m the wave pattern 
vot oxi —A * 
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could be detected in changing from a condition in which the atmospheric 
pressure was greater than that of the }et to one in which it was less It was 
concluded that the theory was inadequate to account for, at any rate, all the 
wave oharactenstics observed 

The investigation was carried out in tlic Itnginci nng Department of the 
National Physical Laboratory, and the author desires to acknowledge the 
valuable assistauce of Mr B W Kenning in oblauung the shadowgraphs of 
the jets The author’s thanks are also due to Mr A Eaton and Mr U Robinson, 
of the mechanical staff of the Department for assistance in making the 
expenraenta 


Tnbo- Electricity and Fnction 

By P E Shaw, M A , D Sc , and C S Jkx, B Sc , Umversity College, 
Nottingham 

(t’ommunicateil by Sir William Hardy, P R fl — Received February 4, 1926 ) 

I Glass and i cxtiles 

This paper deals with the changes lu the condition of glass surfaces when tubbed 
with flexible matcnals, chiefly cotton, linen, and silk, of varying punty The 
condition is ascertained by two different, but associated, properties — 

(а) The electric charges displayed by the glass surfaces when rubbed on 
textiles or on one another 

(б) The ooeffioieut of fnction found between two of them after being subji'cted 
to identical rubbing 

We have denvod great help in the fnction work both aa regards theory and 
technique hora the papers on ‘ Boundary LubneaUon,” by Sir Wilham Hardy 
and his oolleaguo (1, 2, H 4) 

A solid surface may be modified lu two distmct ways 

(1) By Addition of Material— K solid surface exposed to an atmosphere con- 
taimng water (or other) vapours, condenses and retains these , or if sohd or 
liquid matter be rubbed on the surface, this will in general acquire and retain a 
covering film. The actual exposed surface la thus a complex of various matenala, 
so that tnbo-electnc and fnotional effects are complicated We know that the 
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friction of the surface u dependent on the character of the condensed film and 
on that of the solid underlying the film according to the expression given by 
Sir Wilham Hardy and Miss I Doubleday (2) 

where M is the mokoular w( ight of a cc ndensed pure organu compound a and b 
being parameters 

(2) Bij Physical Chatu/i Here a atram or orientation of the actual surface 
particles of the solid occurs 

Sir G r Beilby (6) has shown that aggregation and flow on soli 1 sur 
face s arise in certain conditions of rubbing or heating and result m unstrained 
and strained conditions rtspcctively of thi particles forimng the outermost layers 
of the solid 

At first sight It 18 inconiprehi iisible that the rubbing of two seemingly identical 
bodies say two lengths of glass cut from a new rod should generate charges on 
the rods -f ” on one — on the other But this effect was found and studied 
as long ago as 1761 by Bergman (6) Recently Budge (7) has found similar 
effects for hie bodies m the cases of quartz cinnabar mica sulphur oxalic 
acid and other inatenoJs It is easy to demonstrate these charges for like 
bodies in many other sobds such as sealing wax cbomte or silk We shall 
attempt to show that effects of this kind m some cases foUowmg natural con 
tamination are explainable by the pnnciplos (1) and (2) above 

II Tr%bo Electric Apparatus 

(1) The most convenient electroscope for observing charges is of the Hankel 
f( rm m which a single gold leaf hangs vertically eqmdistant between two vertical 
parallel plates P P equally charged The leal is so elevated that when highly 
charged its lower end lies over but cannot reach by 2 to <3 imn the plate to which 
It IB attracted in this way we avoid the trouble of having to detach the leaf 
from a plati every time the former receives a largo charge The plates are charged 
by a high tension battery of 100 volts one plate being connected to the + 
end the other to the end the centre of the battery being earthed A 
wire from the head of the gold leaf passes to an insulated inductor I made of a 
short brass tube 2 mehes in diameter (see fig 1 ) 

The whole system is surrounded by an earthed metal case with a hole m 
one side through whu h charged rods can be mtroduced to the inductor without 
touching It The gold leaf is read by a microsoops with micrometer scale 
of 100 divs , one scale division corresponding to about 1 vifit potential of the 
leaf In special cases the sensitiveness is doubled 
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(2) From a length of soda-glass ro<l 4 mm. diamet'er, a number of lengths, each 
of 6 inches, are cut These rods ate boiled all over in strong chromic acid for 



half an hour, then removed by tongs which have been cleaned in a blowpipe 
flame , they are nnsed well at the tap. then boiled in distilled water and finally 
stored in dry test tubes which have themselves been cleaned with chromic acid 
Throughout the cloanaiug the rods have touched tongs and mside of the test 
tubes, and no other aohd Rods just cleaned as above we call " standard ” 

(3) The flexible solids used for rubbing arc asbestos fibre, filter paper hemp 
fibre, yarn and fabrics of cotton, liiion, silk, and wool The asbestos is as supphed 
punfied by acids for chemical work It is handled with cotton gloves The 
filter paper is a smooth variety (Whatman, No 1) and in use a paper is taken 
fresh from the inside of the packet The textiles require long and careful 
cleansing, since even the best yarn or fabne obtamed commercially is liable 
to be tainted with fats, waxes, pectins or resins natural to the fibres, whether 
vegetable or ammal, as well as deposits from the air and soap or other dressings 
used in their manufacture The amount of wax m natural textile fibres is 
considerable In a recent paper by Leoomber and Proport (8), it is stated that 
m natural cotton the wax content is about 0 5 per cent Dr J V Eyre, 
Belfast, tells us that natural Imen has 2 per cent wax, and many other 
impurities 

In the first experiment to be described later, the fabrics we use are cleaned 
as follows —Bod with soaji and soda for several minutes Then boil and stir 
m water repeatedly, and then wash for a long time in running water Extraction 
with purest benxene in a 8oxblet(liavingonlyoloan jrouad-vlossjoinis) for an 
hour 18 the next step The material is then dned. Throughout the clecnaing 
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it IS tonohed oi moved only by tongs cleaned m a blowpipe or by a glass rod 
cleaned with chromic acid and then with water 
(4 ) An electric stove is required to raise the glass on occasions to any tempera 
tureapto300° This consists of a heating ooil on a brass tube It is found that 
when glass rods are inserted into the tube without touching it they receive 
considerable charges due to combmed induction from the considerable field in 
the heating coil and to conduction by the surface films ♦ 

So an earthed brass tube is placed inside the heating tube and a glass tube is 
inserted between the two brass ones Inside the earthed tube another glass 
one previously sealed at one end and boiled internally in chromic acid is inserted 
for ( leanhnoss and to avoid any impunties bkely to be given oil by the hot 
brass A cleane 1 thermometer is placed m the innermost tube This heater 
of coanal tubes quickly raises the rods to any desired temperature The 
inner glass tube is periodically cleansed 
(6) In this bnd of work it is necessary frequently to discharge a rod A small 
flame say 1 inch high is kept at hand When a charged rod is passed near to 
the side of but not tnto the flame most of the charge vanishes the residual 
charge can be made vamshingty small lu a short Umo 

III Tnbo Electnc trperxmenis First bmet 
Bcgm with two standard rods Call them \ and B Take them from their 
test tubes by wrapping clean filter paper round one end to prevent contact with 
the hand Rub the free ends of the rods lightly together The fnction between 
them IS great but the electroscope shows that no charges arise on them We 
may therefore consider their surfaces physically and chemically identical 
Warm the working end of A in the heater for a few seconds Then rub the rods 
together The electroscope now reveals a — " charge on A (sec fig 2 col 1) 
Is ext warm B and mb on A B becomes — ” Therefore charge on A is now 
f-’* (see col 2) 

This process of warmmg one rod and so rondenng it — to the other can be 
repeated mdefimtely unless in the process both rods rise to about 200° 

On allowing both rods to cool thoroughly and then rubbing them together, 

• Whoa one end of a glass, ehoaits or other iosulatmg rod is held by hand for a few 
seconds near a wire onnying ft ourrent m a 200 volt olrouit the field mdnoee charges on the 
rod and the films on the rod diaoharge through the hand the chargee repelled from the field 
Thus the rod reoelvee a charge easily detected by the eleotroeoope. The experiment oi 
oonnh fails for a good conductor or for a very dean Insulator but glass ebonite and sealing 
wax as usually found, show this effect 
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no charge ansee Hence the wamung processes have not permanently affected 
them The curve returns to the base hue ZZ' (see col 3) 

iiiiiiiiliil 1 1 II III I 

12 1 4 B 6 7 8 9 10 11 12 13 14 IB 16 17 18 19 



Rub A lightly with silk purified as in siHtion II 
A acquires a—” charge against the silk. 

Discharge A and rub it on B It beconies +’'• (lol 4) 

Discharge A and B and rub B welt on the silk B lx comes — 

Discharge B and rub against A A recedes a—'* charge (col 5) 

Discharge A and B and rub A well with the silk It becomes — ” (col 6) 

A has now been rubbed with silk more than B and IS therefore f-” to it It 
will remain so as long as both rods are left intact (col 7) 

Warming A and B alternately, we obtain, us in columns 8, 9, 10, 11, the same 
effects due to heating as we found in columns 1 2 3 before any rubbing had been 
performed, but with this difference, that when both arc cold the +” state of A 
caused by rubbing m col 6 remains at the end of col 11 

Rub A hard wnth silk At first A is — but ultimately it becomes +'• 
Discharge A ind rub it on B A becomes 4 ” (col 13) 

Discharge A and B Rub B hard on the silk B at first is — but ultimately 
becomes +” If the rubbing process has gone far enough, B w.ll now he 
found +’* to A, » e A is — ” (col 14) A is again brought +" to B by 
prolonged rubbing on silk (col 15) 

In this way the rods can be made alternately +'*, one to the other But 
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there is an asymptotic limit beyond which neither can be brought Then the 
polish on each is complete 

Warming first one rod and then the other, we find the same temporary 
efEccts (cols 1 7 and 18) os previously in cols 1, 2, and 8, 9, 10 There u a further 
instance of rcversibihty duo to healing a rod which is shghtly to silk will, 
on warmmg, become — ” to it 

It will he seen from the above that whether glass is in (1) ‘ standard ” state, 
or (2) — ’* state to silk, or (I) )-'• state to silk, the effects of heat to make it 
more — or of rubbing with silk to make it more -| ”, are identical The change 
from gloss —"/silk to glass +”/ silk — ”, whi< h occurs at a certam stage 
in the above nibbmg is shown at Bin curve 2, hg 1 



Fiq 3 — Corves, 0, 1, 2, 3 show respectively the nature ot charge or —vv on glass, ss 
rubbed by textiles of vonoos grades of oleanliaeu oonunenoing with the least clean 
The gloss at poiot Z Is la standard ’ atate 

Next perform the above experiments on standard glass rods usmg, one at a 
time, in place of silk, th< other textile matenala- hemp, juto, cotton, linen, wool 
The effects throughout are identical in kind with those found when silk was used, 
though some matenals such as silk or wool rub up large charges more readily 
than, say, hemp or jute 

When, however, the experiment is performed with asbestos fibre and filter 
paper, it is found impossible to bring up a polish on the glass ot, by prolonged 
rubbing, to make it +''* to silk or wool Otherwise the effects are identical 
with those obtamed above Thus, when a rod, say A, u rubbed with the asbestoa 
fibre, it beoomea — ” to the asbestos and 4 ” to B When B u now rubbed with 
asbestos it becomes — ” to the asbestos and +” to A Agam, worming rod A 
or B depresses it so that it becomes — ” to the other rod Unhke the textile 
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mat*nali oontiaued rubbing by asbeatoa faila to bring up polish on the rods 
in tact, the surface becomes abraded 

With falter paper the glass is not visibly abraded but its fibres are torn up by 
the rough glass and it will not produce polish Further if a pohshed glass whic h 
IS -f'* to silk be rubbed by filter paper It at once loses Its polish *f feels rough 
to the paper and charges — *• to filter paper and to silk In interpreting these 
experiments we have to account for four distinct effects 

(а) The effect of nsi of temperature is general It is found alike on clean 
glass and on glass whr ther in ’* or f " state due to rubbing with the 
textiles It IS th( reforo not a property purely of a clean glass surface or 
of a film surface hut ( f s mething common to both A\e know that 
water from the air is quickly adsorbed on glass surfai i s wluthi r cl an or 
filmed Again wc know (9) that a water him when broken I y impait 
of air receives a 1 '* charge It may be that when a ht t dry rod rulis a 
cold damper one the water him on the latter is broken and Ik comes ( ' 
as in our expenmi nts and the dner rod becomes — ” This explanation 
meets all tb( above cases for when both rols ore well warmed and 
water films driven off the effect ceases 

(б) The charges on the glass dm to rubbing with silk or other textile are at 

first—” but later become f” and this is the final condition persisting 
however long rubbing ( oiitinues and however much the textile surfaces 
are renewed 

(c) Concurrently with its change in tnbo electno character the glass shows 

dooreasing friction against the rubber and attains a polish 

(d) If two glass rods arc rubbed together that one is d ” which has been 
rubbed most by the textile 

The effects (ft) (c) and (d) unlike (a) ate permonetd and indu ate n rhemical 
and/or physical change of surface on the gloss To account for this pi rmaneiit 
change we have at hand the theory of Sir William Hardy and Miss I>oubhday 
{loc cU ) according to which the glass starting clean would aequin from the 
textile a film of organic impurities wax fat etc still clinging to the mllulose 
or ceiatin after cleansing I’ursmng this film argument we suggest that whUe 
the final +” charge found clearly mdii ates the presence of a complete primary 
film, the mitial — ” charge is evidence of no film or of one so thin that the 
underlying glass has a preponderating ” influence We arc on this sup 
position, getting for the — ” state (fig 2) a textile/glass and not a textile wax 
effect 
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When wax » teanaferred from nik to glaM a sheaiug piooaaa occurs m the 
wax, some still remaining on the silk This shearing occurs, as it generally 
does, sometimes between molecules and sometimes witiun the molecules, so that 
electnoal separation occurs +” going to the silk side, — to the glass side. 
This would account for the xmtial — " state of the glass on the supposition that 
when wax is passing from silk to glass the charges aiuung are glass — ”, silk 

As rubbing continues equilibrium arises when the glass surface tending to 
wax saturation and the silk to wax exhaustion the wax is pulled equally across 
the interface Reversal of sign now occurs, the glass receiving a +" charge 
But smee both surfaces now have a wax layer, the electrical separation (which 
only occurs for unlike surfaces) must be attributed to the differential influence 
of the underlying glass and silk, operating through the wax layers We have 
authonty for this view m what Sir WiUiam Hardy and Miss Doubleday (2) 
call an " irradiation of force ” acting from the underlying solid through a film 
and represented by the parameter b m the formula already quoted (i = 5 — oM 

It will bo seen that this general explanation accounts for effects (6) snd (d) 
equally well As for the effect (c), the accumulation of wax well rubbed on will 
necessarily lower fnction 

IV Tnbo-Eledno ExpmmetUa Second Serxet 
Not being satisfied that the residual impunties of the rubbers had been removed 
to the limit, we exhausted the cotton, linen, and silk m the Soxhlet for a further 
16 hours in extra pure benzene The result fulfilled our hopes All the three 
textiles now set up — ” charges on the glass indefinitely, +” charge m no case 
ansmg even after 15 minutes rubbing Fifteen hours treatment in the Soxhlet 
with tn-chlorethylene produced no perceptible further effect on the tnbo-electnc 
character of the textiles, though, m the case of cotton, it disintegrated to rotten- 
ness In the curves 2 and 3, fig 3, wc sec the effects of partial and thorough 
cleansing 

Thus at last we have so for purified the textales that they have very httle 
residual wax, and glass when rubbed by them retains its pristine — tnbo- 
eleotno character 

Having hitherto emifioyed fabnee (which are complicated with warp and 
weft) we next turn to yams In this case all the fibres are parallel to one 
another and our proUem is rendered eaaa. When a rod has been rubbed for 
■mne fame and is near the entieal condition (See section VI) it mbs -f-** along 
fibrea, say of ]ute at hemp, but mbs — ” across the fibres Further rubbing 



847 


Triho Eleolrtcity and Fnotwn 

ertlitt w»y leads ultimately to -|-'™ Clearly then yam u preferable to fabno 
feor our purposes for we can ensure that in rublung the action is either along or 
aorosi the fibre 

The yams were wrapped on standard glass rods and cleansed in the same 
drastio fashion as the fabnos (see section II) We found that their tnbo eleotno 
b^viour with respect to glass u identical with that of fabrics when impure 
they render glass finally +" when pure — " As a further generalisation of 
our results we find it is immaterial whether soda glass lead glass or vitreous 
Bilioa IS used We conclude that all members of the glass family react as above 
to any of the textiles— cotton hnen and silk 

V Fnchon ExpenmetUa 

To ascertain the coefficient of friction (|x)of two glass rods at anv stage in the 
mbbuig we use a tilting apparatus One rod a shown in section fig 4 is sup 
ported horizontally on two brass plates one of which is shown at X o is held 



0 

FlO 4 — Hie Frution Appantos. Bod Vb bogisi to slip on rod a for an angle ot tUt 6 

m place by spring 3 1 he other rod bb rests on fnctronless pulley P at d and on 

rod a at e The pulley and brass plates ate mounted on a boar 1 B and when 
thu IS tilted on a horuontal axis 0 rod 66 he$ftn< (o shde on a for a critical angle 
oftilt 8 Working out the reactions we have (i^K tan 6 where K iso constant 
depending on the pontioas of d and e relative to the centre of bb It is clearly 
essential always to have bb starting at one place in the apparatus since K 
depends on this. The end h of the rod is for this reason placed m the line joimng 
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two piDB, one of which u seen at p, Z la a atop to invent b g<Hiig far The 
rode ate moved to and from thia apparatua bj clean tonga and beat on one 
another at thoae enda which have been rubbed 
Standard glass rods (see section II), if tested direotly after cleansing, have a 
high value of p For soda glass, which we generally use, this value is about 1 2 
with variation of 20 per cent both up and down This venation from place 
to place, round the oiroumference of the rod, must be due to irregulanty m the 
nature of the glass, for if we keep to one generating hne of the rod pis constant. 
There seems to be streakiness running along the length of the rod due to unequal 
composition of material taken from the pot m manufacture When the glass 
has received a film by adsorption from the air or by matenal received from the 
rubber, this film attains uniformity and the streakiness disappears 
The vitreous sihca we have used has, when in " standard ” state, a lower 
value of p =a Q 94 

The curves in fig 6 show that glass slowly loses its “ standard ” quahty if left 
exposed to ordinary air Hence our practice is to mb the rods as soon as possible 



Time 

FiQ S —Gradual (all in mutual (riotion (or roda, oommsnoing " aUndard.” as expoasd (o 
air oontamination Time unita are days (or room air ounre : houn (or outalda air 
curve 

after cleansing The curves show that p falls farther m one hour m cold, damp 
outdoor air (m December) than in one day u the warm, dner air of a labontclcy, 
although we should expect the air m the former case to be more free of duet and 
condensable vapours, other than watw 

VI 

The value of p, vdiich falls slowly m air, doea so rapidly if robbed by the 
textiles. Thucanbeahownuiasystematio wayby wxnppu^thetextiieyocn 
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ot fktttio OQ ft clean rod and preasing thii with a definite foico on the standard 
rod, which la rotated on ita l«igth at speed raiyiDg from SOO to 2,000 revs per 
nunuto by a motor In fig 1 the gloss rod 0 u supported by two plates B, B, 
into which It fits. A motor shaft, not shown, can be joined to the left end of G 
The textile mounted on the rod for rubbing is pressed by a known weight on the 
glass through the gap shown in I We have, then, two independent v ariables — 
(a) The pressure between the surfaces, (6) the tune of nibbing In fig 6 
the curves show that in 10 seconds of nibbing ordmary flannel reduces p to 0 26, 



and other ordinary textiles behave m like manner os shown In all these cases 
the change from — to charge on the gloss occurs for a value of p about 
0*18 Thiscntical value of pis shown by the bonzontai dotted lino The curves 
4 and 6 m fig. 6 show the relation p/( for the cleanest textiles, the load being 
200 gnu In half a minute at this high pressure p u lowered to onl} 0 62 
Further rubbing causes no steady reduction in p, but we find a small erratic 
up or down value which we cannot attnbute to errors in measurrmeut To 
account for this apparent caprice we tned the efiect of rubbing the rods either 
(a) at (me spot of the wrapped textile or (6) with frequent change of the surface 
of the textile The results shown in fig 7, the pressure applied being again 
200 gms throughout, provide the explanation we are seeking W heu the rub 
oooun at one spot of the textile, as diinng stages B and D, p nses e\ en to value 
1 0. Wh«i, however, the textile surface is renewed dnnng the rub, as during 
stagM A and C, p descends to a low value. In tibe light of the work of Sir William 
HatdF and Miss Coubleday, the exjdanation seems cleu Heat is generated by 
prohmged rubbing with the great preMuzeuaed When the heat u concentrated 
at one spot of the textile, its surfsce beiximea so hot that the lubneant (wax) 
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becomes fluid and the textile absorbs it Thus the glass beneath is exposed to 
direct rubbing bjr the textile, mth resultant high value of [i, Messrs. Leoomber 



Fio. 7 — Vsristkin in matoal Motion ot glass rods aoooiding as tbe textile used on tbera has 
(A and 0 or has not (B and D) been freely moved during the rubbing 

and Propert (Ice oU ) show that cotton waxes melt at about 80” C Such a 
temperature might easily be attained for sustamed large pressure at one spot 
When, on the other hand, fresh cool surfaces of the textile are used, temperature 
rises much less and the lubneant remains solid The authors “ On Boundary 
Lubrication ” quoted above showed that a fluid hibrioant can be rubbqd away 
from a surface, but that rubbing a solid lubneant does not entirely remove 
It, but improves its polish, until it is probably reduced to monomolei^alar 
thickness 

On these bnes it seems possible to explam the anomalous tnbo-eleotno 
behaviour of textiles on tobds. It is often found that a hard rub makes the 
solid — ”, but a bght rub, or flick, renders it +”. This occurs when Ijie 
solid surface has acquired a certain degree or condition of film. As we have 
seen sbove, the value of p *=>> 0-18 is onticsl Glass rubs -f ” for leas value 
of |i, and — for greater values. If, then, the glass surface is neat this ontioal 
state, we fan attam +” or — " according as pressure is light or heavy. 


VU. 

We have assumed hitlierto that out cleaned tez^e matenal stiU 
contains enough wax to cause the lowenng in |i, seen in ourves 4 and 0, fig. 6 
This II a simifle film theory. But we must not forget ike claims of a sfrowi 
theoyy Standard glass surfaoee are made by long-oontinued boihng wkh 
ohtomio acid at ISO” C The amd not only temavw io^untiea, but also attaoks 
the glase surface, and so loosens the pazfedes as to give ^pportonitiea for 
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onentstaon, t «. relaxation from atrain When this etandaid glass is rubbed, 
onentation is destroyed and strain is set up, as Beilby’s work shows Burdon 
(10) shows that dilute HCL spreading over clean merouiy attacks only ono-tenth 
of the atoms of the surface, supposing the full density (13 6) remains up to the 
geometnoal surface If, however, oU the mercury atoms on the surface are 
attacked, the density of the mercury can only be 1 30 We see from this the 
possibility that free surfaces (even glass after surface agitation) may have 
peculiar structure, easy to destroy by violence, such as rubbings The surface 
would then attain a state of steam 

It seems probable that in our expenmeuts both efieots (film and steam) 
play a part , and that the strain effects may become relatively important when 
the apphed pressure is great and the residual impnnty on the textile is small 
We have rubbed standard glass with clean filter paper and clean glass-wool 
os well as with the very cleanest textiles In all oases the value ot |x falls 
to values 0 86 to 0 90 Now this lowered value (which is yet far above those 
due to impure textiles) cannot be attributed to residual impurity common to 
all the rubbers, as these are so diverse m constitution, unless the unpunty in 
the csae of each of them is derived from the air This we know is not the 
ease for recently cleaned material 

To test whether p is ever lowered in the absence of film, we tried a crucial 
test Prepare three standard glass tods A., B, C Measure |i for B and C 
Kub A first on B, then on C for half a minute, using the motor device of section 
VI, and rubbing very lightly Fmd p again lot B and C The value of p was 
1*23 before rubbing, 0 99 after rubbing, so that mere pressure on a surface 
WthorU th« po$nb%Uty of film formation causes a reduction of p The rubbing 
rendered the surfaces matt, and it might be argued that the reduction in p is 
not due to strain but to a change in the form of the surface from the polished 
to the rough appearanoe. We next oleaosed these matt tods with chromic acid 
in the usual way and re-tested for p We found that it recovered hardly at all, 
being 1*0. It IS, therefore, clear that film is not the only cause of reduction 


Something must now be said as to the actual punty of the cleansed 
textile materials, since any effect on the fnction of gloss caused by rubbing 
with very pure textiles might be due to eteoin rather then to film We have 
reoeived much advice as well as specially purified matenal from Dr L Balls 
and Mr. F F. Slater, Fine Cotton Spinnete Association, Manchester, from Di 
J. V, Byre, Linen Industry Resewoh Association, from Mr J. W Windley, 
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SiUc Merchant, Nottin^tham, and from othera We acknowledge gratefuUjall 
this help In some oases, notably the linen from Dr Eyre, the punfioatlon took 
over a month and involved numerous acid, alkaline and bleaching processes. 
We found that all these prepared fabrics and yams rub glass — " but never +” 
They all lower the oorfBcient of friction of standard glass to about 0 6 After 
exhausting them with bensene and chloroform on a Soxhlet, and then rubbmg 
on the glass, the glass friction u lowered to less extent than before. This 
improvement may bo attributed to the removal of natural contamination 
settling on them m the course of days or weeks since purification. 

Some students of cellulose and other Mgamo fibres have doubted the 
poBsibihty of BO far cleansuig these matenals of wax that not oven enough will 
remam to yield a monomolecuiar layer on any aohd on which they are nibbed. 
Even if the sutface of the fibres were absolutely cleansed by (be benaene or other 
solvent, the standard glass, having a surface of bgh fnction, would grmd into the 
wall of the fibre and take up reaidual wax from inside the fibre, where the solvent 
had been unable to operate fully If this be so, we could not expect to get a 
fibre really free of wax short of disintegiatuig it into the smallest particles. It 
would thus be a vam hope to expect to get a really pure textile, however far 
the cleansing were pursued 

As to the very pure commercial solvents we used, all when evaporated down 
left first a small amount of residual thick oil and, finally, when dry a perceptible 
powder Correspondingly we found these solvents all lowered the coefficient of 
fnction of glass when this had been dipped m them and dried The benseue 
reduced |x byO 33, the other solvents by 0*27 and 0 13. Another mdioation of 
poUution IB that the residue changed thetHbo-electrio character of standard glass. 
We have thus three Imes of e videnoe all showmg that these solvents are ontrust* 
worthy. Yet the distillate from them in the Soxhlet » of high punty This 
is shown by placing standard glass rods m the Soxhlet and boiling for 16 minutes 
On testing the rods for fnction before and after the process, the value of 
remained constant at 1 24 We thus obtamed such pure solvents by the Sozh- 
let ^at It 18 questionable whether solvents of a higher grade than these oonuner- 
cially “ pure ” ones will prove more effective in reducing residual wax on the 
textiles 

IX 

We have seen that the value of (i for standard glass laOs when it it left 
in all or when rubbed by a vanety of flexible bodies. We now notioe some oases 
in which the reverse process occurs. Suppose |i foiglass has hem nduoed by 
rubbing to the low limitang value 0*13 There are three ways in which this 
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Tftlue will be found to rue (aeo fig 8) ’ —(a) Leaving in ordinary mt Thenaein 
)i u slow, but in five days it nses to 0 84 (b) In vaooum (0 001 nun ) In 



five minutes (x rues to 0 21 (c) Heating to a high temperature (220° C ) In 

a very short time p rises tob 51 

To account for the nse m p in these three diverse coses, we might expect 
heat and perhaps vacuum to reduce some of the solid film formed by the rubbing 
But we should not expect the JUm to escape from the surface when left in au, 
for we know from section V that the reverse process occurs On the other hand, 
any stram imposed on the film in rubbing would be relaxed qmckly by heat, 
ilowly by vacuum, and very slowly when left in the air by the thermal agitation 
of the glass below the film and by the incessaut bombardment and adsorption 
of gases from the air 

The facts just quoted correspond with experience in tnbo^lectnnty For 
we find that when glass by rubbing has been rendered d-” to silk, it will be 
found to reverse to — ” if (o) left m air for many hours, (b) left m vacuum 
for several minutes, or (c) heated to 220° for a few seconds 

In each case the dotted hno (i e the critical state) is crossed (see fig 8), as 
one of us has shown (c) m previous papers (11, 12) Reversal of sign occurs, 
as we have seen (sootion VI), for a cntical value of p about 0 18 (see dotted 
Ime, fig 8) 

We have already found that the effect of ordinary air on standard gloss is to 
lower p to a medium value, say 0 6 Now we find it raises p for potuhed glass 
to about 0 6 Thus, however glass be treated, it settles m air to a medium 
condition With p « 0 5 to 0 6 

X. Candutum 

The method m most tnbo-eleotnc expoiments m Uie past has consisted m 
observing charges ansmg by rubbmg together two sohds of different com* 

VOL. 0X1.— A 2 A 
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position. Surface eondifaona ate liigUy complex, physwally and chemically, 
BO that such experiments have, In general, led to indefinite results It is a case 
of one equation with several “ unknowns " 

Our method is to combine such experiments as the above with those of two 
other tands — 

(a) Observation of the charges arising by rubbmg together two like solids — 
m this case glass/glaas— which have been rubbed or heated differently 

(b) Observation of the mutual friction of two like sohds — here glass/glasa — 
which have been similarly rubbed or otherwise treated m a systematic 
way 

We have thus three pomts of view, and we have found a stereoscopic method, 
such as this, fruitful in results We are ooutmuing it with sohds other than 
glass and textiles. It is clear that sohd films play a great part in our expen- 
ments How far orientation and strain at the mterface may influence results 
remains to bo seen 

The following definite eflecta have been found — 

(1) A glass surface starting in a standard state of punty adsorbs con* 
densable material if left m the au and its ooeffioient of fnotion ( (i) doteh/ dssoends 
m several days from some high value, aay 1 2 to about 0 7 

(2) Ordinary textile materials when rubbed on Uie standard glasa bring 
about the lowenng of p qutckly Contmusd rubbing will bring down even as 
low as 0 13 Vor a value of p ss 0 18 the charge on the glass due to rubbing 
becomes -f", having been for higher vidues of p 

(3) Textile matenala, rendered very clean by prolonged treatment with 
solvents (benzene, etc ), slowly reduce p for the glass on which they are rubbed 
to about 0 6, as the limit The friction never descends to 0 18 and tiie glaos 
remains — " and never acquires a charge 

(4) When a glasa surface has attamed a very low value of p, say 0 13, it acquire! 
a higher value (even 0*54) when heated, or placed m a vacuum, or left in air 

(6) When glass baa medium values of p, the sign of the charge due to rubbing 
can be made or — ^ according as the rubbing is gentie or violent, and when 
the yams and fabnes are used, oocoidiog as the tubbing is along or across the 
fibre 

(6) Two standard glass surfaces acquire no diarges when rubbed together, 
but if one has been rubbed by a textile more than the other it is -(-” to the 
other. 

(7) U one of two identical surfaoes of glass be heated and then rubbed on the 
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The Absorption Sptetra of some Naphthalene Derivatives 
xn Vapour and Solution 

By Hbnby G de Lasao, Institute ol Phytioal Chemistry, Zurich 
(Communicated by Sir Ernest Rutherford, Pres B S —Received February S, 1926 ) 

Having examined the absorption spectra of naphthalene* and its methylf 
denvatives, I have contmued the investigation in order to see how the spectrum 
of naphthalene is affected by the introductioii of different groups in the alpha 
and beta poeitions 

The technique employed for the solatioB{ and vapour* spectra has been fully 
desoribed elsewhere Pure hexanef was used as a solvent unless otherwise 
stated c is the molecular absorption coefficient The substances were 
purified by crystallisation from hexane Laquids were fractionally distilled 
vacuo 

The absorption curve of naphthalene consists of two parts Part I contains 
9 sharp bands A-L between X 3207 (e 16) and X 2930 (a 366) Bands C (X 3110) 
and H (X 2976) ate very strong and have an interval of U60 cm This 
interval repeats itself in moot of the mononaphthalene derivatives, par* 

* V. Henri and H. da Lassie, ‘Boy Soo. Proo.,' A. vtA 106, p 662(1924) 
t H. de laicla, ‘ Oimptas Bandas,' voL 180, p^ 209 (1986) 
t V. Henri, ‘ Etudes da llwtoolkemie ' (1919). 

I V. Banri and A. OaetilK * BoL Soe. Caklm. Biot.,' voL 6, p. 199 
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ticularly m the case of the beta bodies. There u also a amallei interral D-C 
of 451 cmr‘ and L-F 2 X 463 cm At X 2700 the curve goea up steeply 
from t 365 to c 4600 Here starts Part II, which consuts of 8 bands 
These are much broader and more diffuse than those of Fart I In all 
bodies examined in tbs paper these two well-marked sections m the spectra 
found, hence the use of the expressions Parts 1 and 11 will be continued 
The BronumaphAalenes, a boded at 270° C. (735 mm ) and ^ was obtained aa 
wbte scales m p 57° 0 The solution-spectra in hexane (see Table I and fig 1) 

Table I —Solution Spectra of 


a-Bromonapthalene and ^-Bromonaphthalene in hexane. 
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1 1 - J 

I Bxid 1 x 

1 1/A 1 . 


Part I 



Part I. 


I 

3216 

31090 

140 

A 

3320 

31000 

m 

11 

8U7 

31680 

848 

B 

3168 

31670 

188 

HI 

8107 

32190 

460 

C 

3143 

31820 

188 

IV 

3063 

327S0 

870 

D 

3118 

32070 
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V 

3016 

33160 

1380 

K 

3074 

32830 

278 
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F i 

3010 

33220 

280 
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33480 
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^ 2972 

33600 

3480 


J 2897 
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0 j 
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34000 



f 2924 
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VII 
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r 2689 
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f 2810 
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ue irery hke those of the methyl naphthalenes * a-Bromonaphthalene has a big 
penod of II-V = 14fi0 cm "* The following intervals also occur —I III = 
1100 om “S II-IV =a 1070 cm and Ill-V ==1070 cm These probably 
represent a true interval of about 640 cm The ^ body has an interval of 
1470 cm The following periodicities also appear B-D = 500 cm and 
A-B IS* 610 om ■* giving an average of 506 cm The vapour bands (see 
Table II and fig 1) of the isomere reproduce the solution bands with regard 
to their relative positions and intensities Band A has a defimte fine structure, 
which will be mvestigatod later with a modified bght source 


' a. de iMlo, ‘ Z (. Chea.,’ roL 118, p. 870 (1086) i and ‘ Gomptei Bsndas, ' 
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Table n. — Vapotit Spectra oi 
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in liezaoe {aee Tnbl* III and fig. 2)i thn relative poatioiu of the bands of both 
ohloTO oompoonds are the same ai tboae of the oorreeponding bromo derivatives 
The band heads of the latter are shifted towards the red in comparison with 
those of the former by the following amounts Part I of a bromonaphthalene 
60 cm Part 11, 90 cm Part I of p bromonaphthalene, 70 cm Part 11, 
106 cm"* 


Table III —Solution Spectra of 

a-Chloconaphthalene in Hexane and p-Cbloronaphthalene m Hexane 



Band I of a*bromo- is resifived into two in the case of a'chloronaphtholene 
We conclude therefore that the introduction of a halogen atom into a nng body 
disturbs the character of the latter’s absorption spectrum but little, the whole 
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being shifted towards the red , the afflOnnt of this shift beug dependent upon 
the Btonuo weight of the substitutuig atom 
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Fia 2 — ChloronaphthalcM in Hexane 
Broken boe a-CSUoronaphthaleiie , solid line iM^hJoronapbthalens 

The cathodoluminesoenoe spectra of the bromonaphthalenes were examined 
b/ Goldstein * This bears out our theory of the production of absorption and 
emission bands f 

The NaphthoU — a Naphthol melted at 94° C and ^ at 123° C The solution 
spectra m hexane arc shown on % 3 and Table lY The average intensity of 
the two curves is about four tunes that of naphtbslene the small bands being 
well marked The action of the —OH group on the naphthalene spectrum u 
comparable to its action on the benaene spectrum $ The phenol solution 
spectrum m hexane consists of three very promment bands whose average 
intensity is about five tunes that of the benaene spectrum the whole being 
shifted 2220 cm ‘ towards the visible We note the following frequency mter 
vals between the vanous bands -a. haphthol I V, 1470 cm IV VII, 
1470 cm , average, 1470 cm p Naphthol B E, 1380 cm , C G, 
1460cm “* D-H, 1430 cm"* KI 1400om“*, average, 1420 cm "* These 
intervals diflei but little from that of naphthalene 


* * Verb d D Pbyt Qss voL 0, p 161 (IMi) 
f Z 1 Phjrs Oisnl.’Tol U8,p 8W • 

% Kliagstedl. ‘CR. tuL 174, p 811 (1811) 
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a Ntphtho) A I ( - 11» X N ( » 90 
iSN*phthol IVII »-100 . VmX <«75 

Table IVa — Sulutioa Spectrum of « Napbthol 
In Hexanf In Ethyl Alcohol 

Band I A j 1/A j . I I ^ I I 


Part I 


I 

Z-n 

31100 

1830 

1 

3237 

80890 

1900 

ni 

IV 

V 

sije 

3106 

3070 

31800 

32200 

33670 

1740 

1800 

1820 

in 

V 

3103 

3093 

31620 

32330 

1760 

2000 

VI 

VB 

3014 

2970 

33180 

83070 

2200 

Pari 

vi + vn 

ill 

3021 

33090 

3300 

vm 

/ 3931 
\ 2924 

1 33890 
34200 

4300 1 





IX 

/ 2890 
\ 3867 

1 34600 

1 34880 

4300 

VUl+IX 

/ 8984 
\ 1904 

33610 

33860 

3300 

X 

/ 3813 
\ 2798 

86660 

36800 

8900 1 

X 

/ 1907 
\ 1890 

34400 

34600 

3160 
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Tabu IVb.— B ointioii SpeotfB of p-Naphtihol. 

In Hexane In Bth^AhoM. 



The total speotnim of «-naphthoI diffen from that of ^-naphthol u that the 
two parte of the speotnim flow mto onem the former and are clearly difierenUated 
in the latter 

The Bolution apectra of the naphthols in ethyl alcohol are shown in flg. 4. 
The average intensity has not noticeably altered KlJngstedt* found that the 
3 phenol buida m hexane became erne in alcohol the whole curve being shifted 
460 om.“‘ towards the rod. In Part II all the hexane bands ate present, but 
theu intensity has decreased by 1 1000. We find a similar reduction of s 800 
m tiie aloohoho phenol solution There is a possibility of tautomensm in the 
case of both phenol and the naphthols The following table gives the ahift of 
the spectinm towards the red in cm.'* in relation to the vapour spectra. 


•aR..'ToLl74,i).8U(t«b). 
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Vapour 
In Hexane . 

In Ethyl Alcohol 


Phenol. . 

«-Naphth(J 

fl-Naphthol 


Parti 

Part II 

Parti 

Part 11 

0 

0 

0 

0 

0 

290 

350 

800 

350 

800 

700 

600 

1800 

800 

1100 



Both naphthalene and benzene abow but very small vanations m their 
absorption spectra when disaolved m alcohol or hexane, the same bands appear- 
ing in both solvents Alcohol is a strong dipole the electno fields o{ whose 
molecules must act with a sort of “ Stark efleot ” on the dipoles of phenol and 
the naphthols Naphthalene and benzene on the other hand are electncally 
neutral , hence their absorption spectra are but little afieoted by dipolar solvents 
Vapour spectra of the naphthols (see Table V and fig S) The following 
freqnenoy mtervals occur for a-naphthol — 

Ib (31«9)-U (31082) »= A'/X 377 cm 

n (31880 )-Ia (31123)= .. 757 

IV (82e40)-II (31880) = „ 760 _2272 ^ 

V ( 328 » 6 )-ni (32140)= ,.755 3 “ 

The interval 757 cm is ahnoit certainly double the correct interval of 
378 cm,*'* which IS probably oatued by the atomic vibrations m the naphthol 
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TiiBiK V —Vapour Spectra oi 


n-Naphlhol and ^-Napkthol 



molecule In ^-naphthol we find a sunilar interval of 382 cm Both the 
above periodunttet represent diat of 474 om.~‘ whioH we find for naphthalene'*' 
* • Boy Soo Proc A. voL 106, p. (M. 
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vapoTii Thu indicates that the pactioolai atomic confi^ation which gives nso 
to thu interval has a greater mass m the naphthols than m naphthalene 

The strong bands B and I show a defimte fine structure, which however 
even m Bands la and In aro not sufficiently resolved to allow of an accurate 
determination of the moment of inertia The lines seem to be more closely 
spaced than in the case of naphthalene which indicates a greater moment of 
inertia for the former 

Stang^ has measured the infra red absorption spectra of the naphthols m 
C8» and CC1« The infra-ml bands may be represented by the following 
formule where n and p ate small whole numbers For a naphthol n (378) + 
p (110) and P naphthol n (382) + p (125) From Table VI we see that the 
observed and calculated values agree well together The constants 378 and 
382 are those that appear in the UV absorption spectra In the case of 
a-naphthol we find three pairs of bands in Stang’s measurements with an 
average frequency mterval of 21 cm 1626-1603 = 23, 1276-1255 — 21, 
1048-1028 = 20 From this wo can calculate the moment of mertia J 
A'/X 0 — 8,3 10“ where c is the velocity of light in vacuo Hence 


J 


1,37 10->* 300 
(6,3 10“)* 


_ 4,11 I0~“ 
4,335 10^ 


= 94,8 


10"** p cm • 


We can find only one such pair in the case of ^-naphthol, namely, 
1028-1010 = A*/X 18 cm which gives a J value of 142,5 10“**pcm* 
Hence ^ has a greater J than « which would appear to be theoretically 
correct The cathodolummesoence of both naphthols have been examined 
by Fischerf who found that each spectrum oonsuted of two parts, the bands of 
the first half being sharp and those at the blue end being broad and continuous 
Dickaonl has measured a few flawescenoe bands. The production of these 
various forms of emission are explainable on the same grounds as for 
naphthalene S 


* ‘ Phys. Bev voL 9, p 644 (1917) 
t ‘ Z f. Wlss Phot voL 6, p 316 (1906). 

}'Z.f Will. Phot ,’vo] 10,p 166(1911} 
i H. do U«do, • 2 1. Phys CSiejn,* vol. lU, p 396 (1926) 
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Tabuj VII— continued —Solution Spectra of 


a-Naphthomtnle and ^-Naphtliomtrfle in Hexane 



The vapour spectra of the uaphthonitnlee show no new bands (Table VIII). 
Fuoher* finds two sets of bands for p-Naphthonitnle in the spectrum of its 
csthodoluininescenoe, that at the rod end being narrow and the set in the blue 
portion being brood and diffuse This phenomenon is again the same as m 
naphthalene 

The Naphthmc aade (see fig 6 and Table IX) a-crystallwed well from 80 per 
cent alcohol and melted at 160“ C , while p melted at 184“ C The solution 
spectra in hexane show very steep absorption limits which are shifted 1 960 cm 
for « and 2760 cm "* for p towards the red m compiunson with naphthalene 
Klmgsted and CastiUet find a similar shift of 3060 cm for bensoio acid m 
relataim to benzene, all but three of the latter’s bands were fused mto one, and 
the intensity (c) of the curve was doubled The — COOH group has the same 


• ■ Z f. Wlsi Phot.,' p. Sia (1808), 
t 'CR.’ toL 176, p. 748 (18*4). 
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y _ -fa Naphthomtnl^ Part I at 120“ C Part H at 60“ C 

Vapour Spectra of Naphthomtnle Part 1 at 12fi“ C Part II at 60“ C 

a NafhthoMinle P NapirihonUnle 
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effect on the naphthalene curve It leema as though m the case of the naphthoic 
acids and a-Naphthylanune moleonles only one degree of activation takes place 
instead of two as with the — CHs, Br, Cl, OH, and — CN derivatives. 



Fio 6 — Nspbthoio Aoid in Haians 
o-Naphthoio Acid 1, (•■•IM* 

/g-Naphtholo Acid A-0, i 1 80° $ U-L, i - liS’ 


Tabuc IX 
a-Naphth(HO acid 

Scdution Spectrum m Hexane Vapour Spectrum 


BMld 1 A 1 1/A 1 t 1 

1 Band. | ^ | 

Part I 

Part I at « = 166® C. 

1 f 8280 1 80*80 ) _ 1 

I r 8237 1 30880 

1 1, 8800 1 30780 1 . 

1 11 3213 1 81120 

Part II 

Fart II 

CoDiiits ct a rtry wide flat band whoie 
ai^auxiBiata Uniiti an i— 

Couiata Ukcwiaa of a toit broad fla 
band with vtij indeSqit* iWta. 

1 817S 1 31800 1 

6000 

3800 34500 

1 1 
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Table IX— continued 
P-Naphthoic acid 


Solution Spectrum m Hexane Vapour Spectrum 



Fart I 


1 Part I at 1 =. 180° 

c 


1' 3388 

28430 


AB 

r 3820 
\ 3288 

/ 3247 
\ 3233 



t 3388 

39515 





r 3380 

29760 


0 

3^ 


t 3380 

29850 

1850 

D 

f 3162 
\ 3143 

318M 


r 3334 

30080 





toree 

30340 

U30 

S 

{ WO 

3M70 


r 3278 

30510 


a 

/ 3033 
\ 2987 

3^ 


1 3195 

31300 





f 3182 

31830 






\ 3141 

31840 






r 3115 

32100 






\ 3038 

33700 






Part II 


Part II at ( » 146 

°C 

H 

/ 3937 
\ 2811 

34050 

84340 

5500 

H 

/ 2853 
\ 3830 

35050 

35340 

1 

{ ^ 

38280 

7250 

1 

/ 8786 
\ 1719 

36290 

86780 

K 

/ 3718 
\ 3875 

38830 

37380 

5800 

K 

/ 2654 
\ 2821 

37680 

38150 

L 

/ 2607 
\ 2873 

38380 

38880 

3800 

L 

/ 2888 
\ 2515 

39140 

89760 


The «-acid shows no structure while the ^-body has a number of weak bands 
which form definite senes . D {30900)-A (29470) =» 1630 cm . E (31740)- 
0 (30210) =« 1630 cm , G (32400)-D (30000) = 1600 cm which gives 
1620 cm as an average value. 

The Melting pomt of « 60® C. and of p 111° C 

Bobtion spectra in hexane (see Table X and fig 7) The —Nil, group haa 
a amular inflnence on naphthalene as it has on the benxeno spectrum Thus 
Klugatedt* finds that the absorption limit of benzene u shifted 4660 cm to 
the red, while we get similar shifts of 3500 cm. and 4050 cm for the a and 
• ' aR toL 17<, p. MS (18S4). 


2 B 2 
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Table X —Solution fi^tra of 

x-Naphihylamne in Hexaw. n-Naphlkylamine tn Water 


B4«kI j A 1/1 j • I Band j A 1/A 
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a.N«phthyl*mine A-H, t = 110" . K-P, t - 05' 
S N*phlhyl»mlne t IV, ( » 90’ , V, f — 90’ 


^•positions on introducing a — NH, group into naphthalene In ^-napthyl- 
ainine we find the following penodicitiea — B-D =>460 cm , D-ti = 470 
cm "‘t G-H 486 cm of which 472 cm is an average Amlme has ten narrow 
bands whose interval is 460 cm "* with an c value 6 x greater than benrene 
For solution spectra in water (see fig 6 and Table X) Band 1 appears at 
the following frequencies when measured m various physical states which 
result will be discussed in a later paper m hexane 30030, m water 30680, 
in alcohol 30360, m vapour 30410 cm 
The vapour spectra (see fig 7 and Tabic XI) of oc give an interval of 000 cm 
which IS greater than that of naphthalene (474,4 cm "') , III (31410)-lt (30910) 
=. 500 cm , n (30910)-! (.30410) =. 600 cm -> 
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Table XI — Vapoui Spectr* of 
a.-Naphihylamiiif and ' ^-'Na'phthylamtte 


Part I at ftO” C 

/ 3306 

\ 8i7l 

{ 3**** 

r 3200 
\ 3108 


31070 

31670 


Part ir at W® C 

ContUU of a broad Aat band 


^■Sa'phikyUmxnf 
Part II st95“C 

{ mi 

/ 2829 

\ 2«U 

{ Vm 

r 2733 

\ 2708 

r 2661 
\ 2611 


Part I at J30° t 
26460 


■«28,26 

3427,45 

3426,69 

3428,26 

3424,60 

3423,90 

3421,19 

3420,33 

3420,44 

3418,76 

1.3418,23 


,^ 3400,8 
I 8398,6 
I 1.3397,2 

3378.6 
3877,0 
3370,2 

1377.6 

3367.6 

'3342,4 

3339.6 
3336,8 


291,091 

29176.2 
29182,7 

29194.9 

29201.3 

29206.0 atioag 

29229.6 

89282.7 

29236.0 

39200.0 itmil 

29204.9 


The following frequency intervals appear m p-naphthylamino vapour 


G (30098)-E (29690) == 403 

E (29642)-C (29260) =. 392 

C (29260)-B (28862) =■ 388 

E (29598)C-C (29206) = 392 

R (29628)-C (29236) =• 392 


D (29408)-C (29169) = 239 
E (29642>-D (29408) = 234 
C (29169)-B (28936) = 233 

Average 236obl~* 


Average 
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Th« uterval 392 prolmbly ooirespoiuls to the big period o( naphthalene vapour 
Hence we oonohide that those atomic groapinge which give rise to theee 
penodicities are heavier in p-nsphthylamine than in naphthalene Fischer* 
has photographed the cathodoluminescence, and Stark and Steubingf have 
measured the fluoresoence StangJ found the following infra-red absorption 
bauds for ^-naphthylamine in CS, and CCU most of wbch can be expressed 
by the formula w392 + p235 where n and p are small whole numbers and 
the two constants frequency intervals which appear in the U V vapour 
spectrum (See Table XII ) Wo find only one double edge in Stang’s results 
1188-1164 =>24 cm This gives a J value of 80,4 X 10'“5 cm* For 
a naphthylaraine there are two sets of double edges, 1406-1376 =>30 cm , 
1124-1098 =a 26 cm “* , average 28 cm “S which gives a moment of inertia 
69,0 X lO-^^jcm-* 


Table XII 


-n 

9 

6 

2 

2 

3 

S 

2 

P 

0 

0 

7 

« 

3 

« 

3 

mi 

3616 

3.64 

3,80 

3124 

3,90 

j,n> 

9078 

2429 

4,13 

4,13 

2437 

2194 

4,66 

4,44 

2363 

1646 

6,06 

6,13 

1691 

1960 

6,10 

8,32 

1916 

1489 

6,71 

1602 





2 

3 


3 


. . J 

_^_J 


* 

0 


1 

tl 

Oslo j 

Oslo 

OU 1 

Ob*. 1 

]4]l 1 

7.10 

7,30 

1389 

1294 

1264 

7.99 

9,09 

1334 

1176 
8,01 
8,41 \ 
8.89/ 
1188 

ilM 

1134 

1019 

9,81 

9,76 

1088 


Some other Pkynoal Properttee of the Naphthalene Sene* 

Auwers and EroUpfeififerf have measured the exaltation of refracbvity for 
a number of monodenvatives, and find that this value is invariably greater 

•‘XI Wiu Phot ,’ voL 0, p SIS (1906) 
t‘Phy» Z.’vd 9,p 491(1908). 

X ‘ Ph^ Rev veil 0, p 8U (1617) 

I ' Ana. d. Cbem.,’ vol. 33S, p. S90, 
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ioi the ^ than for the a-isomer Both the boibng and melting pomte of the 
^-oompounde are higher than their leomen 

Influence of Chanved OonetWuhon on the Absorption Spedra of the Napkthalefie 
Senes 

The absorption spectra of the ^-denvatives are more like that of naphthalene 
than their isomers and contain a larger number of bands Smce naphthalene 
IB a fairly rigid molecule as shown by its fine structure* we can assume that the 
groups are held more firmly in the ^ than in the a-positions a-Naphthol and 
ot>naphthylamine are more easily oxidised than their isomers Naphthalene 
forms addition products with greater facility than benzene, and is likewise more 
readily oxidised The former will therefore be the least saturated of the two 
bodies This is borne out by the fact that its absorption (*) is about ten times 
that of benzene and the whole has been shifted to the red 

The halogen compound of naphthalene are chemically unieactive and their 
spectra differ but little from that of the parent body The halogens seem to 
act rather through their weight than by means of electrostatic forces with 
which they might upset the eqmhbnum of the molecule One would expect, 
therefore, that a sufficient number of halogen atoms on the molecule would 
cause the latter to cease rotating, leaving only the broad shallow band due to 
electron jumps This indeed we find to be the case with octo-chloronaphthalene 

Chemically the naphthols are similar to the phenols, tautomensm being 
possible in both cases with the formation of an addition product with alcohol 
or water. The nitriles which are very labile contam an unsaturated tnvalent N 
which IS very active m increasing and forming very many well-marked bands 
without oausmg any great shift towards the red The NH, group contains a 
saturated tnvalent N, hence a reduction in the number of bands The mtro- 
naphthalenes possess no structure at all This property of removing band 
structure seems to be chsractenstic of pentavalent N and especially tor the 
NO, group The — COOU group likewise wipes out all structure and shifts 
the absorption far mto the red though not so far as the NO, group Thu 
may be due to the two oxygen atoms being bound to a common atom. 

We have reoenUy been examining as- and trans-dekalin. Both are 
transparent to U V as cyclohexane Thu u what one Would expect when all 
the double bonds have vanished Tetrabn has a oharaoterutio absorption whose 
bands be between 1 100 and c 300 (h 2000^ X 3000), In other words it behaves 


•Roy Boo Picoo,’A.vol.l(»,p.»78(H»4) 
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•pecttoMx^o«ll j like a bqoeene denvative with sa aliphatic side chain which 
agrees well with its chemical properties 

Summary 

(а) Those denvalives of naphthalene containing the groups CH3 Cl 
Br, OH, COOH, CN and NH, show a marked difference m absorption spectra 
depending on whether the groups are in the alpha or beta positions 

(б) The spectra of the beta-denvatives are more like that of naphthalene 
than their isomers 

(c) The beta spectra consist of two clearly differentiated sections both as 
regards position and mtensity (t) The first part is always more shifted towards 
Ae red than the second part when compared with naphthalene 

(d) In the alpha spectra things arc reversed Part II having a greater shift 
towards the red than Part I ^ Naphthol has its Part II shifted towards the 
ultra violet which is quite anomalous Table XIII shows the red iduft for the 
various denvatives exanuned when compared with the parent substance 


Table XllI TABLE XIV 
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(c) Tbe amount of the red shift u of the same ordeam the ease of naidithalene 
and benzene denvahvea except that it n idwaya a little bigger in the latter 
case 

(/) Part I of the beta spectra always consists better defined mtenser and 
more numerous bands than the alpha spectra They also contain one very 
[ romment band which corresponds with band C of naphthalene and m the case 
of vapour often possesses a fine structure 
(g) The hexane solution spectra are always shifted towards the red when 
c mpared with the vapour spectra Perhaps this is due to the fact that every 
molecule possesses a different electnoal moment When in solution the 
moles ule finds itself lu a strong electric field due to the molecules of solvent 
which acts with a sort of Stark effect on the absorption bands of the dissolved 
molecules The amount of this effect will of course vary with the electric 
moment hence the ted shift will be different for every body 
(A) The red shift (y) is greater for Part If than Part I This likewise mdicates 
a Stark effect f r the action of an electric field is stronger the higher the elec 
tronic energy level is m the molecule Since Part II represents a higher state 
of electronic activation than Part I wo would therefore expect the above result 
The amount of this red shift for vanons bodies is shown in Table XIV 
(i) The average intensity (t) of the beta spectra (Part I) increases m the 
order of the following groups Bt Cl CH», CN COOK OH and NH, Part II 
of all dcnvatives except for the napbthylamiues have the same c as for 
naphthalene 

(A) The following derivatives possess a line structure m the state of vapour 
p-CHj, and « + p-OH p NH, p Br and p-Cl The following only have a 
sharp band edge for one band representing band C of naphthalene oi-Br and 
«+ p-CNanla-CH, 

Tablk XV 
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(l) The banda of moet of the bodies examined can be ordered into simple 
senes These penodicitaes which represent the osoiUataon frequencies of the 
atoms m the molecule may be seen in Table XV From this we see that the 
vapour pcnods are always smaller than that of naphthalene which is to be 
expected if an atomic grouping is weighted down by the addition of a new group 
however small The vapour penods appear again in the infra red spectra 

(m) The momcnte of inertia calculated from the infra red absorption bands 
are as follows — 

a Naphthol <»4 8 10 “jfcm* 
ot Naphthylaroine 5<)0 lO **jtm* 

fJNaphthol 142 5 10 
p Naplithvhirame 804 10 ‘*ycm* 

Hence we «». that T is less for the alpha than for the beta body This 
seems probable it the molecule rotates round the axis A for then the group X 
is nearer the axis in the alpha than in the beta position 
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A Contjoattson between Untmplecular and Btnwlecular Gateoun 
Ueacttons. The Thermal DecompomUon of Gaseous 
Acetaldehyde. 

By C. N Hinshblwood, Frflow of Tnmty College, Oxford, and 
W K Hutchison, Scholar of Corpus Chnsti College 

(Commuuicated by Dt N V Sidgwick, F R S — Received March 23, 1026 ) 

We have recently observed that the thermal decomposition of acetone in 
the gaseous state is a homogeneous, nnimolecular reaction As in the decom- 
position of mtrogen pentoxide, the number of molecules which react in unit 
tune 18 very many times greater than the number which could receive the 
necessary energy by collision with other molecules With the object of seeing 
whether this fundamental characteristic of nnimolecular reactions would be 
confirmed in yet another instance, we have examined the thermal deoomposi- 
bon of gaseous acetaldehyde, which at 600° C decomposes smoothly into 
methane and carbon monoxide The chemical similarity between this and the 
decomposition of acetone made it seem probable that acetaldehyde might also 
decompose in a umniolecular manner But although the new reacbon proved 
to be homogeneous, it was bimolecular 

We therefore have the opportunity of making a comparison between the 
molecular statistics of two chemically nmilar reactions taking place in the same 
region of temperature, one of which defimtely depends on molecular colhsions, 
while the other appears to be independent of them The contrast between 
the two supports strongly our previous theoretical conclusions, because, while 
in the ummoleoular reaction the number of molecules reacting bears no relabon 
whatever to the number which could be acbvated by rolUsion, in the bimolecular 
reacbon there is almost perfect oorrelabon between the number of collisions 
sofiered by acbvated molecules and the observed rate of reaction 

The aldehyde appears to decompose smoothly according to the cquabon 

CH,CHO CH* + CO 

The observed increase of pressure amounted to 98 per cent of the theorebcal 
value The decomposition products contained no carbiHi dioxide or uusaturated 
hydrocarbons. Three analyses gave the following percentages of csrbou 
monomde — 


50 7, 61 3, 60‘3. , 
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The residual gas after removal of carbon monoxide uas snalyBui in a Haldane 
apparatus with the following result 

0 632 0 0 gave on combustion a contraotion of 1 292 c c and 0 643 c c of 
carbon dioxide 

This corresponds almost exaetly to methane but a mixture of one volume 
of hydrogen with one volume of ethane would give exactly the same analysis 
as two volumes of methane Since the reaction is kmcticaliy bimolocular it 
IS possible that it might take place in accordance with the equation 
iCHjCHO + I-2C0 

rather than with thi equation 

2CH,CU0 — 2CH4 + 2CO 


But the actual produi ts wire shown to consist of methane and not a mixture 
of ethane and hydrogen by comparing tbiir thermal conductivity with that of 
an artificially prepared mixture 

The apparatus and experimental method were exactly as ui the experiments 
on the decomposition of acotem The purest obtainable acetaldehyde was 
dned and redistilled before use The actual method of mampulation whereby 
quite rapid rates of reaction can be measured accurately has already been 
deaonbed • 

The course of the reaction is bimolec ular as the foUowing typical experiment 
shows 

Temperature SIB” C 
Initial pressure = 3b < mms (a) 



The corresponding value of k with a and x expressed m gram molecules per 
Utre u 0 331 

* • J Cham Soo voi UO p 363 (1624) 
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The expenmente were earned out in a bulb with a hue capilla^ neck and 
connections so that the dead space was quite n^hgibljr small When the 
reaction is complete the pressure should have increased to exactly twice its 
uutialvalue The observed increase was *>8 per cent We sretherefore justified 
in using X the pressure mcreas* together with n the initial pressure without 
change of units 

The constancy of the numbers in the last column, although satisfactory 
IS not conclusive The best test of a bimolecular reaction is vanstion of the 
imtial pressure The time taken for a given fraction of the reaction to com 
plete itself should be inversely proportional to this In the following table 



he — Ooive showing Bunoleoiilar Nature of the Seoompoeiticn id Aoetaldehyde at 51>* C 
The two points marked by a oraet (j) oorrtepoiid to expermentt in which the pioduoia 
of reeotioD were preeent iidtiiily 
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The fignie shows that the relationship between the initial pressure and 
the reciprocal of the halfhfe is accurately hnear It u to be noted however 
that the bne does not pass through the origin Incidentally it will be observed 
that the products of reaction are without eflcot on the rate Another convenient 
test of a bimolecular reaction la the relation between the times required for one 
half and throe quarters respectively of the total change to take place They 
should be exactly as 1 3 The examples given in the last column of the above 
table show that this teat also is satisfied 
The reaction is almost completely homogeneous It went at the same rate 
in two different bulbs 


Temperature 618* C 



It 

Men 

1 I 

' \ 2fl0 

0 38S \ 

0 Si* / 

0 342 

BMII { ^ 

0 SJO \ 

0 349 / 

0 360 


The addition to the reaction bulb of a large quantity of powdered sihra 
which should have increased the surface area some twenty times caused an 
increase in the rate of reaction of SO per oent only 


Imtial pressure 
364 
319 


0 

0 




At a lower temperature 464° C the values were 
k = 0 049 in the empty bulb and 
k a 0 066 in the bulb with sihca powder 
The reaction as it takes place in the empty bulb cannot therefore be hetero 
geneouB to the extent of more than a very small fraction at these pressures 
At quite low pressures the disturbance might possibly become senous This 
may account for the failure of the bne m the figure to pass through the ongm 
The following table gives the values of k found at different temperatures f r 
the homogeneous reaction 

k u expressed throughout with the time m seconds and Uie concentration 
m gram moleoules per btre 
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T (»1» ) 

SobMmd 

tixloal^ 

8f>5 

t\l h 

4 TO 

836 


1 83 

811 

tl^} 07. 

0 78 

791 

om 

0 88 

709 

«“» 

0 107 

7^3 

0«5* 

0 086 

703 

ni??} 0 01.0 

0 0006 


The heat ol activation calculated from these results is 45,600 calories for two 
gram-molecules The velocity constant of a bimoleoular reaction is of the 
form 

* = CVTe-''“ 

Evaluating the constant, we find that the results can be summarised m ws 
equation i 

k = S 5xl0«* Vf e-*'"®-” 

The calculated values of the constants, given in the last column^ ♦ere obtained 
from this equation The agreement is seen to be very close 
The rates of other bimolecular reactions can be calculated from the equation 
{Number of moleculet reacting) 

= (Number of molecules entering xnto colhnon) X 
The present instance should be a particularly crucial test, smee, as we have 
already seen, in the chemically simitar ununoleoular dccompoeition of acetone, 
the number of molecules reacting is about 10* times greater than the number 
which collide possessiog the requisite raetgy of activation 
For the decomposition of acetaldehyde at 800° Abs the value of the velocity 
constant is 0 520 From this we find, taking Arogadio’s Number as 6 06 X 
10“ that the number ol molecules reacting per second m one c c. at 700 mm. is 

7 3 X 10« 

Taking the diameter of the aldehyde molecule as 0 X 10~* om. we find that 
the number of collisions calculated from the fcufflnlaV'^Ro'an* is 6 98 X 10**. 
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At this temperature the fraction has the value 3 4 x 10“*’ whence 
we find that the number of molecules which might be expected to react is 

4 3 X 10» 

This agrees within a factor or two with the number actually observed to reac't 
The contrast between this agreement and the discrepancy of 10’ found m the 
ummolecular reaction, confirms the conclusion that the method of activation 
in ummolecular reactions is fundamentally different from any which involves 
molecular ooUisions 

It may be remarked that this reaction provides one more instance, if one 
were needed, of the rule that the region of temperature in which a bimolecolar 
reaction attains a given rate, isdeternuned by the magmtude of its heat of active 
tion, and that other specific factors can play but a minor part in determming 
the rate of reaction 

Summary 

The thermal decomposition of acetaldehyde in the gaseous state has been 
investigated over the temperature range 430* — 892° C 

The reaction is bunolecular, and under the conditions of the experiments 
practically entirely homogeneous 

The rate of reaction can be calculated from the equation 

i = 5 8 X 10** Vt 

k being expressed in gram-molecules per htre per second 

On the assumption that pairs of molecules react, which on collision have a 
miminum jomt energy of 46,800 calories (for two gram-molecules), the rate of 
reaction can be calculated from kmetic considerations, and is shown to be in 
close agreement with experiment 

The contrast between this reaction and the chenucally very similar decom- 
position of acetone is illununating The latter reaction, being unmioleoular, 
IS not necessarily dependent on oolhsions, and it is indeed found that the 
number of molecules transformed in unit time is 10’ tunes greater than the 
number which could receive the heat of activatioa from collisions In the 
bimoleoular decomposition, on the other hand, there is almost the exact relation 
between heat of activation, number of colherons, and rate of reaction, which the 
simplest theory predicts 


voi. ozi.— A. 
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A General Confignrntum t» Space of any Number of Dimensume 
Analogous to the Double-Stx of Innes tn Ordinary Space 
By T G Roo*, 

(Communicated by Piof H F. Baker, F B S — Beocived March 23, 1926 ) 

The double-fflx of hneg in ordinary space had attention first drawn to it by 
Srhl&fli* m hiB discussion of the arrangement of the lines on the cubic surface 
Some time later, Bordigaf in a paper on the projectively generated sextic 
snrfacell m [4], pointed out the existence of a similar doable configuration of 
ten lines and ten planes in [4], the hnes lying on the surface and the planes 
cutting it in cubic curves Further work on this surface hasj more recently 
been done by White In a later paper sti]],| White considered the genecahea- 
tiou of these two surfaces, namely, the projectively generated surface of order 
— 1) in [«], and showed that, as stated by Bordiga, there are on it Jn(a + 1) 
lines Although not mentioned in that paper, it is clear from the work thei<e 
that there are \n{n + 1) [n — 2]8. each of which cuts the surface in a 
curve of order i(n — l)(n — 2), and meets all but one of the lines. These 
[n — 2Js and hnes, therefore, form a double')n(>t + 1) in [n] 

In this paper the existence of a double configuration of greater genoraUty 
than this is indicated It is shown that iip,g and r are any positive Integers 
with r < p and q then — 

In space r(p + g — r) — 2 d*mena%onM a »« potnble to find a fameh/ of N 
spaces of dimension r(p ~r) — I, and a family of N spaces of d/menevm 
r(q _ f) _ 1 that each space of either family meets all but one of 
the spaces of the other 

N « (y + ? -2r)!(y + ?-2 r + 1) ! _^(t+ q ~ r - ly 1121 ( f-l)l 

Such a ctmfiguration will be called a douUe-N, and n will frequently be written 
ioi r(p + q r) — 2, the dimension of the sjiaoe in which it lies, 

* ‘ Quart Jonm.,' voL S, pp 66 and 110 (1888). 
t ' Attl R. Aoad. lino. (Mm.), veil. 4. 4A. ^ 182 (1887). 

} ‘CamKPUl Boc Ft«i<,’TaL 21« p. 218 (1022). 

i7M,T<il.23,p.I(I024) 

y A (plsiiar) space at * (Bnienslons is desoUd b; [»]. 
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The apecuil cases cited above are those of— 

the donble-six 

y = 3, } =j n = 4, f = 1 the donble-ten 
p = 3, f/ ^ n, f — 1 the (Ioub]e-}n(n + 1 ) 

A [f{p — r) — 1 ] in [r(;) + j — r) — i] is represented by gr — 1 independent 
linear equations m the co-ordinates of the [r(p + g — r) — 2] To obtain the 
double-N configuration, gr equations of a certain form are taken, connecting 
whose terms is one identical linear relation The equations contam pr para- 
meters, but m consequence of the existence of the linear identity, there is a 
nnmber of relations connecting these, a number large enough, in fact, to make 
finite the number of spaces represented by the equations, when the parameters 
take all possible seta of values Further, given a smtable set of parameters, 
the constants in the identical relation are uniquely determinable Regrouping 
the terms of the original equations with these as parameters, instead of the 
former set, pr linear equations are obtained, which are connected by one linear 
identity, and represent therefore a [f(g — r) — 1] Thus each of the 
[r(p — f) — 1]8 18 associated with .i unique [r(g — r) — 1], and, from the form 

of the equations, ttce eersu Vlso it can bo shown that any [f(p — r) — 1] 

does not meet the [f(g — r) — 1] with which it is associated, but does meet all 
those associated with the other [r(p — r) ~ IJs These two fanuhes of spaces 
form therefore a double-N 

This double configuration is not in general self-dual, as arc the double-six 
of Imes in [3], and the other spc< lal configurations mentioned at the beginning, 
but IS so when r ■= 1 It is then the double- “1 [? — 2]* 

and [g — 2Js ID [p 4- g 3] It might be expected, in analogy with the double 

SIX of lines, that this self-dual configuration would have a quadne (Schur 
quadno*) w r to which it is self-polar Except m the cases of the double-six, 
and the simplex in [n] — p ==> 2, r ^ 1, g » n + 1, it is shown that there 
can be no such quadne The process adopted in the proof of the existence 
of thu simpler typo of configuration is very sunilar to that indicated above 
for the general case, but the algebra is oonsidniably shelter , moreover, some 
of the equations arising are required in showing that there is no Schur quadno, 
and It has therefore been thought advisable to give the proof of the theorem 
in its leas complicated form first 

• CJ B$ku, ‘ Prtodiilss of OtomeUy,' rd. 3, pp. 182, 187, etc 


2 0 2 
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1 In space of p + q —S dtmmnons tt »« possMo to find a family of N spaces 
of dimension p — 2, and a family qf N spaces of dimension j — 2 , such 
that each space of either family meets all but one of the spaces of the other 


N 


, (j» + 9 - 2)> 


{n~^p + q-x r - 1). 


Take aa co-ordinates, in the [nj, j-j, x„ and let Xu, Xig, 

PI arbitrary linear functions of them of the form 

r^ = a^iXi + C'sK*'! + + a^^,X7fi 


the a^ being known ronstantH Adopting the convention of summation 
over like (Greek) suihxes, these equations will be written — 


= a.sA. 



11 


The same Greek letter will be used throughout aa suffix to denote the aapM 
range of values ^ ' 

Consider the q equations - v 


or more shortly 


Ai*u + AjXii + ... + A^,i =1 0 

Aia-jt + A,x„ + -h AfX^ = 0 

Aixi, + AjXi, 4- 4- = 0 

Ajr^ = 0, 


12 


in which the quantities are A. arbitrary parameters For these to represent 
a [p — 2], 1 r , a [n — 9 + 1], there must be one identical relation connecting 
the left-hand sides Suppose this is — 

B,(A^..) + + ... + « 0, 

, BfA^^=^(K 13 

This identity m the x, is equivalent to the « 1 equations 

BsA«r.s, ®“ ®’ . 


1.4 
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By eliimnatiDg the Bn we obtain the conditions that must b« satisfied by the A, 
in order that the equations 1 2 may represent a fp — 2J, namely 

A.a,2i, A.a^, A^.2;in 



The excess of the number of columns over the number of rows in this matrix 
IS p 2, and the number of A. is p, so that, save for u common multiple, a 
finite number of sets of A. tan be found which satisfy the matrix equation 
Among the whole family of [p — 3]s repn aentod by the equations 

A./.S = 0 12 

m which the A, are arbitrary, there is, therefore, a finite number of [p — 2 ]b 
A ny set of A, whi< h satisfies the equations 1 3 determines uniquely, save 
for a common factor, by means of equations 1 4, a set of Bg, i r , any [p — 2] 
given by the q equations 

= 0 12 

IS associated with a unique (<; — 2] given by the equations 

B^«s = 0, 1 fi 

the left-hand sides of these equations being connected by the identiial relation 
1 3 

It can now be shown that these two families of spaces have the required 
intersection property, namely, that any (p — 2] given by the equations 1 2, 
in which the A, satisfy the matrix equation 1 5, meeta all the [y — 2]8 of the 
other family, except that with which it itself is associated Talce A‘. to be the 
particular set of A., and to be any set of Bg, except that obtained from the 
A*» by the equations 1 4 It hag to be shown that the fp — 2] 


AVwi 12' 

B'gAV^ = 0 / 1 3‘ 

has one point common with the [q — 2] 

BV.S ==0\ Ifi* 

A^B'.x.gSOj 13^ 


Since the spaces lie m a fp + y — 3] jt is only necessary to show that there 
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u one further relation oonaectiiig the left-hand sides of the p + q equations 

1 2‘ and 1.6^ This is — 

= A'.BV^ 1 7 

If the set IB actually that determined by the A*., that is, is the same 
as the B‘,, the identity 1 7 is imphed in 1 3‘ and 1 3^ (these, although now 
formally the same, modify different sets of equations, and so count as separate 
identities) There can be no identity to replace this one that is lost., so that 
a [p — 2] and a [5 — 2] which are associated do not meet. 

The number of [p — 2]8 given by 1 2 and 1 3 is the number of independent 

solutions of the equations 1 6 namely* ■ ^ 't' ^ ~ 

(p-l)'(9-l)! 

2 The doutle-'S of [p — 2]» and [y — 2]s xn [p q ~ hat vn gmeral no 

quadnc wr to which it u tdf-polar 

The proof of the non-existence of the 8chur quadnc for the general (seif- 
dual) double-N is complicated by the exutenoe of one for special values of 
p and 7, V12 , p ^ 2, 9 arbitrary, and pz^q=aZ It is effected in three stages, 
p 18 assumed < q, and it is then shown that — 

(1) If m [p -h 7 — 3J, p arbitrary fp — 2Je are taken, and p [? — 2]s 
drawn, each of which meets a different set of p — 1 of the [p — 2 ]b, but has no 
other specialuation, then a double-N of [p — 218 and [7 — 2)8 can be fopnd, 
which contains these two sets of p spaces, 1 0 , a doublc-N can be found, among 
whose spaces are those of an arbitrary doiible-p 

(2) For given p (other than 2), and 7 between 3 and some greater number 
depending on p, no quadnc can be constructed w r to which a general double-p 
of [p — 2]s and [7 — 2]8 in [p 7 — 3] is self-polar, and therefore in con- 
sequence of 2 1, lor such p, and 7, there can be no quadnc w r to whmh a 
double-N, among whose spaces are those of the double-p, u self-polar 

(8) The existence of a Schur quadnc for the double-N' of [p — 2]s and 
[7 — 1]8 in [p -t- 7 — 2], unphes the existence of one for the double-N of 
[p — 2]8 and [7 — 2]8 m [p 4- 7 — 3], * 0., if for given p, and some 7, there is 
no Schur quadnc, then there is none for that p, and any greater 7 

Smce we have only a negative propoation to prove, it does not matter if 
the double-N obtained in 2 1 is m some way speotalued (and although not 
proved, it u actually fairly clear that this is not so), for speciahsation would 
merely involve some relations between the a^. The coefiScients m the equation 
of the Schur quadnc, if it exists, are functions of the only, and thus if none 
* Segrt, ‘ Enoyld. der Hath. WiM.,’ in> 0, 7, p. 836. 
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exuta when these ate related, oertauUy none can when these lestnotions are 
remotred. In 2.2, therefore, it is actually proved that for given p, and a certaia 
range of q, there is no Schitr quadno, for the general (self-dual) double-N 
2 3 then shows that there is no Schur qnadnc at all, except in a few very 
speoiai oases 

2 1 .d double-^ can be wnatraoted vkteh contatne the epaae of a gtven doMe-p 
o/[p - 2]s atd L? - 2]s in [p — 3] 


Every [p — 2] which meets a f? — 2] lies with it in a [p -f ? — 4] There 
are p — 1 independent [p -f g — 4]8 of this sort passing through each of the 
[ jf — 2 ]b of a douhle-p and, the space being of dimension p -|- g — 3, the [g — 2]8 
therefore are completely deimed by these Each of the [p — 2]a has also 
to he m p — 1 of these [p + g — 4 ]b, but beyond this is so far arbitrary We 
can suppose each of them dehned by g — p further (p g — 4]8 Thus we 
can take for the equations of the (g — 2 ]b of a double-p 
yti =“ ysi = = y»i =“ 0 

Vi* ■= = = Vpi 0 

yi, = yi, = y4, = =yFnp=o 
and for those of the [p — 2]8 

yii = yi» = = yif ■=■ yi??T = yn = o 
ya = yj» = = yir = y*sf i -=■ = ys, = o 


y,i “ y,s -= yp3 = =-• ys?=i = • = y,# =* o 

where the are linear functions of the co-ordinates in the [n] of the form 

y^ (« ji P) 

and 

= 0 (a = P) 

The equations 

=*0 213 

for which quantities can be found, such that 





are those of the [p — 2]8 of a double-N Among the sets of A, which make 
Sil.4 possible are those in which all but one of them, say all but A^, are seto. 
HtSB, littoe yn 0, there are only g — 1 equatums in the family 2 1 3, via. •— 
yu =“ yi» =*..=* yi, -» 0. 
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and 2 1.4 18 Batufied when »11 the Bn but Bi are zero Among tbe[p 2]8 of 
thu double-N, then, are those of the doable-|) Sunilarly, we see that the 
1 j — 2|8 of the doublc-y are among those of the same double-N 
Alternatively, the equations of a double-N can be reduced from their general 
form to this, which gives explicit equations for the spaces of the double-p 
obtained from any p of its Ip — 2 ]b and their associated [q — 2]8 For, any 
of the q equations 

Avr.n = 0 1.2 

can bo replaced by the sum of linear multiples of the whole family, i e , we 
could replace the whole family by 

=0, = 1 , q 


A.(C„t .,.)-0 

(summation over the a and ^0 where the Cm are any 9* constants Furthfif^ 
the whole coofiguratiou of [p — 3]8 represented by the equations 1 ,2, witflgtot 
the identical relation, and therefore of [p — 2]s contained in it, is nna^|l^bd if, 
instead of the original equations, we wnto — 

D..A^.s*0 

(summation over the «, and the #'), the being any p* constants So 
that, altogether, the family of [p — 2]8 may be represented by 

A.(Cm-D„*..,)*0 216 

where some identical relation corresponding to 1 9 still connects the left-hand 
sides Now suppose that each set of Dj., D*., D^. is equal to a different 

set of A., which, inserted lu the equattoas 


A.X.V = 0, 

gives a [p — 2], and that C,^, C^, are the corresponding sets of 
(the remauung Off, can be taken arbitrarily) Then — 


Wnting 


Cm'D™ *• S' — f®* « — p 

y.B = C*s'D„>j:,c, 


the equations have been reduced to the required form 
It may be proved that there are no relations connecting the 0M'D«'a«'ri 
(a b^), and, consequently, that the donble-p obtained from any p of the 
spaces of either family of the double-N is no lew gonerKI than that oonitructed 
ongmaBy 
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2 2 Jof any jj there u a range of nduee q for which the general double-p 
[y — 2]* and [q — 2]* t« [p + ^ — 3] Aa« no qitadnc wr to which i( t» 
edf’ polar 

The freedom of a quadnc in [p + y — 3] is reduced hy (p — 1) (f — 1) d 
a given [p — 2] and [q — 2] are made to bo polars Two such pairs reduce 
the freedom by twice that number, except if the second fp ~ 2] meets the 
first [g — 2], in which case the second [g — 2] will have to meet the first 
[p — 2], for a non-degenerate quadne to exist at all, and then, if the incidence 
18 in a point only, the reduction is one less than that In this way it is seen 
that for a double-p to have a quailm w r to which it is self-polar, it must be 
possible to make the quadric satisfy 

p(p~l)(g-l)-|p{p~l) 
conditions But the freedom of quadrics in [p -f g - 3] is 
i(p + ?){p + ?-3), 

and therefore for a (jiiadnc to be possible, we must have 

(pd-g)(p t g-3)>p(p-l)(2g-3) 221 

This requires that g shall not lie between 

l{2p^~ip + i±VW^^~if+W^^^W^rW} 222 

or 

(p-i)*f i± (/(/»- i)(p- 3) +j}* 

(but may take either of these two values if it is integral) There are, therefore, 
three cases ~ 

(а) p =i 2 The mequahty 2 2 1 is always satisfied, and a quadne can be 
found w r to which the double-p, which is just two [n — IJs and two pomts, 
oat lying in each, is self-polar The double-N u the simplex m [n], and this is 
known to have a quadne w r to which it » self-polar 

(б) p =« 3 When g => 3, 2 2 1 is an equality, the double-p is a skew hexagon, 
and the double-N is the double-six, and both these have a Schur quadric , 
but 2 2 1 is not satisfied again until g s 6 

(c) p > 3. The lower value of the expression for g is less than 3, and thns, 
since g 2 : p, is not sigmfioant , whilst the upper value is certainly greater 
than p*. 
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as If there m no 8ehur quadrxc for the doMt-H [p — 2]t and [q — 2]s in 
[p + q —Z], there can be none for the doubU-W of [j> — 2]« and [j — 1]« 
tn [p 4- } — 2] 

Take as oo-oidmates lu the |j) -)- 17 — 2] xi, .Cr-H-S’ 
consider first the whole » family of (p — SJs given by the j + 1 equa- 
taons — 

A.(a:^ + <irfo»b) =0] a=*l, p, 231 

A*(:c.o4- O-ooliii) — oj p =• 1, q, 


in which the and the x^ are linear functions of the co-ordinates 
liut not x^, of the form 

■= a ^, 1 1.0 

^ «-l, p-l-J-2, 


232 


and the A« take all possible values Suppose that the are not general, 
but oonnocted by the pq relations 

O.SO = ^*0.00 2 3 3 


where the are q given constants Then « *"• of the [p — 3]s pass 
through the point xp , for the only condition required for this is that the 
A. should satisfy the single linear relation 


h-fiM “0 2 3.4 

Project the figure from this point on to the [p -t- ? — 3], a^) =» 0 The 
equations of the projected figure are obtained by ehmmatuig the aco from the 
equations 2 31, and are therefore, by aubtiaoting 1^ times the last equation 
from the pth of the family, 

A.(x,pi- V-)) =*0 2.3 6 


Included in the family of [p — 3]i represented by the equations 2 31, there 
IS a fimte number of [p — 2 ]b, occurring when the A. sre such that quantities 
B|, B|, B„ and Bp can be found for whicfa 


-f a.po*9) ■+ BqA.(x^ + Orfjo*®) =0, 23 3 

e , 

B»A^.p, -1- BoA«a^), *» o"! y 

B*A.«^ 4- BpA^mt =» 0 J 

In oonaeqaenoe of 2.3 2 the last of these equations may be wntten, 

(Bpl,4-B,)(A^^)-0. 
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The [p — 2]8 therefore split into two fanulies those for which 

A.a^ = 0 

which pass through Xo and those for which 

+ B» = 0 

which do nut Taking the second family and substituting for Bo in the 
remaining equations of - 3 7 wo get 

BaA. (a^ - Vrt.) =“0 2 3 8 

These equations art not different from 1 4 and the numfier of solutions 
when the Ba are eliminated in A, is therefore i — 

(p -!)'(?- I) 

Now consider the [p — 2]8 which lo pass through Xo They satisfy 

A. (Bao^ + Bgarfi,) « ol 2 g q 

A.a^ = Oj 

equations formally the samt as 1 4 with one more mdejiendent parameter 
Ba and one fewer independent parameters A. and having therefore when 


the Ba are eliminated ^ solutions m the A, Thus of the 

(P - 2) ? ' 



through Xq and the rest do not 
The [9 — l]s of the double N are represented by 


Ba (x.a + a^a) f- Bo Uj* + a,rf)oXo) =0 2 3 10 

with the identical relation 2 3 6 The condition that one of these should pass 
through Xois 

Bao>ao + BoOjio = 0 
Ba^a + Bo = 0 

10 that using equations 2 3 8 and 2 30 again we find that of the 1 

iq — Ola of the system . — -Vtt P®** through Xo and the rest do not 

(p-1) I (9 — 1) 1 

When the double N is projected from Xg on to Xo»0 we obtain two double 
oonfiguzations (a)adouble ^ (y — V) 1 ~ derived 
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from thp — 2]« of tho onginal figure which do not ptus through Xo, *nd the 
((/ — 1]» whieh do , thin IS represented by the eijustiuiis 

A. — Viio) »= 0 


and 


(j-^ - Vri,) >= 0 


where the A. and occur in pain for which 


A,Bj — A.^.o) = 0 . 


and (b) a double- ( /'-t j . of [p — 3]8 and [? - 1]» denved from the 
{p — i)'9' 

reraammg [p — 2]8 and [y — Ijs of the original figure, whose equations 


and 

where the A. and 


A^.b = o'! 

A^., = 0 I 

A^.oo == oj 

B«x,ui -f' = 0, 

occur m pairs for which 

A.Bsie^ 4- A.Bc3ir,d) = 0 


.Suppose the general double- ^ oJ Ip — 2]s and [j — l]a in 

{P — 1)' 9‘ 

{p -f g — 2] has a quadn< w r to which it is self-polar, then the particular con- 
figuration above has a quadne cone,* vertex, Xu, w r to which it is self-polar, 
and consequently both the configurations arising from the projection would 
be self-polar w r to some quadne If either of them is not, there could be 
no quadne m the Ip -f g — 2], and therefore no quadne for the general figure 
in tp -f- g - 2] 

Since no hmitatioii bos been placeil on the and the a,fOj configura- 
tions in the [p -1- g — 1] are quite general double configurations of the sort 
under consideration Suppose that g is the greatest value for the given p which 
will not satisfy ‘221, then the double-N of [p — 23e and [g ~ 2]s in [p 4- g — 3] 
has no Schur quadne, and therefore the double-N' of {p — 2]8 and [g — Ijs in 
[p 4- g 2] has none, and so on, for all larger values of g 


* The aisnment down to thin point be applied to tbs oaae of tbe lines of a onbio 
snxtsoe wbioh bss a node The six lines tbnmgli tbe node meet a plane In two triada of 
pofaU of a oonie , these two triads an both sell-polar in retard to a impsr eonle of Um 
plane. 
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9 /*! spaet of n dmeristoM xt ti potnlle to Jiixd a family cf N 6jiace« of dtmen 
sum r (p — f) — 1 and t fittnly of N spaces of dimension r(q —r) — 1 
such that each space of nther family mats all tut oni of the spaces of Ike 
other 


n = r(p+]~r) i i>r i>r 

Ap+1-^r)Uv + g 2r + l)! (p U ->• - D 1 1 2 ' (r D ' 
{p-r)'(p-r-i-l)t (p_l)!(^_r)'(?-»- H)! 

Take as before j ^ x,+, as oo ordinates in the f»] and let Xjj x,j 

x„ be pq arbitrary linear functions of them of th form 



Now consider the q sets < f r equations — 

Aiirijj + A -|- -( o'! 

A-i •'is 4- Atj/is -}- + Xp-JCft 0 I 

AifXis 4- h.fpe (4- 4- A^pi = oj 

in which a set is charai tensed by the value of ^ any one of the equations 

Will be wntten as 

A.^^-0 y 1 r 3 2 

in which the quantities A,, arc at present arbitrary parameters If these 
qr equations are to represi nt a (f(p — r) — 1] the A., must be auch that there 
18 one linear identity connettuig their left hand sides i e such that quantities 
can be found for which 

Bii(A.ir.i) 4- BaifA.!*.*) 4- 4 B,i(A,ix^) 

4- Bit(A. *.i) t- Bit(A.rx.*) 4- 4- B,i.(A^«,) 

4" 

4- Bi^A^a) 4- B,^A^^) 4- 4- B„{A^^) = 0, 

IS 

BnA.^, = 0. 3 3 

Tlua being an identity in the x„ is equivalent to the n 4* f equations 



T Q. Boom. 


By ehnunttting the from these, «e find the ccmditioiu Uut must be 
Bfttufied by the A., in order that the equataone 3 2 may represent a [r(p— r) — 1], 
namely — 


A.ia.ii. A.ia.i^, , A«ia.t, + t 

A,j0.i, 


3 6 


A««.ii 

A.io.ji 

A„o.jt 

A„u,^i 


a matnx of n + 1 coltimns and gr rows, in which all determinant# of qr rows 
and columns vanish 

Alternatively, by elumoatiog the A,y we should get the conditions satisfied 
by the B^r. namely, the vanishing of all determinants of pr rows and columns, 
in a matrix of pr rows and n + 1 oolumns, whose general element is 
in which the t takes all values along any row, and the a and y all pairs of values 
down any column 3.8 

Any set of A., whu h satisfies equations ,3 6 determines uniquely, save for 
an arbitrary common multiplier, by means of equationa 3 4, a set of Bf^, 
which satisfies 16, le , any [r (p — f) — 1] given by the <jr equations 


A.vra =“0, 3 2 

in which the A^ ate such that there is an identical relation connecting the 
left-hand sides, is associated with a unique [f(g — r) — 1] given by the equa- 
tions 

“0, 3 7 


the being also net essanly such that there is an identical relation connecting 
the left hand sides of these 

Before prooeeding|to|find the actuJ Dumber of poenble distmct [r(j) — r) — Ija, 
if finite^ rqireseiited by the equations 3 2 and 3 6, it can be shown that these 
spaces form wi^ the assoaated family of [r(; — r) — 1]8 a " double ” oon- 
HgmUtm, That is, if A*., is one set of satiafyiDg equatums 3 6, and 
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anj eat of Bf, eatufying equatione 3 6, except that which with A*.y satiifics 
3 4, then the [r(p — r) — 1] 

AVer -O'! 3 2‘ 

= 3 3< 

hue one point common with the [r{q — r) — 1] 

BV^=0'1 sr 

= 3df 

8mce both these spaces lie in a [e(p -\-q — r) — 2] it is only necessary to 
diow that there arc further identical bnear relations connecting the left- 
hand ndes of 1 2* and 3 V Those relations are — 

B^4iA*,ia^ — A*,iB*(n*^ S 0 
B'/mA'jX^ — A^.iB**[*^ = 0, etc 
The general relation of this family is — 

BV A'.,^!-.,- A'.,^ B'^.*., = 0 3 8 

(Uieie bemg no summation o\er the yi and yi) tmd all pairs of y* and y^ (both 
ranging from 1 to r) giv< nse to distinct identities Thns, any space of either 
family meets but one of the spaces of the other , it has now to be shown 
that It does not me<t the last that is, that the [r(p — f) — 1] given by the 
set A*„ does not meet the [r(j — r) — 1] given by the set B*^^ This is true 
if the number of mdependent identities in the family 3 8 is fewer than r* smce 
no identical relations ran bold here without their holding in the case con 
sidercd above (The relations 3 3* and 3 S’, although now the same, modify 
difierent sets of equations and so count separately) Of the r relations of the 
family 3 8, obtained when y< — y> all but one now imphes the last, m con 
sequence of 3 3* This is the relation that is lost The two families of spaces 
represented by 

A.rr^ = 0 
and 


BsvT., - 0 


where the A^ and the occur in pairs for which 


Th« oalcnlation of the number N presents rather more difficulty m this caee, 
tmoe any one of the equations of a set 

A.,*., « 0 


3.2 



T. G. Room. 


iOO 


may be replaced by the sum ot Imear multiples of the whole set of r, having 
the same p — that is, by 

Thus, several sets of A., give equations which represent the same space We 
want therefore to find sets of functions of the A.^, each of which corresponds 
uniquely to a [r(p — r) — 1] Such functions are 

~ A.yB,)y 3 9 

These satisfy the « + 1 equations 

=* 0, 8 10 
and, further, a number of relations among them is mvolved in the eqaations 
3 9, when the A.y and the are eliminated Eliminating first the B«y< 
we get the g sets of equations 


Ku, 

An. 

Alt, , Ai, 

-=0 

311 

Ku, 

Ai!|, 

Att, , Atr 



IK^. 

Aj>i» 

A^. . A^ 




in which each column after the first la the same for all the g sets of equations 
The K.^ are actually, therefore, functions of the determinants of r rows and 
columns in the array 

A,„ , Ai, 11 

A,i. , A,, II only 

But the two [r(p — r) — Ijs represented by the equations 


and 


AV- -0\ 9^ 

=of 3,3' 

A"^^ = 0\ 2.3" 

B",yA"*,x^ = Oj 3,8" 


reapeotividy can only coinoide if quantittes F'yy and can ba found for 
which 

P'rrA'.r - 


P"rrA'V. Y. Y'. y" “!>••• 
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(summation oyer tiie y", and over the y") for all k and y Thu u a sufficient 
condition for 

A'n. .A', ,11 = ||A"„, ,A'„ 

A'.i .Avil I A",,. .A'„ 


the equality extending to all corresponding minors of r rows and columns 
Thus if two sets of A., lead to the same [r(p — r) — 1], they also give nse to 

the same equations for deternumng the and the ratios of these are there- 

lore detennmed uniquely for each [r(p — r) — 1] 

Ckmversely, we can start with a get of K,* (supposed suitable) and show 
that it leads to a unique [r(p — r) — 1] Take the equations of the family 3 1 1 
obtamed for ^ 1 and 2, vi/ - 

||K„ Am, A,,jj=.0 Sill 

I K,. A„ A^l 



Since not all the determinants of r rows and columns m the A., can vamsh 
(as then of each set of r equations in 3 2, f — 1 only would be independent, and 
this implies some Imutation on the a^), these two families of equations mvolve 
the vanuhing of all determinants of r + I rows and columns m 

I Kii Kit, An, , Ai, I 

I K,„ K,t A,„ , A„ I 


Repeating thu process, givmg ^ all its values, it is seen that all detenmnants 
of r 4- 1 rows and columns in 

II Km, Kit, , K,„ An, , Au I 3 12 

I K,„ K,„ , K^, A,i, A„ I 


2 D 


VOX, tan— 1 



m 


T. 0. Boom 


In particular, tre have the r seta of equations 

II Ku, . K,„ A„ i - 0 3 15 

I K,,, , K,.. A^;| 

Since, in consequence of the necessary relations between the other similar 
sets oi equations in the same A,y, , A,y are not distinct from these, the 
complete set of conditions governing the A,,, for each y, may be wntten in 
the form 

I^iiAiy + IijAjy + + ku^iKTir ~ 0 

knA-iy -f kitA.»y + + = 0 

kfTrJZikfZiy + + Ar ==■ 0 

where the lu. > determinanta formed from the Consider the 

family of equations comprising the first of the sets 3 14 for each y, namely, 
*iiAu + I:i*An + + AifnAy+lj = 0 

I^iiAu + fciiAi* + ¥ Iir+iA,'?T4 = 0 

iiiAi, + iiiAv + + I:i,'nA,-+ir = 0 

Add to this family the equation 

*n<i + *uft + *ir— <~i = 0 3 16i 

where the 2 are arbitrary, beyond satisfying this equation. Then constants 
Pi, ,py< , p, can be found umquely, such that 

Miy 1 3 17, 

MrriY « frTT i 

Now take the family of equations comprising the second of the sets 3 1 4 for 
each y, and add to it the equation 

Wi + hiU + + hwTilrrf =■ 0 3.1fi» 

IS therefore determinate m terms of the rest). Then for the same pj as 
above, we have m addition the equation 

a.i7i 
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Sumlarty, generally, f<» all a I, p 

wherein, of the /„ r are arbitrary, and the rest determinable from them in 
terms of the L^, liTr,, by means of equations 3 16 Thus, if X',y and 
A” are two sets of A.y denved from the same set of K^, constants j), and 
depending on the A'y, A", and I, can always be found so that 
PyK -PyK 

tot all a Each distinct set of 1. gives nsc to distinct sets of p'y. and , 
and there are r independent sets of I, This is exactly the condition that all 
sots of A., derivable from a given set of K,ji should give equations which 
represent the same [r(p — r) ~ 1] 

Having found that the [r(p - r) — 1] derivable from a set of K,jj is umque, 
we can reduce its equations to a simpler form, assigmng the values of certain 
of the A.y, and find the rest m terms of the K^. By adding together smtable 
multiples of the r equations 

A.yX^ = 0 , 3 ^ 

in which p IS fixed, we can obtain an equivalent set of equations 

AV^ - 0. 3 2* 

m which 

A®,y = 0 (or « — Y < 0, and x — x> P — e 
wd — 1 for « — Y = 0 

but are otherwise unspccialized Then the matrix 3,12, whose minors of 
r + 1 rows and oolumns vanish, becomes 


K,„ 

, K,„ 

1, 

0, 

. 0. 

0 

Kti, 

. K„, 

A"«, 

1, 

, 0, 

0 

Ki, 

, K„, 

A",,, 

A*rt. 

, A®„-=I, 

1 

K,Tfi. 

I 


A",-7Tr, 

. AV,?- 

1, A^yr 

K^rrrin 

, Kpv+l,, 

A'^i 

1, A<^., 

. aVtyi 

7=i. A*,—., 

Kjrrrw, 


0, 

A«i^ 

’ A'V^ 

,-ri, 

K,. 


0, 

0, 

. 0, 

A“„ 


a matrix m which each of the columns contains r — 1 zero elements and 
one umt element All the minors necessary can be selected from those con- 

2 D 2 
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taming only one column of A% and that with only two non-nro elementa, 
one of which is unity All the A*’,y aie thus uniquely determinable m terms 
of the — * e , the equations of a [r{p — r) — 1] m this special form can be 
wntten m terms of the and only All the work of this section holds 
equaUy well for the [r(q — r) — l]s, using the Buy instead of the A,y 
To each set of values of corresponds exactly one [r(p — r) — 1], and one 
[*’(? — — l]i Aod ^y of those spaces gives nse to a unique set of ratios of 

so that the number of possible [r(p— 0 “ *]* represented by the equations 
A.,x^ = 0 3 2 

m which the A., are such that there is an identical relation connecting the 
left-hand sides, is equal to the number of solutions in E.^ of the equations 

TO A^iiy 3 9 

when the A., and Bf, have been eliminated, the bemg also connected 
by n 1 bnear relations The elimination of the A.y and B^ leads to 
those equations of the family 3 12 which do not contain A.y, namely, the 
equations obtained by the vanishing of the minors of r -f 1 rows and columns 
in 



(p — r)(q — r) of these equations are independent, so that the E^ are on the 
whole subject to p} — 1 conditions, and their ratios are therefore just deter- 
minate The number of solutions of the equations 3 18 is known to be N * 

It will be seen that the determinant theorem mvolved is that a 
matrix of p rows and q columns, whereof every detcnninant of r + 1 rows 
and columns vanishes (r <p, r < q), may be regarded as obtamed by multiplying 
a matrix. A, of p rows and r columns mto a matnx, B, of r rows and q columns, 
the elements in A, B being arbitrary to the extent mvolved m the possibibty 
of replacing the columns of A by tmear functions of themselves, with a oorte- 
sponding replacement for the rows of B. 


Cf Segrs, ' Encyk. da tisth. Wise.,’ voL 3, c. 7, p. 828. 
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Rdatwity Quantum Meohanui$ wUh <m Application to 
Compton Scattenng 

By P A. M Dirac, 1861 Exhibition Senior ReBearch Student, St John’s 
College, Cambridge 

(Commumoated by R H Fowler, F R 8 —Received Apnl 28, 1926 ) 

{1 Inlrodwlvon 

The new quantum mechanics, introduced by Heisenberg* and smce developed 
from different points of view by various authors, f takes its simplest form if 
one assumes merely that the dynamical vanables are numbers of a special type 
{called q-nufflbers to distinguish them from ordinary or o-numbers) that obey 
all the ordinary algebraic laws except the commutative law of multiplication, 
and satisfy instead of this the relations 

?f?. - ?.?f =0. P,P. - P,P , « 0 

?fP. - Mr = 0 (»• ?* ») or »*(r =■ *) 

where the p’s and q’» are a set of canonical vanables and A is a c-number equal 
to times the usual Planck’s constant Equations (1) may be regarded 
as replaomg the commutative law of the clasacal theory, as one can, with their 
help, build up a complete algebraic theory of quantities that are analytic 
functions of a set of canonical vanables Further, it may easily be seen that 
the quantity [*, y] defined by 

i'y-y*=..A(x,y] (2) 

18 completely analogous to the Poisson bracket of the classical theory By 
means of this analogy the whole of the classical dynamical theory, in so far as it 
can be expressed in terms of P B 's instead of differential coefficients, may be 
taken over immediately mto the quantum theory 
It has been shown by the author^ that the quantum solution of a multiply 
periodic dynamical system may bo effected, as on the classical theory, by the 
introduction of mufomusing vanables, J’s and w’s, and the results can then 
• UshMubwg, • Zsits f Phya,’ voL 3S. p 879 (IWW), 

t Bom and Jordan, 'Zeita.( Phy» voL 34, p. 848 (1926) , Bom. Heisenberg and Jordan, 

‘ Zeits. 1 Phys.,’ voL 3^ p 587 (1826) . Kramers, ‘ Phyiioa,’ voL 8, p. 369 (1928) f Ulrao, 

■ Boy. 8oe Proo ,’ A, toL 109, p 642 (1926) . Bom and Wener, ' Zeits. t Pbys vol 38, 
p. lU (1936) or ' Jour. Hath. Phys. Hass voL 6, p. 84 (1936) 
fRoy Soo. Proo.,’ A, voL 110, p. 661 (1926). 
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be interpreted m a way of which the following is a brief outline. The total 
polansataon of the eysteni can be expanded as a Founer senes m the w’a whose 
coefficients are functions of the J’e only On the classical theory, if one takes 
one of these coefficients, say, that of where («w) = and the a’s 
are mtegers, and substitutes m it lor the 3, a set of numbers, say, the number 
thus obtained will determine the mtensity of the e**"' component of the radia- 
tion emitted by the system when in the state fixed by the equations J,. =1 k. 
On the quantum theory, however, an ambigiuty anaes, since in the Founer 
expansion of the polarisation the coefficients may be either in front of or behmd 
their respective exponentials The e "*•* term, for instance, would be 

where C. and C,' are in general two different functions of the J's, so that if one 
substitutes fur the J, the values ic„ where the a’s are a set of c-numbers that 
may be regarded as fixing a stationary state of the system, one would obtain 
two ^ intensities related to this state. If, now, one puts 
V**» = J/, 

then 0« must be the same function of the J's that 0.' is of the J'’8, so that if 
one substituted for the J, in C, the values a„ one would obtain the same result 
(a c-number, of course) as if one substituted for the J, in C.' their values given 
by the equations S,‘ >=> k„ and one may therefore suppoee tins result to deter- 
mine the mtensity of a component of the emitted radiation that is lymraetnoally 
related to the two states uf the system given by J, ^ and J/ a k. It may 
be shown that J/ »= J, 4- aA, and hence the two states are respectively the 
imtial and final states on Bohr’s theory It may also be shown thst the system 
has transition frcquoncies related to pairs of states as on Bohr's theory 

It now remains only to dctonnme what values one shall assume the »’s to 
take, and this may require an appeal to physical considerations For the case 
of the simple harmomo oscillator it has been shown ngorously by Bom and 
Jordan* that the action variable can take only a certain discrete set of values, 
one of which gives a state of lowest energy, and then method seems to be 
capable of extension For the case of Compton scattering by a free electron, 
considered m the present paper, there is no rostnetion on the values that the 
action variable can take The mitial value of the action variable is now deter- 
mined by the imtial velocity of the electron, which must, of course, be given 
from physical considerations 

It will be observed that the notion of oanonioal variables plays a very funds- 
* Bom and Jordan, lot. «((., 1 9. 
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m^utaJ part m the theory Any attempt to extend tie domain of the pteeeiit 
quantum mechanics must be preceded by tie introduction of canomcal vanablea 
into the corresponding classical theory, with a reformulation of this classical 
theory with PJB ’s instead of differential coefficients The object of the present 
paper is to obtain m this way the extension of the quantum mechanics to 
systems for which the Hamiltonian involves the tune explicitly (§2) and to 
relativity meohames ({$ 3, 4) 


{ 2 Quantum Time 

Consider a dynamical system of u degrees of freedom for which the Hamil- 
tonian H involves the tune explicitly The principle of relativity demands 
that the time shall be treated on the same footmg as the other variables, and 
go it most therefore be a q-number On the elaesn al theory it is known that 
one may solve the problem by considering the time ( to be an extra co-ordmate 
of the system, with minus the energy (or perhaps a slightly different quantity) 
W as conjugate momentum In the solution of the problem there will now be 
complete symmetry between the new pau of variables t and — \V and the 
original u pairs, except for the fact that when one performs the contact trans- 
formation to the umfotmismg variables, the co-ordmate t itself must be one of 
the new variables A P B is now defined by 



and IS Invariant under any contact transformation of the (2tt + 2) vanables 
A dynamical system is now detemuned by an equation between the (2« -f 2) 
variables instead of a function of 2u vanables— namely, the Hamiltonian 
equation 

^ H-W-0, 

and the equations of motion are 

3H 3 (H - W) 1 

SFr 

, 3 (H ~ W) I 


n - 


3 (H - W) 

3 ?, . 


and lastly 


_3H 

3i 


(4) 


( 6 ) 


e(H-w) 

S< ' 


(fU) 
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From tboM eqnatioas of motion, it 2< la any functum of tho (2t< + 2) variablos 

or 

^ = (X, H - W] (6) 

from (3) 

We can take theae resulta directly over into the quantum theory We aesume 
that I and — W are a new pou of conjugate variables, and therefore satisfy the 
equations, supplementary to (1), 

tq,-qjt=>Q, /p, -p,r-3 0'| 

Wj,-j,W=0. Wp,-p,W=i0y- (7) 

(W - W< « - lA J 


and that the quantum P B [x, y], defined by (2), is now the analogue of the 
classical expression on the nght-hand side of (3). The equations of motion are 
assumed to be still given by (fi) 

The fact that a dynamical system is now specified by a Hamiltonian equation 
H - W => 0 instead of by a Hamiltonian function H hero leads to a difliculty, 
since the Hanultoman equation is not consistent with the quantum ormditions 
(1) and (7) For example, if x is a function of the p’s and j^’s only, 


while in general 


*W-W» = 0, 
xH — Hx ^ 0, 


and these two equations are not consistent with W n H An ordinary quantum 
equation gives a correct result when one equates the P B, of either side with an 
arbitrary quantity, and must therefore correspond to an identity on the classical 
theory, s e , a relation that remains true on being difereutiated partially with 
yespect to any of the canonical variables Now the Hamiltcmian equation on 
the classical theory is not an identity One can perform algebraic operations 
upon it. but one must not differentiate it. There must be a corresponding 
lestnotioD on the use of the quantum Hamiltottian equation, although it cannot 
easily be specified, as there is no hard-and-fast distmotion between algebnuo 
operations and differentiations on the quantum theory This uncertamty does 
not give any trouble in the present paper, however, os we shall follow the 
classical theory so closely that it will be immediately obvious whether any 
quMitum operation corresponds to a Intimate olassiqal operation or not 
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The rnle» for the solution of the problem on the quantum theory are now, 
«B on the classic^ theory, that one moat determine a set of (2m + 2) umformising 
vanablesJo .J«, Wo . W„ say, that satisfy the following conditions 

(i) They must be oanomoal variables, it being possible to verify this without 
the use of the Hamiltouian equation 
(u) One of the w’s, Wo eay, must be just t. 

(ill) The Harmltoman equation must become a relation between the J’s only 
(iv) The original vanablea, when expressed in terms of the new variables, must 
be multiply penodic functions of as many of the w’s as possible with the 
penods 2jt They cannot, of course, be penodic functions of iCo, since 
t = ICo 

The frequencies associated with the xanous transitions of the system and the 
oorreaponding mtensitiea may now be determined as for systems for which the 
Hanultonian does not contain the tune exphcitly 
The fact that wo = I provides us with certain information concerning the 
form of the transformation to the umformising variables, as on the classical 
theory Smee each of the umformising variables except Jo commutca with u>o, 
i e , with t, when expressed in terms of the original variables, it must be mde- 
pendent of W Further, since 

l<.Jo]-K,Jo]=-l = -[<,Wl, 

Jo 4* W commutes with (, and hence Jo. when expressed m terms of the ongina 
vansMes, must equal minus W pins a quantity independent of W The Hamil- 
toman equation H — W « 0 thus takes the form Ho + Jo = 0, where Ho 
18 a function of J] J, only In consequence of these results and the fact 
that t commutes with each of the p’s and q'a, Bom, Heisenberg, and Jordan’s 
perturbation theory for systems for which the Hamiltonian contains the time 
explicitly,* m which < is treated as a c-number, can be justified 

It should be observed that if the Hamiltonian equation of a system is 
F (p„ f„ W, <) = 0, It must be put in the standard form (4) before one can 
insert its left-hand side in the P B in the equation of motion (d) If one does 
not do this, but simply takes for the right-hand side of (6) the P B [ac, F], on the 
olaSBioal theory, the left-hand side would not be * but dx/dv, where v might be 
any variable Aleo, with regard to condition (lu) for the umformifling variables, 
the quantity H - W becomes just the quantity Ho Jo, but the quantity F 
may not become a function of the J’s only, as one may have to divide the 
equation F «> 0 by a factor which is a function of the w’s as well as the J's in 
order to make its left-hand side a function of the J’s only 

* Bom, Hetieobsrg, sod Jordan, he, eO , Kap. 1, | S. 



410 


A. M IHrac. 


$ 8 QuMUum Mechanics cf Macing Systems 
A dTniunical system that is moving as a whole may be deionbed with, for 
canonical variables, the Cartesian co-ordinates of the centre of gravity Xj, Xj, »», 
with pi, Pi, Pi, the components of total momentum, for conjugate vanaUes, 
together with the necessary internal variables, which are mdependent of the 
position and velocity of the centre of gravity If f is the time and W the 
energy, one may mtroduoe the variables 

/.4-AV/c, (8) 

ahere t is a root of —1 independent of the root of —1 occurring in the quantum 
conditions, and c is the velocity of light, which is, of course, a c-number The 
principle of relativity requires complete symmetry between the ti, pi and the 
ii, pi, the if. Pi, and the x,, p. Hence, on account of the relations 

1-^1. PiJ = PJ « [U ?*]=■!. 

[let, i-W/e] = 1 

[r,W]=3-l 

The principle of relativity thna shows that — W is the momentum conjugate 
to f, in agreement with the reenlte of the precedmg { The remaining ones of 
the quantum conditions (7) may be likewise obtained 
Let m be the rest mass of the system, so that me* is its proper energy Then 
w and me* are functions of the internal variables only, or, when the system 
consists of a single particle only, so that there are no internal variables, they are 
c-numbers We have 

W*/c»-p,»-y,*-y,*=m>c* (9> 

which 18 the Hamiltonian equation for the system The variables Pi, Pf, Pn 
W and X], Xf, t may be taken to be uniformising variables, as they satufy 
all the conditions for this except the multiply penodic conditions for the si’s, 
which they obviously cannot be expected to satisfy The remaining umform- 
ising variables will be functions of the mternal vanahlee only. 

Tbe theory maybe extended to systems actedupon by external fields of force, 
provided the classical equations of motion call be put m the Hamiltonian form. 
Suppose, for instance, that the system possesses a total charge e (a c-munbw), 
considered to be concentrated at its centre of gravity, and is in an electro* 
magoetlo field descnbable by the vector potential Hd X| and the scalar 


we must have 
which gives 

or 
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potentdul the«e four quanbties bring given functions of a:,, x^, and t 
Instead of ^ wr may use the quantity 

*4 = 

analogous to the x^ and p* introduced by equation (8), so that *4 *4 

the components of a 4 vector On the classical theory the equations of motion 
of the centre of gravity of the system may be written, if one uses the summation 
convention of the tensor calculus, 


where « is the proper time defined by 

(li^ = c*(ic„ (i/„ 

Now define />„ by 

+ (P-I 4). (11) 

as c 

instead of simply by m dxjds, which was its previous meaning The equations 
of motion (10) become 

= _£«,) ( 12 ) 

ds me cj^ \ e I 

The Hamiltonian equation (9) now becomes, owing to the changed mcamng of 
the p’s 

- {p, (13) 




while the equations (11) and (12) may be wntten 


Further, we have 

0F ^ 


«.) [p, "“*') + ^ 
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with the help of the equation F =■ 0, «o that if are a pair of oanoiuoally 
conjugate internal vanables, the eqoatioiui of internal motion are 
dq, _ 9mo* ^ 3 m j _ 3m 0F ^ 0F 

cfi "5^ 5iii 

dv, 3tnc* _ 3 m ^ _ 3m 3F 3F 

d» ^ ^ 57 r ^ ^ 

All the equations of motion ore thus of the Hamiltonian form (6) with the 
Hamiltonian function F The fact that the total difiorentiations are performed 
with respect to * instead of t is due to the Hamiltonian equation P « 0 not being 
m the standard form (4) 

It 18 thus established that the classical equations of motion take the oanomcal 
form when the variables conjugate to the le^ are defined by (11) • On the 
quantum theory we must therefore still use this defimtion of and can then 
proceed according to rule with the Hamiltoman equation (IS) 

The s’s on the classical theory must satisfy the conditions 



These equations may be written 

[*M. PmJ ■= 0, [ [*^, p,l p,] « 0, (14) 

and oan then bo taken over into the quantum theory With the help of the 
first of these relations, the Hamiltoman equation (13) may be put in the forms 

-mV - p,p, - 2 ? ^ K,K, = p,p, _ 2 2 ^ *,*, (16) 

§ 4 Bfl<dxvtly Quantum Mechantes 

If we proceed to apply the method of § 2 to the systems considered m J 3, the 
requirements of the restricted pnnoiple of relativity will still not be completely 
satisfied, owing to the singular part played by the time I as a umformising 
variable To get over this diflSoulty we must again refer to the classical theory, 
The ordmary classical theorems connecting the intensities in various directions 
of components of the emitted radiation with the corresponding ampbtudei in 
the Founer expansion of the total pcdansation are valid only, if the distances 
moved through by the electrons during a period of the component of radiation 
oonsideTed are small compared with the wave length of this component, t s , if 
* It hM been shown by W Wilson that the momenta defined in way must be 
used in the ordlnaty quantum conditions (pdq •mtih (* Roy Soo. Fn>o ,* A, toI 10>, p 478 

(IBM)]. 
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the velooKaet of the clectrooa ere small eompaied vith that of light. When this 
condition is not satisfied, m order to detemune the intensities for a given direc- 
tion, say, that of the Xi axis, one must obtain the Fotuner expansion of the total 
polarisation in the form 

i2.C, exp {. (aoj) « - xjc)) (16) 

where the (*w)’a are constants, and are the frequencies (multiplied by 2::) of 
the radiation emitted in this direction, and must use these amphtudes C, instead 
of the usual ones This is readily seen to be so from the fact that the interchange 
of energy between the system and a field of radiation moving in the direction of 
the axis of frequency (at^), is governed entirely by the corresponding coeflScient 
C. defined by (16) The x, in the expression (16) refers to the point at which 
the charge is supposed to be concentrated If there are several charges contri- 
buting to the total polarisation, the Founer expansion (16) of each must be 
obtained separately with its respective x^, and their corresponding amphtudes 
can then be added In this case one can approximate, if the relative displace- 
ments of the charges are small, by taking the of (16) to be the of the centre 
of gravity of the system 

Further, if the total polarisation contains a part that increases uniformly in 
addition to a periodically varying part, which will occur when the whole system 
IS charged and is moving uniformly, the non penodio term to be added to (16) 
must be of the form, a constant times (t — xje), instead of a constant times 
( as in the elementary theory, in order that its contribution to the exchange of 
energy with the radiation field previously considered may vanish The approxi- 
mation of taking Xi to refer to the centre of gravity of the system is not m 
general valid for this non-penodic term unless the velocity of the centre of 
gravity is small, and the theory would then reduce to the ordinary theory 

It should bo noted that the amplitudes C. determine directly the rate per 
umt area (Ij, say) at which energy of the radiation passes a fixed point at a 
distance r (a c-number) from the emitting system in the direction of the axis. 


by moans of the formula 


(17) 


and determine the rate of emission of energy by the system in tbe direction 
only through forraulw mvolving the velocity of the centre of gravity of the 
system, which will be found later to be ambiguous on the quantum theory. 
The distinction is important because the intensity I, is an observable quantity, 
while the rate of emission of energy by the system is not 
To express the theory of this § in terms of oaoomoal variables, we observe 
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that the only eeaential modification in the previoua theory required U that 
our standard of a “ uniformly mtreawng variable ” must be changed from 
f to (< — rj/c) This can be effected, on both the claaaical and quantum theories, 
Kimply by taking (< — xjc) to be a iimformising variable instead of t in the 
second of the eonditiona to be satisfied bythe umformising variables (J 2) Of 
course this can be done only when one knows what to take for x„ and at present 
the only cases m which the jCj of expression (16) has a definite meamug are 
those when there is only one charged particle, and when one is able to take the 
Xj of the centre of gravity as a sufiicient approximation The method of pro- 
cedure in the general case is not yet known. The frequencies given by the 
theoiy with (t — xjc) for a unifornusing variable arc the (aw)'s of expresaion 
(16), which are thowave frequenciea and not the frequenciea of vibration of the 
system 

An example of the first of these cases in which Xj has a definite moaning will 
be given in the next $, and an example of the second will now be considered 
Take the system considered m the previous $ in the absence of an external 
field, when the Uamiltoman equation is (9), and apply the canomcal trans- 
formation 


-W'=-W 
Pi' = ft-W/cJ 


(18) 


The Uamiltoman equation becomes 

- 2pi W'/c - p,'* - ;>,» - p,« - 

If we wish to consider the radiation enutted m the direction of the Zj axis, 
we must take I' to be a umfomusuig vanable, and may take for the other um- 
formiaing vanables— W', conjugate to t', andpj', Zj', pf,x%iLaA p^ together 
with certam J’s and w’s that are funotioiis of the internal variables only. 

Now consider a particular component of the emitted radiation, say that oorrea- 
ponding to e‘” We know that w commutes with Pi, Pt and p^', so that 


{pi-W/c)e'-=«‘'(p,- W/c) 


Hence, according to the principles of |1, the particular o-numbet values possessed 
by y«i ys Pi “ W/e before the transition are equal to thoee they poesess 
after the transition, so that p, and P( ate unchanged by the transition, while 
the change in pi equals l/o tunes the change in the energy W. Hence, according 
to the present theory, the system expenenota a rec^ when it emite radiation, 
IB agreement with the light-qnantum theoiy Each component of the emitted 
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radiation i« associatod with two momenta of the whole system as well us 
with two energies 

§ 5. Theory of Gompton Scattering 

Consider a free electron subjected to plane polarised monoihromatic incident 
radiation The electron and inndoiit radiation together may be considered 
to form a dynamical system whose emission sjiectrum can be determined by 
the methods of the preceding §§, although it is usually tailed not an emission 
spectrum but a scattered radiation 

Suppose the im ident radiation to be moving in the direction of the 2 '| axis 
with its eloctnc vector in the direction of the r, axis The electromagnetic 
field may then be dew. nbed by the potentials 

= «i=0, *3 “ ooos v(et — U() (19) 

where v u 2n times the wave number of the incident radiation, and a determmos 
the intensity of the incident radiation lo through the formula 

I(,^coV/8jt (20) 

Smoe V and Iq can bo measured physically they are c-numbers, and therefore 
so also 18 a We shall suppose a to bo small, and shall neglect second order 
effects The Hamiltonian equation is, if one puts — e for e m (13) and uses 
the values for the k’s given by (10), 

m'c* =. ^V ‘/c* - + «' cos V (c< - x,)}* - p,* (21 ) 

where 

o'-eo/c (22) 

and IS a o-uumber Since there are no internal co-ordinates, m is now a c number, 
bemg the rest-mass of an electron 

We idiall deternune the frequency and mtensity of the radiation emitted m 
the direction defined by the dirci tion cosines !», 1* (o numbers) ^This 
requires that t' = t — (Ijai + f»r, + shall be a unifotmismg variable 
Apply the Imear canonical transformation 

p, = -p/ f/.W'/c'l 

= I.W> 1 

Pl=-J>8' + i.W7c I 

W»-W' + cpi' J 



<'!=>(- 11.x, -f Ut -t- W/c - 


(23) 
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which gives 

(1 — I,) Pi =. — Pj + IjW/e 

(1 - J,) P.' « + (1 - y p. ~ isW/c 
(i-Up,'-=Vi+a-yp,-2.w/c 
(l-gW'-W-cp. 

The Haimltonian equation (21) becomes, if one neglects a*. 
mV = (- W' -1 cp/)*/c* - (- K + f,AV7c)» 

- (P.' f i. W'/c + a' tos <)* - (p/ + U W'/c)* 

‘=~2Wle A-B (2fi> 

where 

A =»’ (1 — y Pi' + l,pt f *»?»' + f, o' cos v®/ 

=a f,pi 4- Ifpt + IfPt -Vf/c + Ifi' cos Vit,' 
and 

B - P»'* + Ps'* i" 2o'p»' cos vxi 
Equation (25) takes the standard form 

H-W'=30 (26) 

where 

H« -ic(mV + B)A“». (27) 

Since W' commutes with A, we could equally well have written (26) m the form 
mV « - 2AW'/o - B 
which would have given equation (26) with 

H==-lc\-i(mV + B) (27') 

'Thu does not agree with (27) nnoe A does not comuiute with B More generally 
we could easily obtam the Homiltoman 

H--i«/,(«W + B)/„ (28) 

where /, and /, are any two functions of the single variable A such that /i/i=> A"* 
We are thus led to an mconaistency, as is always bable to happen when one is 
dealing with the Hamiltonian equation, or any other equation that does not 
correspond to an identity on the classical theory 
We can get over the difficulty m the present case by showing that all Hamil- 
tonians of the type (28) give the same values for the frequency and intensity 
of the emitted radiation Let 

be another such Hamiltoman, t e ,/i* and /,* are functions of the single variable 
* Tbs notatioa *//> Is used oafr when • and S coninuts, so then Is no ambigoH^. 
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A such that =* A * and put /i* = hf^ m that b must be a function of 
the amglo vanable A and must commute vrith the / s We must then have 
/i* =// * 80 that H* must be connected with the H of equation (28) by the 
relation 

If J, w, are thi uniformising vanublcs wlien the Hamiltonian is H then it 
18 easily seen that J,* — * which are connected with the J, 

u>, by a contact transfonnation are the imiformising variables when the 
Hamiltonian is H* and that H* is the same fimction ( f the that H is of 
the J, It follows that the frequencies are the some with either Hamiltonian 
Further if X is any fiimti m of thi variables of the system then 6 X 6 * must 
be the same function of the I,* that X is of the T, Now take X to 
bo the polarisation in any direction perpendicular to the direction of emission 
(these being the only compon nts of the polarisation that matter) so that 

\ =■ XiXi + X,*, + X,r, 

where the X s are c numbers satisfying Xi/i ( X.f h Xs/j — 0 Wo find 
LA XJ = X,f, I X,fj I XA-0 

so that X commutes with A and thirefore with b Ue now base that X is 
the same function of the J,* «,* as it is of the J, w, and hente i(s houner 
amplitudes are the same f >r cither Hamiltonian 
Having thus established that all llamiltomans of the type (28) lead to the 
same results we may proc id using the Hamiltonian (27) which is the most 
convemont one We sec at once that p, and p, commute with H and they 
are therefore constants The action and angle vanabirs are easdy verified to be* 


mV I P8 • + Pa * 

mV + pi * + pi * + 2a p2 

_ 1 . mV + Bp 

~ v(l - h) ^ fnV I- B 


where 

and 


*+Ps'* 


, 2a Pi smv*i 

‘ + 'Jv + bT’ 


. VXi 


f29) 


(30) 


* Loc erf , p *17 


VOL CXI— i 
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ilS 

since wo then have 
[«-. J] 


From (i7) and (29) wo have 

<>» 

Since pj' and p,' commute with J and w, we may take them to be umformising 
variables, os wc then have H a function of p/, and J only We do not 
require to determine the unilornusing vanablea conjugate to j),' and y,' 

There is only one component of radiation omitted, namely, that corresponding 
to e** Since y,' and commute with «*“, it follows from $ 1 that their 
c-uumlx’r values remain unchanged dtirmg a transition, while the value of J 
IS reduced by h Thus, if we use the symbol A to denote the increase lu the 
c-number value of any constant of mtegration during a transition, we have 
Ay,' = 0, Ay,' =<0, AJ 

while if v' IS 2n times the wave number of the emitted radiation, we have from 
Bohr’s frequency condition 

AH == -ohv' .-w AW' 

If wo neglect small quantities proportional to a or a', the equation AJ = — A 
gives, from (29), 

AA = ~Av (1 - /,) 

Ay,' => — Av 

We now find, using the transformation equations (21), 

Ay, = Av— fiAv' 

Ay,=>-I,Av' 

Ay,=.-l,Av' 

AW/o=sAv-Av' 

If one neglects a, then y,, pp y, and W are the oidmary momenta and kmetio 
energy of the electron, and equations (32) are then the equationa that expreas 
the conservation of momentum and energy on Oomiitoii’s light-quantum theory 



-1/^-4- 2o'yi' [sin v x/. yi']l mV * + Bp ^ . 

V r mV -f B« / mV -H B ’ 

[sm vxi, yi’] =». V cos v*,'. 
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of 8c»ttenng • The present theoiy thus gives the same values for the frequency 
of the scattered radiation and the recoil momentum of the electron as the bght- 
quantum theory 


$ 6 Intermty of the Scattered Radiulion 
To obtain the intensity of the emitted radiation, we must determine the 
amplitudes of vibration in two mutually perpendicular directions that are both 
perpendicular to the direction of emiasion (f„ I„ t,) We may take the direction 
cosines of these two directions to be 

I _ _ I I ; _ fjfs 


which are easily verified to satisfy all the necessary conditions, and put 

y _ 4 (j^ - i,)a - A,. I 

Wo have from (27) 

[Xi'. H] = Ic (m*c« + B) A-» [x/, A] A"' =i Jc (1 - 1,) (mV + B) A"* 
[sin vxi, If] = lo (mV + B) A"* [sin vx/, A) A“’ 

-= lc(mV + B) A-»v (1 - 1,) COB vx,' . A'* 

= -v(l - 1,) H cos vx/ A-‘ 

[X,', H] = -ic[x,', B]A-‘ 4- ic(mV + B)A-i[x,', A] A“i 

— 1 — Jc 2p,'A~* +• jef, (mV + B) A“* 

=.Jc(f, f cp,7H)(mV f B)A-‘ 

=a((3 + cp//H)/(l-f,) [x/H] 

so that 

[(1 - k) X,'- ih + cp,'IE) xi'. H] - 0, 


(1 - /,) Xj' - (la 1 epa'/U) xf = const (34) 

Also 

[X,', H] - Jo [x/, B] A-» + Jc (mV + B) A [x/, A] A-> 

-= - Jc(2p,' f 2o' 008 vx/) A-> + Jcl,(m»c‘ + B)A-‘= 

— — a'ccoa vX|' A“* + Jc (fi + cptfE) (mV + B) A"* 
-a'f/v(l-fi)H [s.nvx/.H] + (l, + cp,7n)/(l-I,) [x/, H], 

BO that 

(1 — li)X|'— o'c/vH Bin vx/— ((, cp//H)x/ const (36) 

* Compton, ' Phya Rev voh 21, p. 483 (1923) 
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From oquat4ons (23) we find 

-cj »a=.a:j', (1- J,) x, =. rt*- a:,' ) JjXj' + W. 

HO that the firat of equations (3S) may be written 

(1 - },) X - 1, id’- x/ + 1^,' + W) - + (f,“ - f,H- f,») X,' 

=. fjCt' - f»Ii' + (1 - 

= /jCt' + cpi'/U H- const 

with the help of (34), and similarly the second of equations (33) may be 
written 

(1- f,) Y (,(rt'- X,' H f l^,') + (V- f, + fi«) X,' - 
- ‘ ljC<' + X,' b aV/vH sin vx,' -f const 


with the help of (15) 

We arc iiitereatwl only in the periodic parts of X and Y, and may omit the 
eonstant parts and the parts that increase uniformly with respect to (' or ie 
To the first order in n equation (30) for w may be written 
V/,' -= le- ia'pij(m*c* + B«) sm te, 
and we now find for the penodic parts of x and y, with the help of (31 ), 


'^'P i 


■(1 -/,)Hv(mV + B„) 


“““ + Bo)^* “ 


(1 f,)n v(,»V+ B„)^(l -/OvH. 


- - Vi^ + p,’^) J 

(«VfBo)“ 


These equations may be written 




The coeifii lents in front of e" and behind e“‘* m the expansion of X or Y ore 
not conjugate iroaguianes, owing to the fact that J and tc are not real All the 
same, their product must still be a quarter of the square of the amphtude of 
vibration, expressed as a fimction of the initial value of the action variable We 
thus obtain for the sum of the square* of the amplitudes of X and Y the value 
C« = 4 o'* {4 + («V -?*'• + p,'*)*} J (J - *)/(«.»<!• + B«)‘ 

4a'*J(J-M / _ 4m*cV;» 1 

(mV + p,'‘ + p,'*)* 1 (m*<^ + y,'* + p,'*)*/ ' 


( 37 ) 
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If the electron w uutially at rest, except for the amall osoiUatioue caused by the 
incident radiation, we miiiit substitute for f%, p^' and J their values determined 
by the relations 

W-tnc* 

which give, from (24) 

Pi =■ Jimc/( 1 - li) pt -- - «,««•/(! - li) p3 -■ - lsmc/{l - Ij) 
»aV + Bo = m°c^ + p.'* + j),'* = 2tn^c^/{l — /,) 

J = A/v(l - I,) = - mc/v(l - Ij) 
with neglect of a The value of given by (37) now reduces to 

= -TFl (J - '«*) f > + = -0-, (1 - h*) ~ 

m*c*v’ ' »ic / wVv* V 

if we use the Compton relation connecting v' with v, namely, 

i - 1 4- 

v' " ; m " 

The intensity of the emitted radiation at a distance r from the emitting 
electron is now given by equation (17) with rv' substituted for (aw), ? e , 


with the help of (20) and (22) This is just (v'/v)* times its value according to 
the classical theory 

If the incident radiation is iiniiolariscd, one must average (38) for all directions 
of polarisation of the incident radiation, and the result that the actual mtensity 
18 (v'/v)* times Its classical value still holds This result is not very different 
from Compton’s formula'* for the intensity of the scattered radiation Tu 
particular, they agree when the angle of scattering is 0 or 180° 


J 7 Compamon vnth Exjienmenl 

The result obtained in the proieding § that the uitcnsity of the radial ion 
scattered by a free electron in any direction is (v'/ v)* times its \ alue, according 
to the classical theory, where v'/v is the ratio of the wave number of the radiation 
scattered m that direction to the wave number of the incident radiation, admits 
of companson with experiment This is the first physical result obtained from 
the new mocbanics that had not bei n previously known t 

* Compton, too. 0 * 1 ., equation {Tt) 

t ttoU adStd, May, 1928 — Thl« reenlt for nnpoUrlnd incident radiatkm has recently 
been obtained independently by Breit from coneepondence pruuuple arguments (■ Phya 
Rev Tol 2T, p S62, 1920). 
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The quantum formula for the intensity at distance r of the radiation scattered 
by N electrons with plane polarised incident radiation of intensity lo is 


lud 0 is the angle of scattenng and ^ the angle between the direction of the 
icattered radiation and the direction of the electric vector of the incident radiS' 
tion For unpolansed incident radiation the formula is 

I I 1 -f~eos^ 6 /A/i\ 

“ {1 + a(t — cos 0)}* 

The full curve in the figure shows the variation of the intensity of the scattered 


radiation with the angle of scattering according to forraula (40) for unpolansed 
me idcnt radiation of wave length 0 022 A, which makes a = 1 I The lower 



Angie oT ScatUring 
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broken curve is the result given by Compton’s liieory,* and the upper broken 
curve IB given by the classical theory The croescs indicate experimental values 
obtained by Compton, which have been taken from Compton’s paper f It will 
be observed that the experimental values are all less than the values given by 
the present theory, m roughly the same ratio (76 per cent ), which shows that 
the theory gives the correct law of variation of mtcnsity with angle, and suggests 
that in absolute magnitnde Compton’s values are 26 per cent too small 
One may easily obtain a formula for the total energy removed from the 
pnmary beam by scattenng, by intogratmg I (0) v/v' over all sohd angles The 
result IS 


, 27cNe* l + g ( 2(1 4- tt) 
mV a- I 1 + 2a ' 


which for ordmary values of a bes very close to Compton’s expression 
T ^ 1 

’ 3 mV 1 + 2«’ 

(e y , for a =a 1 our formula gives a result 5 7 per cent greater than Compton’s), 
and 18 m very good agreement with experiment 
Acoordmg to the present theory the state of polansation of the scattered 
radiation is the same os on the classical theory, since the mtonaity of either 
polansod component of the scattered radiation m any direction is (v'/v)' times 
its classical valile The radiation scattered through d0° is thus plane polarised 
for unpolansed incident radiation This result might have been expected from 
the correspondenoe pnnciple, since it bolds on the classical theory for an eleclron 
moving with either the initial velocity (» e , *ero) or the final velocity of the 
quantum process It does not hold for an electron recoding with that velocity 
that gives the correct frequency distnbution when the electron is scattenng 
according to the classical theory, and for this reason previous theones have 
predicted a shift from 90° for the angle of scettenng which gives plane polansa- 
tion t Expenmenta have been performed by Jauuoey and Stauss to settle this 
question § They found no shift with incident radiation of 0 64 A, and a shift 
of 2^°, less than half the value they expected, with mcident radiation of 0 26 A, 
these resulte are shghtly in favour of the present theory which reqmres no shift 
Great accuracy was not attainable owing to the difiSoulties caused by stray 
radiation 

• Oomptim, foe mL, equation (27) Other fonnulje have been obtained by Jnunoey, 

‘ Phyi. Bev voL 22, p. 233 (1923). 
t Compton, lot. eiL, fig (7) 
i See Jannoey, ‘ Phys. Rev voL 23, p 313 (1M4) 

{ Jaunoey and Stauis, ‘ Phya. Bov vol 28, p. 762 (1924) 

2 r 


VOL. CXI — a 



424 


Bakkrian Lecture. — Diffuse Matter »» Interstellar Space 
By A S Eddington, FBS 
(Rcoeivrd May 21, 1026 ) 

1 The title of this lecture naturally provokes the question, la there any 
appreciable quantity of matter m ordinary regions of space between the stars ? 
I admit that it is rather an important question, and I should scarcely feel 
justified in devoting a Bakenan lecture to the subject if I did not think the 
answer was in the aflinuative But from the narrower astronomical point of 
view it 18 not a question to be insisted on at the outset Astronomeis are, m 
fact, so placed that they must presume the existence of such matter unless or 
until its absence is proved For many years interstellar matter has figured in 
astronomical investigations, but chiefly with a negative importance Three 
examples may be given — 

(1) In deteniumng spectroscopic parallaxes and m gauging the distances of 
clusters and spual nebuJe by means of Cepheid variables it is assumed that 
there is no absorption or scattermg of light by mterstellar matter 

(2) Studies of stellar evolution on the hypothesis that the mass of a star 
diminishes at a rate corresponding to its radiation assume that there is no 
compensating accretion of mass by sweeping up mterstellar matter 

(3) Investigations of tho dynamics of the stellar system are vitally afiected. 
if the oontrollmg gravitational field is due not to the stars but to mterstellar 
matter — distributed possibly in a way quite difierent from the observed distn- 
bution of the stars Moreover, in such problems it is usually assumed that 
there is no appreciable resisting medium 

In relation to these studies a consideration of diffuse matter m space is not a 
speculation but a precaution The precaution must extend to a discussion of 
its phjnuoal propertics—wo must work out as far as possible the properties of 
a thing before we esn weigh tho evidence for or against its existence. 

The evidence, to be considered in due course, will be found to fall mainly 
into two sections Firstiy, we recognise m the sky certain regions — nebulte — 
whioh undoubtedly contain diffuse matter, and theory mdicates that the thinning 
out of matter at the edges of these is so alow that the density does not become 
entirely negligible m any part of the stellar system Secondly, it seems probable 
that the phenomenon of fixed calcium and sodium Imes m certain stars is due 
to absorption by a diffuse cloud in space. 
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2 The first part of thu invostigstion is occupied with estimates of the 
density, temperature and state of ionisation of the matter As the results 
have been reached by a kind of successire approximation in which the final 
conclusions of each section mvolve reference to the results of other sections, 
we state these conclusions here — 

(1) The density at an average pomt in space is about 10"** gm /cm * 

(2) The temperature (defined by the mean molecular speeil) is of the order 

10 , 000 " 

(3) The atoms are ionised down to a potential 15-20 volts, so that most 
valency electrons are set free but the inner groups are mtact 

The second part develops the consequences which might affect astronomical 
observation, and includes discussions of the “ fixed " hues m stellar spectra, 
general absorption of light in space, and accretion of mass by the stars. 


Pakt I —Physical Condition of Intbbstkllah Matter 
Density of Matter »n Space 

3 We denve an upper limit to the general density in space from dynamical 
considerations There must be some relation between the average velocities 
of the stars and the gravitation potential in the stellar system Consider, for 
example, a density equivalent to 10 hydrogen atoms per cu cm or 1 66 10"* 
gm /cm * This gives a mass 128 x O m a sphere of 5 parsecs radius. A 
sphere of 0 parsecs round the sun is beheved to contain 30-40 lucid stars 
(reckoning double stars as one) and them average mass may be taken as 4 to 
1X0. Hence on this assumption the uncollected matter of the umverse 
would amount to four or five times the mass aggregated mto stars 
It is the opinion of investigators of stellar motions that the invisible matter 
(including dark stars, if any) cannot greatly exceed the mass of the recognised 
stars. Kapteyn,* lor example, found an average mass of 1 6 X O per lucid 
star (This refers to the total mass m space ) From a different theory of the 
dutnbution of stellar motions the wnterf found the total density near the sun 
to be " not much greater than ” 10 x O m a sphere of 5 parsecs radius The 
reason for these conclusions can be seen by vanous rough arguments The 
penod of orbital revolutson m any sphere of uniform density 16 10‘ * is 
93 miUion years , a star attaining the moderate distance of 600 parsecs from 

• ‘Ap j; vol.6S,p su 
t ‘ Hontfaly Notioss,’ vd. 76, p. 378. 

2 E 2 
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Uie centre of gravity of the eyatem miut traverae at least 2,000 parsecs in the 
period , this requires an average speed of at least 21 km per sec , which is 
not far short of the average etoUar speed Again, taking our star-cloud to 
correspond roughly to a uniform sphere of 1,000 parsecs radius, we find that a 
star would acquire a speed of 66 km per sec m faUing from the boundary to the 
centre The above distances (500 and 1,000 parsecs) are at any rate of the 
order of magnitude that we must ascribe to the average stellar orbit , the 
actual galactic system thins out considerably in a distance of 600 parsecs towards 
the galactic poles, but has very much greater extension m the galactic plane 
Hence for a density about 10-** there is general agreement between the required 
orbital velocities and the observed velocities of the stars , for a tenfold increase 
the figures would show a serious misfit, whilst a density 10"** would require 
stellar velocities on about ten times the observed scale 
It 18 perhaps unprofitable to define a calculation which can only be a rough 
estimate of order of magnitude, but one further pomt may be mentioned 
Stars of very high velocity seem to be sha^ly diflerentiated from stars of 
moderate velocity, inasmuch as the former move almost exclusively towards 
one hemisphere of the sky * It is reasonable to assume that these are not 
permanent members of our locafi cluster and have dropped into it from other 
clusters lying on one side Clearly there oouM be no such asymmetry in the 
motion of permanent members which desonbe orbits m the comparatively short 
period of 10* years The limit dividing the intruders from the permanent 
members should be the veloaty of escape— 66\/3 => 115 km per sec for the 
above data The observed division is at about 70 km, per sec,, so that not 
much modification of the assumed data is required. 

The dynamical method does not enable us to set a lower limit to the density 
of interstellar matter Although a total mass rather greater than that of the 
recognised stars seems to suit the stellar velocities best, we cannot say definitely 
that the mass of the lucid stars is insufficient Moreover, there is an unknown 
addition required for dark stars and recognised nebults Methods to be con- 
sidered lst«r suggest a density about 10~** ; but as it is more profitable to 
work with an upper limit we shall here consider a standard density of 10 
hydrogen atoms per cu cm or 1 66 lO"** 

4 To obtam an idea of the nature of thu gaa we cakolate the order of magm- 
tude of the free path. For average atomic weight 20 and atomic radius 10~* cm. 
it would be 1 1 . 10** km —about the diameter of the orbit of Neptune. The 
temperature of the intersteUar gas will later be eefrmated at 10,000° , this gives 
* J H Oort, <BiiU A*tr last. Metfaerlsadi,' Na 33. 
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an average atomic velocity 3 2 km pet soc and a duration of free path 1 10 
years. 

But It will be shown later that the matenal m ionised and the free path is 
shortened by the electrical forces between the ions. It will be typical of the 
actual conditions to take the atoms (of weight 20) doubly ionised, so that there 
IS one free electron per cu cm An encounter is taken to correspond to a 
deflection of 90° or more The results are — 

Free path for ions ♦ Length 10“ km Duration 1 year 
Free path for electrons I^ength 6 2 10* km Duration 10 days 
An ion encounters and deflects an electron about once m 6 days 
The collisions are sufficiently frequent to ensure that the matenal is a genuine 
gas with a Maxwellian distnbution of velocities and not a collection of particles 
desonbing astroiiomicul orbits The gas has a defimte temperature corre- 
sponding to the average kinetic energy of its ions and electrons We use the 
term temperature of material exclusu ely with this meaning, and without reference 
to internal degrees of freedom 

5 Another mode of estimating the density is based on the general extent of 
the condensations observeil lu the medium A diffuse nebula (lummous or 
dark) is regarded as a local condensation of the genera] cloud Kven m these 
condensations the density must still be extremely low, and the argument by 
which we shall find a temperature of 10,000° for diffuse matter apphos equally 
to the nebulae — to the bnght nebulm at any rate Wo can therefore assume 
that the equihbnum of the nebulas is isothermal and adopt a temperature of 
10,000° throughout 

The condensations must be more or less in equilibrium and the distribution 
of density should therefore confonn roughly to the theory of an isothermal 
gas-sphere Let po bo the central density, p the density at distance r from the 
centre, and let 

P-Pp.^ (1) 

Then it can be shown that u satisfies the differential equation 


the solution of which 
represents r measured i 


tabulated by Emden {Gaskugeln, p 135) Here r 
i particular unit given by 


• The rasult for Ions U only rough, u a striet oaloulathin is diffiouH. 
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where R =8 26 . 10^ n le the average motecular weight in temui of hydrogen 
and G the conatant of gravitation 6 66 , lO"* Taking |i = 10,* and converting 
r from centimetrca to paraece, this gives 

r = (lO^po)”* * parsecs. (3) 

The diffuse nebulae will (if they are not rapidly growing or dissipating) shade 
off indefinitely into the general interstellar distribution We have therefore 
to ask ourselves the question, Taking an average point of space not disturbed 
by unusual proximity to any nebula, what will be the order of magmtude of 
its distance from the nearest nebulae ? Several difiuse nebulae are supposed to 
be withm about' 200 parsecs from the snn, and I should judge that the answer 
IS about 150 parsecs (This, of course, refers to reasonsbly central parts of the 
galactic system , the density of interstellar matter will no doubt fade away at 
the confines of the system ) 

By Emden’s table giving e* as a function of * we can find the density p at 
distance r for any assumed value of pg 


Table I 



It will be seen that the value of p is nearly mdopendont of pg Owing to 
this independence nebulse of widely different central density (and correspond- 
ingly different scale of extension) ooiild all be m approximate equilibnum with 
Uie same interstellar medium 

By mterpoletion the density at 150 parsecs from the nearest nebula is 10“**, 
and we therefore adopt this as typical of any ordinary region of interstellar 
space 

• «0,fof 11 5, forCa^^ ;>»18 3 

t Hie onrioM nnsteadlnsM of the figures ia th» last column is not due to ronghnsss of the 
oalouUtiall. Keeidog r fixed and regarding p as a fonotinn of ^ p hu a maximum near 
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The law of decreaae of density m the nebula itself is as follows - 
t 0 1 2 \ 5 7 10 

p/po=l 0 8fl 0 56 OSS 0-l» 0 06 0 024 

The semi-diameters of typical diffuse nebule are reckoned to be 5-10 parsecs, 
BO that this law of fading will represent the actual extension of these nebule if 
the unit or z is about 1 parsec By (3) this gives the central density of a nebula 
p„ - 10-“ 

The determination should be fairly trustworthy and it is consistent with 
other knowledge of the densities of nebuhe If pg were much higher the mass 
a nebula of 5 parsecs extension would be too great and would cause high 
velocities of the stars attracted by it The mass is in any case far greater than 
that of the stars contained m the nebula) , this justifies our neglect of the 
attraction of the stars m applymg the theory of the isothermal gas^sphere * 

We can deduce from (3) that the masses of the diffuse nebnlce are proportional 
to their linear dimensions, and hence that the gravitational potential at corre- 
sponding points 18 the same, for all 

Temperature of Space 

6 The total light received by us from the stars is estimated to be equivalent 
to about 1,000 first magnitude stars f Aliowmg an average correction to 
reduce visual magnitude of stars other than types F and Q to bolometnc magni- 
tude, the heat of the stars is equivalent to about 2,000 stars of bolometnc 
magnitude 1" 0 

A star of absolute bolometnc magnitude I 0 radiates 36 times as much heat 
as the sun or 1 37 10** ergs per sec At the standard distance of 10 parsecs 
(3 08 10'“ cm ) this gives a flow of 1 15 10“* ergs per sq cm per sec The 
energy-density at this distance is obtained by dividing by the velocity of 
propagation , hence the energy-density due to a star of apparent bolometnc 
magnitude I* 0 is 3 8 10 ** ergs/cm * Multiplymg by 2,000, the energy- 
density of starlight is 

7 7 10-**ei^/cm* 

* For this and other reasons the method does not apply to planetary nebul®, m which 
the main — — U probably that of the central star A nebula of central density lO-'* 
eonUlni a mata 21,000 y O within » parsecs radius and 4«,000 x O within 10 parsooa 
radius 

t See, for exam^, S. Chapman, ‘ Monthly Notloee,’ vol 74, p 4a0 
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Tbe corresponding effective temperature calculated from Stepho Stefan’s law 


3° 2 absolute 

In a normal region of space away from the preponderating influence of any 
one star this constitutes the whole field of radiation, and a black body will there 
take up a temperature 3° 2 in order that its emission may balance the radiation 
falbng on it and absorbed by it This is sometimes called the temperature of 
space, and is in fact the temperature as registered by a blaek-bulb thermometer 
If, however, our test object is not a black body but a highly diffuse gas the 
oorrespondmg “ temperature of space ” is entirely different 

It was jjomtcd out by C Faby* that matter with strong selective absorption 
can rise to much higher temperature The following table will help to fin 
ideas Instead of the whole density of the radiation, we calculate the density 
of radiation of given wave-length X, and equate it to the density at the same 
wavo-lcngth of eqtubbnum (black body) radiation of temperature T* 

Table II — Equivalent Temperatures of Interstellar Radiation f 
X T» 

600 A 4,707' 

2.000 1,760 

4,(H30 967 

6.000 690 

A substance capable of absorbing and radiating only in wave-length 4,000 
would rise to temperature 907°, because at this temperature it is in equilibrium 
with the eatemal field of radiation so far as X 4,000 is concerned This illus- 
tration IS too abstract to be much of a practical guide ^ In general a number 
of vaneties of interchange of energy between radiation and matter will be 
oocumng, each tendency to bring the matter to the temperature T» corre- 
sponding to the X concerned m the process We have to discuss carefully 

* ‘ Astrophys Jour vol 48, p 2W) 

t In this ealenUtion 5 per cent of the radiation was taken to come from stora at 18,000'’, 

10 per cent 12,000°, 20 per cent 0,000°, 40 per cent 6,000°, 28 per cent, 3,000°, the total 
density beins token at the round figure 10 *' erga/om ' 

^ Oonretslon of energy of excitation Into tramlatory energy oon occur by radiationleil 
prooMoea (anpereUstio ooUloiona) We have to oaoume that thla rodiationleoa intemhanga 

11 ooouning tn the uieal lubstanoe, ao a« to lule out the objeotioa that the temperature 667° 
Ttfen Moly to a particular internal degree of freedom and doea not oorteapond with the 
tempentwa os here defined 
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which process will gain the upper hand in controlling the temperature of diffuse 
matter in space 

7 Energy is transferred from radiation to interstellar matter by the following 
processes — 

(1) Ionisation of atoms (photo-electnc effect) 

(2) Continuous absorption during enoountcrs of electrons with atoms (orbit 

switches) 

(3) Excitation of atoms (hue absorption) 

(4) Scattering of free electrons 

The four converse processes transfer energy from matter to radiation 

We first show that prorcases (3) and (4) are neghgible i omparod with (!) In 
(3) an atom absorbs a quantum of energy, holds it for about 10~* sec , and then 
re-radiatea it in one or several steps There is no transfer to kinetic energy of 
molecular motion and therefore no effect on the temperature of the material 
Tn denser gas this process can raise the temperature in the following way 
Sometimes before the 10 “ set has elapsed the exciteil atom meets an electron 
and an explosive collision results, the energy of excitation being thrown into the 
energy of rebound But at the density under consideration the atom meets an 
electron only once in five days, so that only one excitation in 10** can lead to 
further consequences , m the remainder nothing is done with the energy, which 
IS merely handed back to the radiation field Evidently excitation easnot 
compete with lomsation , for in lomsation a considerable fraction of every 
quantum absorbed goes straight into kmetie energy of motion of electrons 

A minute fraction of the energy absorbeil in line-absorption passes directly 
into energy of thermal agitation, since an atom which is oontinually excited and 
relapsing receives a senes of impulses of radiation pressure This kinetio 
energy is to the oxcitationenergy in the ratioofthc mass of the quantum to twice 
the mass of the atom, say, 10 *" * It u evidently ineSicBoious compared with 
ionisation, although if it were acting alone it would ultimately bring the 
temperature to T* 

Process (4) is interesting betauso it is the only one which endeavours to 
estabUsh the low black-body temperature of 3° 2 The coefficient of scattering 
by free electrons is the same for all wave-lengths (until we approach y-ray 
wave-lengths), so that the interstellar radiation will act equivalently to eqmh- 
bnum radiation of the same density and tend to set up the corresponding low 

• The momentum hi/e of the quentum imparts to an atom of mus k a velocity hc/iie 

and kiiietio energy lii(*c/lic)* The retlo of this to *c la *«/«• i Jn 
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temperature For energy-denaity 10““ «tg» per cu cm the amount flowing 
through 1 sq cm m a year ib 10* erga An electron offers a scattering obstruc* 
laon equal to six times its cross-section or 6 7 10“** sq cm Thus each free 
electron scatters 6 10" “ ergs or 2 10"** units of momentum per year Even if 
the whole of this momentum were opposed to the motion of the electron >t 
would retard it no more than a millimetre per sec per annum There is no 
cumulative effect because -within the year the electron will have been captured 
and its place taken by a refreshed electron 

Accordingly wo have only to consider the processes (1) and (2) which produce 
effects on an incomparably greater scale 

For those who do not wish to follow the detailed discussion of these two 
processes in if 8-11, I will give here an elementary explanation of why they 
lead to a very high temperature By ionisation electrons are being shot out 
of the atoms in all directions with considerable speed If nothing very important 
happens to them before they are recaptured they will constitute an electron gas 
with temperature determined by the mean energy of expulsion Now it is well 
known that m the photo-electric effect the velocity of the expelled electrons 
depends on the quality and not on the xiUentxty of the radiation , for a given 
source of light the velocity is the same whatever the distance from the source. 
Hence the temperature of our electron gas will be the same in the depths of 
space as in a region close up to a star ; distance duninishes the rate of production 
of the electron gas but not its temperature The beat of the electrons is con- 
tmually renewed so that the atoms are ultunately warmed up to the same tem- 
perature The high temperature of the interstellar medium is thus a typical 
quantum effect , the stellar radiation is extremely attenuated and ita rate of 
activity IS low, hut the quantum concentration remains, so that what it does do 
is done with unabated vigour 

Thu argument is subject to reservations If pushed to extreme length it 
would seem to signify that a single star could maintain the whole diffuse matter 
of the urn verse at high temperature As the treatment is di fficult, consideration 
of thu lioutation u deferred to { 14 It u perhaps the weakest port of our 
theory that we are not able to show more decisively that the Lmit u satisfied m 
actual interstellar conditions It is thu limit (depending ultimately on process 
(2) ) which decides that os interstellar matter condenses it ceases to have a high 
temperature and tends towards the black-body temperature oi space , the fall 
will begin at low densities long before processes (3) and (4) become significant 

8 By the process of ionisation electrons Sre shot out from the atoms with 
high velocities Out first step u to calculate the “ uut{kd temperature " of the 
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expelled eleclrong -that i« to say the temperature corresponding to the mean 
Icmetio energy of projection 

To simplify the conditions wo suppose that the stars are black bodies all of 
the same effective temperature T The interstellar radiation is then evenly 
diluted equilibrium radiation the energy density between v and v + dv being 


Cv*dv 

pnnrr-i 


( 1 ) 


where C is a constant very much smaller than the constant m Planck s law 
Suppose also that we arc concerned only with one ionisation potential Vq (in 
frequency mute) The ordinary law of contmuous absorption for X rays is 
A. oc V » (v > Vo) 

But os a precaution in applying this to longer wave lengths we shall adopt the 
more general law 

A « V » ' (v > Vo) (2) 

By (1) and (2) the absorption between vand v + dv can be set equal to 
Cfv 

v*(«»'“-l) 

and the number of quanta absorbed is then 
( dv 

1) 

Hence the average value of Av/RT of an absorbed quantum is 

ii:..- (-i) 

RT U** ‘(<^- 1 ) 


where *0 — A Vo/BT We shall be concerned only with values of so large that 
(«■ — 1) con be replaced by e' Hence 

l-s/ro + s(s+l)/V-. (6) 

1/r — (s + l)/xo* + (s + 1) (« d 2) /o’ 


If E is the average energy of < xpuUion and To the initial tempcratJfre of the 
alaotrtmi we have _ 

’BT» E«Av-Av, 

so that by (d) 

. T. I - 2 (s + I);/o + 3 (s + 1) (s + 2)//o*- 
^T l-(s + l)/a^; + {. + l)fy + 2)/V- 


( 7 ) 
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Hence for large values of Tq is approximately | T, tlie next approximation 
being 

To = tT((l-^^) (8) 

We notice that this result is quite independent of the degree of dilution of 
the radiation When there is no dilution there is thermodynamic equilibnum 
and the electrons must have the equilibrium temperature T , hence they must 
after expulsion mcreaae in temperature from Tg to T The secret is that the 
slowest electrons are quickly weeded out by capture, so that the average energy 
nses So long as we consider the process (1) to be acting alone there will bo the 
same proportionate weeding out, and the temperature T wiU be attained 
irrespective of the dilution of the radiation But when there is dilution the 
process (2) must bo reckoned with,* so that we cannot at present say more than 
that the process (1) gives a continually renewed supply of electrons with 
temperature near JT, with a tendency to nse automatically to T 
For T = 15,000°, RT — 0 86 volts There are no ionisation potentials of 
importance beloa 5 volts, so that Xg is at least 6 and the approximation of 
setting (e* — 1) equal to e* IS amply justified We shall show later that inter- 
stellar material is hkely to bo ionised down to 15 volts, giving Xg = 18 Hence 
by (8) we may well be content with the approxioiation Tg = J T 
9 By the process (2), or rather by its converse, the electrons lose energy 
during then penod of freedom If this loss were rapid the average temperature 
of the free electrons might well be much bdow the initial temperature of jT 
No appreciable part of this loss can be recovered by a corresponding absorption 
because the density of the radiation is far below that required for equilibrium 
at the temperature rcg or T The amount of the lose may be estimated by 
Kramer’s theory , this, although exphcitly concerned with X-ray frequencies, 
appears to apply m principle to the analogous phenomena at lower frequencies 
If electrons, all of lonetio energy Av,, encounter ions the calculated olaasical 
spctnim arranged according to v le of uniform intensity, as shown by the lino 
AB in the diagram The ordmate PM at frequency Vj divides the spectrum 
mto two parts, which we shall call a and 3 Spectrum a is emitted by the 
con verse' of process (2), spectrum ^ by the converse of (1), ».e., by capture of 
electrons Actuidly for electrons of umform initial energy spectrum p breaks 
up into a line speotnun, but that soatoely concerns ns here , in any case the 

* Process (2) sots also when than Is no dilution but in that oaie the prinoipla of separute 
bslaneing permits lu to derive the temperstare (toia eny one prooeit (wHh lie oonvene) 
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lines will be spread out again by the diveme initial energies Let QPQ' be a 
rectangular hyperbola ilrawn through P with the co-ordinate axes as asymptotes 



We call the portion of the spectrum QTMX apectrum y The intensity at any 
point of spectrum y is to that of spectrum p in the ratio vj/v Now if any 
electron radiates a quantum Av (v > Vj) only the part Avj comes from its energy 
of motion (The rest is due to its fall to a low potential in the capturing atom ) 
Hence if Av; is the average energy of the electrons m the difiuse matter — 
Spectrum ^ represents radiation emitted by electrons at capture 
Spectrum y represents kinetic energy of electrons preserve!! until capture and 
then radiated (along with the remaiuder of spectrum P) 

Spectrum a represents energy radiated by electrons during their free life 
The ratio of the energy y to the energy « la 

I'dv = log v,/v„ 

where vj is the Imut at which spectrum p is finally cut off As the logarithm is 
involved it is unnecessary to fix v, accurately, but it corresponds roughly to 
the deepest level of capture, say, 10-20 volts Since vj is about 1 volt,* 
log v,/vi IS about 3 It follows that on the average an electron preservee 
three-quarters of its original energy until capture, and the average energy 
during Its lifetime is only about 12 per cent below its imtial energy 
We cannot lay stress on precise figures Our main conclusion is that the 
* The frwinwioy rj oorrespchds to the average temperature of the electron rm which we 
M* tijlng to determine But if, a» a flrat gatm, *» take » veiy low we find the loss td imtial 
temperature veiy small, so that for the next approxunaUon », is to bo taken as nearly 
corresponding to ths Initial temperature. The suleequent approximations then rapidly 



electxoru tend by process (1) to take up a temperature comparable with the 
effective temperature of the stars, and although there is sensible ooobng by 
process (2) this Joes not affect the order of mogmtnde of the temperature 

One rather abstract point may be of interest I think there is nothing in the 
laws of thermodynamics to prevent the stars from warming up the interstellar 
medium far beyond their own effective temperatures For simplicity let the 
material be hydrogen, for which hv„ — 13 6 volts, and suppose that the spectral 
lines in the stellar reversing layer absorb all froquenues between 13 0 and 18 5 
volts, the star having some clear stretches of continuous spectrum beyond 
Such a condition is improbable, but is not forbidden by any physical laws 
Then the electrons expelled by lomsation will all have energy greater than 6 volts 
and the corresponding initial temperature is above 38,000° It might be urged 
that this 18 because the “ effective temperature ” of the stars becomes mis- 
leading when there is so large a deviation from black-body radiation , but it 
must be noted that the postulated deviation is a deficit not an excess of 
ultra-violet bght 

10 An explanation must be added as to the temperature of the atoms At 
present the position is that if oool material were placed m interstellar regions 
the electrons would take up a temperature of 10,000°, but the atoms would be 
practically undisturbed by the radiation The temperature of the electrons 
and atoms must, however, be equalised by the usual process of collisions The 
important point to notice is that the atoms follow the lead of the electrons end 
not vice vena This is because the supply of hot electrons » continually renewed, 
whilst the low temperature of the atoms is merely an initial condition which 
gradually disappears The electron after handing over some of its energy to 
the cooler atoms goes back for more , the atoms receive the oneigy and have 
nowhere to dump it Thus the atoms increase in energy until on balance they 
receive no more from the electrons 

11 The effective temperatures of the stars range ordinarily from 3,000°, to 

at least 15,000°, and a few stars (of 0 tyx>e) may extend to 25,000° or 30,000° 
In determimiig the initial temperature of the electrons very much greater 
weight must be given to radiation from the hottest sources, since this 
bberates more electrons m proportion to its intensity The theoretical weights 
are easily calculated from the theory of § 8 , they are proportional to 
ifl’e-** (1 — -f- 2xg~* -f ) The table shows the weight to be attributed 

to equal quantities of radiation from sources at temperatures given in the 
first column, accordmg as the active ionisation potential is at 5, 10 or 15 
volts Pfobably the last column is nearest to the aotnsl conditions 
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Table III —Weighting of Effective Temperature 



3,000° KM 10 >■ 10 '• 

6.000 0 05 0 003 lO"* 

9.000 0 4 0 08 0 016 

13.000 1 1 1 

18.000 1 5 8 43 

34.000 1 3 20 190 

Strictly speaking, the hotter sources shoiilil be weighted even more highly 
because the fastest electrons hove the longest free life 
Giving, then, due weight to the hottest stars, we should find a temperature of 
the interstellar medium m the neighbourhood of 15,1)00 to 20,000° 

The radiation concerned in estabhshing this temperature is exclusively of 
frequency greater than vq If, as we beheve, vo is 15 volts, this means wave- 
length loss than 820 Angstroms The question arises whether it is reasonable 
to assume a black-body law of stellar radiotion for a region of the spectrum so 
far beyond observable limits The latest observations seem to show that the 
sun obeys the black-body lew fairly satisfactorily down to the observable limit 
at 3,000 A , but the observational verdict is not unammous, and in any case 
It loaves a big gap to extrapolate E A Milne showed theoretically that the 
block-body law will be followed very closely bv stars if the absorption coefficient 
18 independent of wave-length, but this result is discouraging rather than 
otherwise, because we should expect large mcreaae of the absorption coefficient 
for short wave-lengths But the uncertamty from this cause is not so senous 
as we might at first suppose Increased absorption m the ultra-violet means 
that we see less deeply into the star in short wave-lengths , but at the very 
worst — if there is complete opacity in a thm layer at the surface — wo shall 
receive radiation conesponding to the surface temperature * The surface 
temperature is only 19 per cent less than the effective temperature 
I adopt generally 10,000°, which is probably rather too low even after full 
allowance is made for the above reduction of 19 per cent and for the reduction 
of 12 per cent due to process (2) 

It is ounous to note that the sun’s radiation will cool the interstellar gas 
m its neighbourhood It does this by flooding the gas with comparatively 
slow-moving electrons 

* Thii may, however, be modified by ebeorptiun Imet, 
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Imxiatxon tn IntertteUoir Sjxue 

12 The usual equations giving the amount of ionisation m terms of tempera- 
ture and density are clearly inapplicable to the interatellar medium since 
the equilibrium radiation corresponding to the temperature is not present 
The radiation differs from equilibrium radiation m two ways (1) It is enor- 
mously diluted , (2) It comes from a number of sources at different temperatures 
We shall for the present ignore the second pomt and show how to deal with 
the dilution 

Assume then that the stars are all of effective temperature T and that the 
density of radiation between v and v -f dv is 
1 (v. T) dv/S 

where 1 (v, T) is Planck's distnbution function and 8 is the constant “ factor 
of dilution ” As shown in the previous section the temperature of the diffuse 
material will be roughly the same as T 
The degree of ionisation is determined by equating the number of captures 
of electrons to the number of expulsions The former is proportional to the 
(batn button density of the electrons and the latter to the density of the racbation 
concerned Hence if wo multiply electron density and radiation density 
by the same factor the condition determining the ionisation is unaltered 
Multiply by 8 so 08 to bnng the radiation up to its equilibrium density , the 
usual equilibrium formula will then apply Hence we have the rule — 

The degree of ionisation of the interstellar gas with density p is the same 
as that of a gas with density p8 in thermodynamical equilibrium 
This Ignores “ stimulated captures ” proportional to the electron density 
and radiation density jointly , but these are n^bgible m the conditions pre- 
vailing It also Ignores ionisation of excited atoms— which may occur m the 
oompaneon gas but not to any extent m the interstellar gas But this only 
means that the simplest form of the ionisation formula (which n^leots excita- 
tion) 18 more accurstc fur the interstellar gas than for its usnal appbcations 
Kquibbnum radistion at 10,000° has a density 76 ergs/cm * as compared 
with the density of interstellar radiation 7*7 . 10“** found in §6 Hence 8 = 1(P*, 
We should, however, allow for the fact that a large part of the interstellar 
radiation comes from G and K stars of low weight in regard to ionisation , 
so that to conform to the assumed average temperature of 10,000° I have 
adopted 

8^10“ 

Hence adoptmg p == 10““ (| tt) wc have 

p8=«10-». 
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13 The wmsation-level tp# is calculated from the equation 

RT * I A«P.8 i 
where *» la the mass of an electron, h Planck’s constant, R Boltsmann’s constant, 
and P, the pressure of the electron gas Weight-factors, symmetry numbers, 
and minor complications depending on the particular type of atom are neglected , 
excitation is also neglected, but thw is justifiable since i}io/RT turns out to be 
large The factor 8 is introduced ns explained in § 12, the dcnaitj of the matena 
being involved in P, 

Electrons at an energy level ipo arc half ionised and half not For electrons 
of lomsation potential iji, the fraction lomsed (r) is given by 

x/(l - (2) 

Allowing one free electron to every 20 umts of atomic weight {eg , Na+, 
Ca++, or Fe^ ( 0 we find — 

i^/o/RT = 1« 2 ij< = 15 7 volts 

There is an increase of 1 98 volts for each factor of 10 by which p8 is decreased. 
Uncertainties as to density and dilution factor are therefore of minor importance 
Changes m T make a considerable difference , between 5,000° and 20,000“ 
<jig changes nearly proportionately to T Hence <{fg may well be in error by 
± 6 volts 

14 In the foregoing discussions we have implicitly assumed that the inter- 
stellar medium is sufflcientty transparent to the short wave length radiation 
effective in lomsatiou This radiatum is, however, absorbed in the process 
of expelling electrons, and our assumption imphes that the rate of recapture 
of electrons is so slow that the ionising radiation lan do what is necessary 
without itself being appreciably weakened This requires justification because 
most discussions of the transparency of space refer to visual light which is not 
subject to this form of absorption 

If the absorption coefficient were very high so that all ionising radiation 
were removed from starlight in the first few parsecs of its track, we should have 
to reconsider the dilution factor 8 Our value 10>* was based on the observed 
visual intensity of starhgbt (1,000 first magmtude stats) , but if the light has 
been robbed of its high frequency constituents 8 may be almost infinite 
This, however, greatly exaggerates the possible modification because there is 
a oompensation , the ionising radiation removed from the direct stellar beam 
will be restored as diffuse radiation of the sky Its energy is passed on to u 
free electron which must ultimately be captured, and the capture will release 

2 a 
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a quantum of lonwing radiation It is truo that such absorption and 
re-emi8sion, if it ociuts in the immediate netgM/ourhood of a star, checks the 
outward flow by turning bark some of the radiation on to the star itself, 
but when it ooriirs m rogioiw where the star no longer subtends a considerable 
solid angle, the double process makes no difference to the density of radiation 
in space 

Owing to this compensation the absorption would wsrrely concern u» 
were it not for process (2) This makes the average speed of elettrons lower 
at capture than at expulsion, so that the emitted quanta are of lower frequency 
than those absorbed, and they will tend to eifiel electrons with less energy 
The first electron may thus ha\e a succession of lineal descendants starting 
ofi with smaller and smaller energy In fact the loss by process (2) is not 
Iimitod to the life of one electron, though it is not passed on from one free 
life to the next, it is transmitted from parent to ofispnng Wc have 
hitherto recognised only the one primary source of interstellar radiation — 
the direct radiation of the stars . radiation which has been once absorbed 
and remitted will form a secondary source , radiation twice absorbed and 
re-emitted a tertiary source, and so on Ptesanmbly each successive source 
has a lower equivalent temperature We have assumed that these subsidiary 
sources are comparatively weak 

According to Kramer's theory the emission per cubic ceiitimutre per second 
between frequencies v and v + dv la* 




iin* »V 
Jy/z e’ni'v 


where n and i are the numbers of electrons and ions per cubic cemtinietie, 
e, *», V the charge mass and mean speed of an electron, e the velocity of light, 
and M the effective charge of the ion The formula should be valid up to 
frequencies of 16 volts if the atoms are mostty ionised to that level 
For density lO”** we have roughly ns 0 002 Taking r = 3, T = 10,000®, 
the emisNon is 


10"** dv eiga/cm * sec 


(1) 


As already explained, the absorption is not exactly equal to the emission, 
but It will be of the same order of msgmtude By Planck’s law the energy* 
density due to the stellar sources for T ^ 10,000®, 8 = 10”, Aw =«■ 10 volts, 
IS found to be 


10"*® dv eigs/om *, 

8m ‘ MonthJy Notloas,’ voL M, PP* 10(W. 


(2) 
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80 that the average free path of the radiation is 10*i seconds or TOGO light 
years 

If this result is nght thi transparency u high enough to justify the treatment 
adopted in §| 4 It But i onsi iering the large uncertainties both of theory 
and data the margin is ni t very ample This coiitingeury really requires 
much fuller mvtstigation than 1 ha\o been able to tarry out but we shall 
presently boo that the tomlusion i* supported by th< transpari nty of the bright 
nebuleo 

It should bt noticed that for friqutiicits between 5 and I’l volts the medium 
has no regular abs rption eo ftitient m the ordinary sense of the term The 
absorption in eacht ul it i entiinetre is hmittsi to about 10 ■** dv ergs per second 
irrespective of the quantity of radiation flowing through it Aeiordmgly 
in the nnghbourhoo I of a star the absorption will be very small m comparison 
with the large amount of ra hation transmitted that m to say the absorption 
coefficient will be decreasi I 

The absorption is proportional to ns and therefore to the square of the 
density Hence lu a nebula it would be 10* times larger than m interstellar 
space In a bnght nebula this will not lead to an unduly high absorption 
coefficient because thi hot stars in the nebula provide extraintensitv of radiation 
that 18 to say the quantity (2) is coiisi lerably increased as well as the quantity 
(1) In fact we can see immediately that a bright ntbula must be fairly 
transparent to radiation of energy 12 volia this is required to excite the 
Balmer senes Conversely we can argue from the actual transparency of 
the nebulee that our result for interstellar space is not too high 

Applying the same calculation to a dark nebula the absorption would bo 
the same as in a bnght nebula but the absorption coefficient much higher 
(10* times greater than m interstellar space) It is possible therefore that most 
of the radiation within the dark nebulcs has been many times absorbed and 
renimitted The extended operation of process (2) Uien comes luto play and 
the temperature both of the radiation and of the nutenal may be compara 
tively low The high absorption coefficient has no reference to visual light 
M> that It docs not afford an immediate explanation of the well known obscuring 
power of dark nebulas , but the consequential low temperature may play a 
part m tike visual opacity (see {19) 


2 a 2 
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Part II.— Astronomical Consbquencm 

Abiorplum Spectrum of IntersteUw Matter 

15 Since excited atoms will be exceedingly Tare the only absorption lines 
of considerable strength will be principal hnet, t e , bnea absorbed by the 
unexcited atom or ion 

We consider first the abundant elements sodium and calcium Na, Ca and 
Ca4. all have principal lines in the observoil part of the spectrum , but the 
more highly ionised atoms of these elements have none, and will be undetectable 

Wo shall adopt <jio 20 volte, since this gives a rather more favourable 
oompanson with observation than the value 15 7 reached in | 13 This 
corresponds to a temperature of the interstellar medium about 12,000°, which 
IB perhaps the most likely 

The first two ionisation potentials of sodium are 6 1 volts, 30-35 volts 
With T = 1 2,000°, RT ^ 1 03 V olts Hence by 1 13 (2) 

f/(l — x) = 2 10* for the first ionisation 
— 10~* for the second lomsation 

Thus the sodium is nearly all Na^. (which is undetectable), but there is one 
part in 2,000,000 of Na 

The first two lomsation potentials of calcium are 6 1 volte, 11 8 volts. 
Hence 

x/(l — X) = 7 10‘ for the first ionisation 

-s 3 10* (or the second lomsation 

The calcium is nearly all Ca^.,)., but there it one part in 3,000 of Ca,)., and 
one pact m 2,000,000,000 of Ca 

Wo notice that there is much less nn-ionised calcium than sodium Ordinarily 
in thermodynamic equilibrium we expect less sodium because it has the loner 
lomsation potential The reversal hero found is not due to the departure 
from thermodynamical equilibrium, but to the extreme conditions of 
temperature and density which make the second ionisation potentials take 
a hand m the results * 

The terrestrial abundance of calcium is a little more than 1 per cent Assuming 
that this apphes also to interstellar material, we shall have 10~** gm of Ca,^,). 

* Tlus expluistlon o{ the occnrreitce at noutrsl ndlam without neutral oaluium la eesen- 
tiall; the asme u has been advanced by R H FUwler and othen , the detailed flgaree will 

perhaps hslp to make it oonvlticiiig 
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and 3 10“*® gm of Ca+ per cubic centiinrtte A column of 1 square oenti- 
mctro section and length 1 00 parsecs (3 10*® centimetres) will contain 10“® gm 
of Ca^. 

The monochromatic absorption coefficient of Ca^ is found from £ A 
Milne’s investigation of the equilibnum of the calcium i hromosphere The 
result IS i — fl 10* The chief uncertainty arises from the assumed width 
of the lines , Milne adopts one Angstrom for the combined width of the H and K 
lines which is perhaps rather excessive for the rarefied atmosphere As the 
method determines the total absorption m the lines, k may be rather larger if they 
are concentrated into small width However, with k = 10“ and 10““ gm of Ca+ 
per 100 parsecs, the H and K light will be reduced l/« or about one magnitude 
per 100 parsecs These hues should therefore appear in the spectrum of light 
which has traversed more than 100 parsecs 

The proportion of neutral sodium is 1/2,000,000 against 1/3,000 for Ca+, 
so that It IS relatively 700 times less abundant Sodium atoms arc about 
three tunes as numerous terrestnally as calcium atoms, so that the figure may 
bo reduced to 200 I understand from R H Fowler that the monochromatic 
absorption coefficient for the O linos is not likely to bo greater than for the 
H and K hues Our calculation therefore suggests that the sodium spectrum 
will be very much weaker than the ionised calcium spectrum , on the other 
hand we shall find that the observations mdicate no great difference m the 
intensity 

The gap is not closed up by any likely modification of T or ij/o. but it may be 
somewhat diminished if we take account of the diverse temperatures of the 
stars In substituting an average temperature we diminish the quantity of 
high frequency radiation and increase the low frequency radiation Table III 
shows that radiation at 12,000° and 24,000° produces nearly the same lomsation 
at 6 2 volts (Na), but ionisation m the ratio of 1 to 20 at 10 3 volts (roughly 
Ca^,). Our ionisation formula, | 13 (1), assumes evenly diluted black-body 
radiation, and if allowance were made for the greater abundance of high 
frequencies we should obtain more doable lonisatioa of calcium and less single 
ionisation of sodium. This correction will make the B and K absorption 
somewhat less than stated above 

Evidently the mtcnsity of neutral Ca is very much weaker and the spectrum 
will be undetectable within the limite of the stellar system 

I am not qualified to discuss other elements in detail, but I think that phyeunsta 
have satisfied themselves that none will nval calcium and sodium Either 
the elementa are leee abundant teirestnally or those ions which have principal 
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lines m the observable spectrum are absent for the same reason as neutral 
calcium * 

Fued Calcium and Sodium Lines 

16 In some spectroscopic binanes the H and K absorption lines do not 
partake of the orbital motion shown by the other hues Clearly these “ fixed 
Imes ” are not formed in the reversing layers of either component The D line 
also IS sometimes stationary , but no other stationary lines have been found 

This fixed absorption might be produced either m a special cloud surrounding 
the binary system not connected with either component in particular, or in the 
general interstellar medium If the cloud is a special one permanently attached 
to the star the H and K velocity must be the same as that of the centre of 
mass of the binary An extensive mvestigation by J 8 Plaskettf has shown 
that m general the velocity differs Plaskett measured the ordinary radial 
velocity and the calcium velocity of 40 stars of types 0 to B3, and found 
often large differences ranging up to 40 km per second or more The sodium 
velocity agreed fairly closely with the calcium velocity Moreover, after correct- 
ing for solar motion the calcium velocity was reduced nearly to sero, whilst the 
stars often had large individual velocities The lesulta were therdore ubon- 
sistent with the hypothesis of separate clouds moving with the individual stars, 
but were consistent with the view that the absorption of the calcium and 
sodium linos occurs in a continuous cloud pervading the galactic system, 
nearly at rest relative to the mean of the stars and with little (but not necossanly 
zero) relative portion of its parte 

This would have seemed to settle the whole queetion but for one grave 
difficulty The fixed Imes have not been found m any stars of type later Uian 
B3 If they are formed m interstellar epace they should, of course, be preaent 
m all stars as distant as those used in Plaekett’s mvestigation 

17 Undoubtedly the detection of fixed Imes in stars later than B3 would be 
difficult In B6 and later typee Ca^. oocurt m the reversing layer or chromo- 
sphere, so that true stellar lines are fmmed which will mask the fixed lines 
unless diere is s large difference of radial velocity From typee F to M the H 
and K Imes of the star itself are ao intense and broad that search for the fixed 
hnea is hopeless It must be remembered also that not many stars attain the 
high mtoinsio luminosity of types (>— B3, so that most of them are ruled out 

* In the disauMloa on the lecture Hr, wm mentiooed u a ponlbillty AooordJjog to 
C B. Payne the terrestrial abundance at atrontium is 0 OOeS per cent , against 1 S per eent. 
lot oakbun. so that it is heavily handicapped. 

f * MontUy NoUoes,' voL M, p SOi ‘Pub Dora Ohs Victoria,’ vol 1, pp. 163 and 887 
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by luufficieut divtauce The average radial velocity of types B6 — B9 is 
exceptionally low, and it would be difficult to find stars with sufficient speed 
to separate the stellar and fixed lines The blending of the two sources of 
absorption has been observed in some spectroscopic binaries, that is to say, the 
blended H and K lines oscillate with the same period and phase as the pure 
stellar hnes but with reduced amplitude ♦ 

The failure to detect the lines m types later than B3 is therefore to be explained 
m one of the three ways (1) masking by broad stellar hues , (2) insufficient 
radial velocity, (3) insufficient distance. The most difficult case is one given 
by Frost and Struve I The star 66 Endani, type B9, mag 5 2, is a spectro- 
soopic binary with a maximum relative velocity of the components amounting 
to 220 km per second There is therefore plenty of room for the fixed K line 
to appear beltceen the stellar lines, but none are detectable The distance is 
probably about lOU parsecs (an estimate based on the probable absolute 
magnitude of a star of type B9) We must presume then that this distance 
18 insufficient to give detectable absorption 

Mention must be made of an alternative attempt to account for the association 
of fixed calcium with the hottest stars only It u suggested that the absorption 
although occomng in the interstellar cloud is controlled by the hot star, the 
stellar radiation being required to ionise the calcium This is, of course, 
directly contrary to our conclusion in 5 16 as to the state of ionisation of the 
medium, proximity to a very hot star would decrease the amount of Ca+ 
by oausiog more double ionisation But a more direct objection is that the 
explanation clearly does not apply to the fixed sodium lines which are absorbed 
by neutral excited sodium 

It might also be suggested that the general cloud consists mainly of elements 
more primitive than sodium and calcium, and that these elements only occur 
in proximity to hot stars from which they arc expelled by radiation pressure 
I do not see how a star moving through the cloud at, say, 30 km per second, 
can prepare a stationary smoke-screen ahead of it The “ smoke ” connot be 
so dense as the cloud (otherwise the motion would be that of the star not the 
cloud), and it therefore seems impossible that there should be enough stationary 
sodium near the star to produce the reqmred absorption In any case the 

* It hss KmettnMS been supposed that this Indicates a cloud surrounding the system 
srUoh sways with ths motion of the beavler oomponeut in the same phase but with enfeebled 
ao^Utude, but I do not know of any suggestion as to bow such a motion eould be produoed 
PreasoTO effects of tbs motiem of the star would be transmitted with a phase-lag of weeks or 
months 


t ‘ Ap. J..’ vol 60, p ai3 
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absorption shonid be much more intense for receiling stars than for approaching 
stars , I do not think that any such correlation Is shown in the observations. 

The simple theory that the lines are produced by regular absorption m the 
interstellar cloud is supported by the investigation of ( 15, which shows that 
It 18 fairly satisfactory quantitatively We there found an H and K absorption 
of about 1" per 100 parsecs, but later decided that the estimate ought 
probably to bo reduced (In any case the uncertainties of the calculation 
allow some elasticity ) If we make it 1* per 600 parsecs we escape the diCBculty 
of 66 Eridam Many of Plaskett's stars are distant 500-1,000 parsecs Some 
of the Orion stars which show the fired lines are much nearer, but these are 
in the Onon nebula and their light passes through denser material There 
IS no need for so great a distance when the star is in or behind a diffuse nebula 

It IS also in accordance with our theory that fixed sodium is not so often 
observed as fixed calcium, though the observed difference is scarcely so great 
as we should expect 

ScaUmng of Light tn Space 

18. The hne absorplum already investigated has msigniheaut effect on the 
observed brightness of the stars Continuous absorption is caused by — 

(1) lonuation — This only concerns the invisible ultra-violet region far 
beyond the observable limit 

(2) Su’ticbcs of Eketrons at encounter vnth Atoms — Since an atom only meets 
an electron about once in five days Us absorbing power by this method 
IS cxceodmglv small 

There is more hope of effects being produced by scattering — especially 
electron scattenng But with density 10“** and one electron for every 20 umts 
of atomic weight, we have one free electron m 30 onbio centimetres, or 10“** 
electrons per square centimetre per lUO paneca , these altogether obstruct 
6 7 10"' square centimetres, that is to say, the scattenng ooeflScient is — 

0 0000067 per 100 parsecs 

Thiu the dimming of even the most distant stars » negligible 

The Rayleigh scattenng by atoms and ions is much smaller We can see 
this by the following companson The scattenng coefficient of electrons m 
/idly umisei matter is that is to say, 6 gm per square centimetre will reduce 
the radiation in the ratio l/« or 1 magnitude We have above us 1,000 gm 
per aquare centimetre of atmosphere, so that if the atmosphere were fully 
ionised hght of a star overhead would be reduced 1!00 magnitudes, if 



Diffuse Meuter tn Interstellar Space 447 

singly lonued the reduction would be U magnitudes The Rayleigh scattenng 
for lone ie practically the same aa for neutral atoms, t e , the actual atmospheric 
scattering , this le much less than 1 magnitude We sec therefore that m 
lomsed material (even if singly lonisetl) the electron scattering is much greater 
than the ion scattenng 

Accordingly it appears that ordinary regions of space a ill have nearly 
perfect transparency, and the iimial assumption made m deducing the distance 
of remote objects is justified So far as we can see the only possible pitfall 
IB the possible existence of quantities of meteonc matter 

The assumption that interstellar space is nearly transparent has usually 
been based on Shapley’s observation that the light of the stars from the most 
distant globular clusters ig not appreciably reddened It is held that dimming 
without reddening is impossible (unless the obstruction is by solid metconc 
particles of considerable size) In out opinion this argument is fallacious.'*' 
since it applies only to un-ionised gas, ahercas interstellar gas must neccssanlv 
be lomsed Electron scattering afteets all optical wave-lengths equally and 
docs not reddeu the light, and we have seen that m ionised material it far out- 
weighs the Rayleigh scattering t 

19 One grave difficulty remains how are we to account for the obscuring 
power of the dark nebulse * We have seen that the density at the centre 
of these nebula is about 10'*", and indeed, apart from the theory of isothermal 
equilibrium, we are unable to attribute much higher density without arriving 
at so high a mass as to disturb stellar velocities in the neighbourhoo*! For 
density lO'^^the scattenng cocftc lent is 0 067 per 100 parsecs, so that a nebula 
of diameter 10 parsecs cannot appreciably obscure the stars The observed 
dimming m a typical case amounts to 2 laagmtudcsj , it seems impossible to 
strain the theoretical calculation so as to give anything like so large an amount 
The only way of obtauung the obscuration with the mass at oui disposal is 
by taking it to be in the form of fine solid particles I have great reluctance 
(which IB perhaps a prejudice) to admit meteonc matters of this kind in mter- 
Btellar regions, but I cannot suggest an alternative 

• It WM perhaps justified *t one tune when Intentellsr matUr wm plotuiod as a dust 
cloud , but swing that the fomu of matter in space actually known to us are nebulous gasea 
and meteoric masses, it is dlflicnlt to understand why the intermediate form of dust should 
be tpeoially selected for oonsideration 

t TTiis wss pointed out to me in 1923 by 8 Boiselaoii 

i A Pannekook, ‘ Ptoc Akad Amsterdam,’ vol 23, p 720 Paimekoek pomta out the 
diffloulty as to the ina«i, but be sssuiuos only Bayfeigh scattering The difflculty is reduced 
but not etlminatcd bv introdnoing electron scattering 
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It should b« uoticed th&t il we admit meteoric matter m order to explain 
the dark nebuln there le no safeguard that other regions of the sky will be 
as transparent as is generally assumed 

[I was rather glad to find that my prejudice against meteoric matter was 
shared by others in the discussion on the Jeotme One suggestion ofiered 
was molecular absorption It is difficult to admit the existence of mole- 
cules in interstellar space because when once a molecule becomes dissociated 
there seems no chance of the atoms joining up again The atoms will by 
ionisation lose their valency electrons and consequently lose their power of 
chemical combination , m fact the resulting positive charges will tend to bold 
them apart 

If this seemingly fatal objection is overruled the calculations are not un- 
favourable to molec niar absorption as the cause of the opacity of dark nebulas 
The energy density of radiation in space (§ 6) corresponds to about one visual 
quantum m 3 cubic centimetres At the centre of a nebula the density 10 “ 
would provide about 5(1 molecules m 3 cubic centimetres, so that by a concerted 
effort the molecules could absorb fifty times over all the starlight lying about 
It IS sufficient that each molecule should function once m 600 yevt , this will 
give complete extinction of all light in transit across the nebula once in 10 years, 
thst 18 to say light traverses an average thickness of ten light years (3 parsecs) 
before absorption— roughly the required opacity The molecular absorption, 
if any, corresponds to dissociation and not to band spectrum, since band 
absorption in the visual region would presumably have been detected 
spectroscopically Consequently it is neoeasaiy that the molecule should be 
disrupted and reformed once m 600 yeara— not an extravagant demand, since 
atomic coUisions in the nebula are much more frequent than in interstellar 
space ($ 4) We ran, m fact, safely allow a large proportion of the moleculea 
to be idle 

On this hypothesis the absorption per umt volume is proportional to p*, 
since it depends on the number of reoombi nations of pairs of constituents , 
the nebula is thus 10‘ times more opaque than an ordinary region of space 
Further, the bright nebulae will be more transparent than dark nebuhe, because 
the bright stars m the former dissociate the midecules by their radiation 

Fossibly the way out of the difficulty lies in the suggestion at the end of 
g 14 that the temperature may be comparatively low in dark nebulte. 
According to that discussion the temperature may well be so low that <|i« 
falls below 6 volts In thst case the atoms are mostly un-ioxused, and there 
u no obstacle to the formation of molecules and conaaquent molecular 
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absorption But ought we not in that case to find soroo traces of band spcctr 
in stars which are ] artially dimmed by the nebula 


Aocretim of buUar Mass 


20 A star moving through the interstellar medium will sweep up the matter 
near ita track It is important to estimate the amount of this accretion 
It seems ntcessary to distinguish the cases in which the t eiocity of the star 
18 greater than or less that the velocity of sound in the medium which is 
about 4 km per second Taking the < rdmary case in whii h the velm ity V 
of the star relative to the n ( hum is greater than the velocity of soun 1 there 
can be no oompressu iial wave travelling in jront of the star and the ( nly force 
affecting the gas as it flows to meet the star is the gravitational attraction of 
the star The mutual coll eions of the partielea have then no important effect 
and we neglect themm the following analysis * 

Consider a particle which w ul 1 if un listurbed ha\ e passed the star at distanoo 
o so that Its angular momentum is sV Let it be deflected so as to pass 
actually at distance d its velocity at nearest approach being V Then onser 
vation of energy and angular momentum gives 


Hence 


JV « - JV» = GM/d 
\ d- Vo 


d» 


2GM 

VW 


( 1 ) 


If we take d equal to the radius of the star o will give the radios of the circular 
cylinder swept by the star Vote that d may not be the ordinary radius of the 
star It must include coronal appen lages sufficiently dense to entangle passing 
atoms 

In practical caaes 2QM/V*d is large hence with sufficient accuracy— 

o* = 2GMd/V» (2) 

and the rate of accretion of mass is 


=. TO«Vp = 27tOMpd/V ('!) 

p being the density c f the cloud (10 

* The collision* are between particles baving the same general velooity apart from the 
small indlTidnalTelooitiesareraguigaboutSkm petsodoniL If ^ere were a compretsional 
wave travslllttg In f rrnit of the star there would be ooUiaiont of particle* of widely different 
MSiott many cf tbe ondoming particles would be arretted in their motion and drop towards 
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For the sun M = 2 10». V = 2 10», rf = 7 10‘« Hence 

^ — 3 10’ gm per second. 
at 

Here only the ordinary solar radius w allowed for. and we may perhaps 
multiply by a factor 6 to allow for the catching power of the corona, or even 
a factor 60 on account of the zodiacal light But in any case the accretion 
is very much smaller than the sun’s loss of mass by radiation which amounts 
to 4 2 1(F* gm per second 

It 18 clear also that the resistance offered by the medium is small The 
momentum of 30 tons per second at a relative velocity of 20 km per second 
cannot cause much stoppage, and at the present rate the sun’s mass will have 
disappeared bv radiation before there is a retardation of anything like a kilo- 
metre per second 

I have examined other stars but m no case does the accretion approach the 
loss of mass by radiation 

The complete cleamng up of space can never be accomplished m this way 
The mass to be swept is about the same as the mass of the stars, and since these 
lose mass faster than they sweep it they cannot live long enough to complete 
their task This disposes of a possible argument that a diffuse cloud in space 
18 inconsistent with the cleaning activities of the stars 

21 In the thickest part of a diffuse nebula the density is 10,000 times 
greater than m ordinary regicma, and it is possible that accretion may counter- 
balance radiation of mass This balance is of no senous interest if it is merely 
a temporary arrest of evolution of a star whilst passing through the nebula , 
but It may be of great importance for stars which are permanently in the 
nebula 'The latter must necessarily be moving slowly relative to the nebulous 
material (the only motion being orbital motion under the attraction of the 
mass of the nebula) The slow velocity helps the accretion of mass in oooordance 
with j 20 (3) I suppose that when the velooity u less than the velocity of 
sound the accretion changes (perhaps disoonttnuoasly) to a much greater rate , 
but I have not been able to tackle this problem analytically 

It seems likely therefore that for slow moving stars in nebuin eviration 
by change of mass is arrested or even reversed A star so situated would 
perhaps grow in mass until it reached a determinate aze for which the rgte of 
radiation of mass overtook the rate of accretion. I suggest that the association 
of the massive B stars with nebul® and with low individual velocity U due 
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to this cause * It will be seen that this inverts the usual idea that the high 
mass It somehow responsible for the low velocity , it is the low velocity 
(coupled with other condibons) which is responsible for the high mass 
The orbital velocity within a nebula is easily calculated from the theory 
of the isothermal gas-sphere (§6) If V is the velocity m a circular orbit at 
distance r from the centre, 



where e = P/p, P being the pressure f If V is the velocity of sound, we have 
P 

so that 



The following values of - s dujdz are found from Emden’s Table — 
z= I Z S 4 5 

- * dujdz = » 304 0 946 1 56 1 98 2 24 

V/U - 0 33 0 76 0 99 1 08 1 16 

Befemng to the corresponding table of densities in J 6 we see that the circular 
velocity of a star is less than the velocity of sound in any part of the nebula 
where the density has not fallen below one-thitd of the central density The 
velocities of stats in the conspicuous part of the nebula should, therefore, 
not exceed 4 km per second 

It may be objected that the velocities of B-type stars, although small, 
average considerably mote than 4 km per second But the average includes 
some accidental B stars which have no relation to nebul» Moreover, the 
4 km per second refers to motion relative to the nebula, and the nebula la 
not necessarily devoid of indivndnal velocity 

Evolution of Ncbuloiu Condensaiums 

The isothermal equilibrium of nebulous condensations has been considered 
in J 6 for the purpose of estimating the density of interstellar matter The 
mathematical results ate so cunous that I can scarcely refrain from following 
Uiem a htUe further— if only as an abstract problem It is obvious liat 
* This Is not intended to over nle another osuae at association, viz., that the hot B-type 
stars cause the nebula to ahine and ao bnonm recognisable 
t Acquaintance with Emden'i discus^ (tac «*t.} is bsn pfssumed 
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an actual jrregular nebula cvidt nth distorted by conflicting turrents is very 
crudely rejitisented by a static sjhmcal distnbution and thi representation 
was only intended to furnish a rough estimate of the scale of the rond< nsations— 
it being pri sumc 1 that the pn ssures an 1 gravitation poti ntials must be of 
the same order of magnitu le in irr gular as in symmetrical Iistnbution But 
it happens that thi problem of sj htned ton lensations admits of untxpectodly 
definite levelopmciit I i oull scarcely justify an expectation that the more 
remote conclusions wdl be appli abl to thi actual unnerse hoaes r they 
will be given here as they follow from the idealise I premises 

In $ 0 we assumed an a\rrage separation of the ucbiilKi such that a random 
point might be expectetl tt 1 e 16f) parsecs fr >ai the neanst m hula and then 
de lucetl a lensity 10 ** at sm U a point A theory of evolution of the coiidensa 
tions should proceed m th» reverse lirtrtioii Atcordingly we first msume 
a continuous medium of lensity 1 10 * and examine how it will begin to 
condense (1 his pnmiti ve density is chosen higher than 10 ’* because the normal 
regions will be drainwl of matter in order to k tm the condensations ) We 
assume as before T 10 0000° and p — 10 this means that we do not go 
quite back to the beginning of things since some stars must already have been 
evolved m order to produce the high temperature and ionisation 

No finite iBothermal mass can be m equihbnum it seeks ultimately to diffuse 
away to infinity We postulate that our medium as a whole hangs together 
whilst the condensations are proceeding either because the transfer of mass 
over great distances takes time or because the temperature falls off towards 
the boundary where no stars exist or because space la curved etc Obvioualy 
condoiBationB will occur if they can becauaethey di m iniah the potential energy 
We suppose a number of condensstioni to start and those bemg on a compara 
lively small scale wiU strive to settle down to an equihbnum isothermal 
distribution 

We might suppose that such a condensation if given the chance would draw 
in matter without limit and increase mdeilnitely but cunously enough this 
IB not so No mass is drawn in from outside a sphere of radius R where R 
cannot be greater than 158 parsecs or leas than 136 parsecs If dunng the 
growth of the condensatmu matter has flowed m from beyond R it will be found 
out again when the equihbnum pressure is finally estabhshed Naturally 
It will then go to augment other condeusatiODB or form the nucleus of a fieah 
condensation We can picture a long proceaa of tnal and error ' oocumng 
before all the condensations are happily settled with no matter left homeless 
We can Iwadily andentand how the nebul» beomne dutmttod into utegulox hinna 
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M the superfluous matter is bandied from one to another condensations will 
start only to hnd that other condensations have mtersci te 1 their sphere and 
are draunnx awav the matter 

The hmits 168 and 136 parsecs are found m Table IV 


Tabic IV 



The table is calculated as folloivs Since B is th< ra 1ms of the sphere such 
that no mass has entereil or left the mean density p within R is the origmal 
density of the uniform medium If * and « correspon I to K it is easily shown 
that p/po = 1 dujz dz and this quantity is accordingly computed from Lmden s 
table Hence for a sent s of assumed values of r we obtain the values of po 
tabulated— indicating diflerent digrees of condensation The actual density 
Pk at distance R is given by p* = poC* As before z -= (lO*® p^)* r the factor 
depending only on the temperature and molecular weight r is measured in 
parsecs bmee the tabulated value of * refers to r — R wo can deterimne R 
The last column will be explained presently 
The fluctuations of R down the column are quite real and a more extended 
table shows that the maxima and minima occur ^ery close to . = 10 100 
1 000* thus the hmits are 168 and 136 parsecs as stated ^fhe first entrj 
giving R less than 1 36 can scarcely be colled a nebulous condensation since 
the density at the centre has only been increased twofold ) e can thus fix 
very accurately the average separation of the condensations since matter 
lying outside the sphere of one must find its way mto another condensation 
in the final equilibrium Of course some compromise must lie effected m 
the packing together of the spheres of condensation 
The radius and mean density being given we can calculate the total mass 
M of the condensation The ImuU are 470 OOO and 730 000 times the sun s 
mass Thu sets a limit to the number of stars which can form a star cluster 
If I am right in believing tiiat the masses of the stars wAen first formed are 
* Ihesniaably the meIm oontmuw widi t^ndly deoreating amphtodo of oicilUtkio. 
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generally about 3 X O, the number can scarcely exceed 100,000, for presumably 
only the denser central part of the nebula will tend to break up into stars * 
We ask next whether there is any preference for one degree of concentration 
rather than another The medium will tend to distribute itself so as to have 
the lowest possible potential energy Let Qti be the negative potential energy 
of the mass M of the condensation (considered as isolated), and £1, its original 
negative potential energy when in the form of a uniform sphere The mutual 
energy in respect of surrounding material will be the same for both The 
decrease of energy is then 11 — tli — £1* As the different forms of con- 
densation have different masses we must compare the values of £1/M 1 find 

that— 



The values (omitting the constant factor 3*) are tabulated m the last column 
of Table IV The maximum occurs very near to the value s = BO, and we 
suppose accordingly that this form of condensation will ultimately tend to 
prevail The unit of 2 is then 2 75 parsecs, and referring to the law of decrease 
of density already given in } 3, the denuty Ms to one third of the central 
value m 8 parsecs and to Ve i« 20 parsecs This is more or less (|bh typical 
extension of diffuse nebula, but 1 should judge that it rather exaggerates 
their siw 

In applymg these results to the actual universe we must allow for conMderable 
dissimilanty from the idealised conditions and not lay too much stress on small 
differences of n/M The inference which I would draw is that condensations 
will have a strong tendency to deepen to a form corresponding to about z = 60, 
since this gives large reduction of ebergy, but they do not tend to deepen 
mdefinitely There is lunit^which should be at » = 80 according to the idealised 
calculation but is probably nearer z — 100 in actual conditions — beyond which 
there is no advantage as regards energy 

We naturally proceed to discuss sub-condensations formed in the primary 
condensation The problem is the same except that we have to start with a 
density, say, I0‘ times greater This makes the Imear scale 10* times smaller, 
so that the sub-condensations dram spheres of radius 1 36 parsecs and have a 
mass 4700 x 0 The distance would do well enough for the average separation 
of the stars, but the mass is altogether too high 

• If in accordance with Uter ocnclunons we take the form for i 100, one-sixth of the 
whole msss U oonomtiatcd within a spbon of 13 pancoe radiasi 
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The failure w not aurpnaing when wo lomember that the predicted density 
at the centre of the sub-condensationB would be about 10"*', and the conditions 
have become altogether different from those of diffuse matter at density 10 
In particular the temperature will fall and the matter cease to be ionised as 
explained in § 14 It would not be extravagant to adopt T -= 600°, p = 60 
Then * would be reduced to 1/lOOth, the bneat scale reduced to 1 /10th, and 
the masses of the condensations riduied to l/lOOOth We should thus have 
stars of mass 4 7x0 and average separation 0 14 parsecs , the separation 
18 not too small for stars supposed to be formed in a dense cluster But these 
figures are of no real importance because the isothermal theory has evidently 
collapsed for the suh-coudensations I remain of the opinion that I have 
long advocated, namely, that it is radiation pressure which finally settles 
the masses of the stars 

The stops in the formation of a star would seem to bo somiwhat as follows 
As the density of the sub condensation increases, its centre becomes opnquo 
to ionising radiation and the temperature falls, probably to a very low value 
This brings about opacity to visual radiation , even if the theoretical reason 
18 doubtful, we can refer to the observational evidence of the visuol opacity 
of dark nebulce Consequently, although now of low temperature, the matter 
has the potentiality of ruing to high temperature because it can retain heat 
generated within it by contraction By the time it has again reached 10,000° 
a great increase of density will have occiiiicd and there is no danger of losing 
Its opacity An important phase la reached when the density is great enough 
to mtcrcept and scatter penetrating radiation from sub-atomio processc a and 
so secure an additional supply of heat We have deemed this source unimjjortaut 
in the nebulas and in the general interstellar medium, since the sub-atomic 
energy hborated in them will escape m the unutilisable form of penetrating 
radiation Without attempting to follow the steps in detail we may note the 
following points — 

(1) The above development refers to a small area m the condensation and 
proceeds comparatively rapidly or perhaps catastrophically , its evolution 
breaks away from that of the condensation as a whole (It takes about 
200,000 years for a pressure wave to traverse the whole condensation ) 

(2) As soon 08 the opacity is sufficient to secure radiative oqmlibnum 
radiation pressure becomes important Owing to the high molecular weight 
thu keeps the mass very low at first (well below the sun’s mass), but afterwards 
as the internal temperature rises and intense ionisation occurs more is allowed 
to accumulate 
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I can scarcely hope that in this study of diffuse lotenteliaf matter all the 
essential elements have been mogmsed and taken into consideration So 
big a subject can only be attacked piecemeal I hope that the lecture, 
however incomplete will help to fix ideas as to some of the features of the 
problem 


The Cmtinuoua Spectrum of Mercury Vapour t» rdatton to the 
Resonance Line 2536 62 
By Lord Ravleioh, FHS 

(Receded Ma> 28, 1926 ) 

[Plate 8 ] 

In a former paper* it was shown that the continuous spectrum of mercury 
vapour started as nearly as could be observed from the resonance line 2536 62 
IS— Ip*, and stretched without intermission from that point to the green region, 
where it is roost conspicuous This spectrum was obtained by allowing the 
glowing mercury vapour distilled from the aro to mature by passmg it through 
a long tube , or alternatively by the discharge of an indnction coil through 
mercury vapour which was distilhng continuously from the mercury surface, 
used as cathode of a wide discharge tube The effect is shown in No 1, 
Plate 8, reproduced for couvenience of reference from that paper 

It can hardly be doubted that the contmiious spectrum is mtimately 
associated in some way with the resonance Ime IS— Ip* For instance, resonant 
excitation by the light of this bne excites the continuous spectrum as well ; 
m the distillation expenraent this line and the contmuous spectrum together 
become more promment relative to all other lines as the luminous vapour 
matures , and the excitation potential aj^ieara to be nearly or exactly the 
same for each f 

To help m elucidating the nature and origin of the continuous spectrum, it 
IS evidently important to detonmno, as exactly as possible, the positicm of its 
limit near the line 2636 62 This and other kmdred questions are discussed 
m the present paper 

• ' Boy, Soo Proo A, vol 108, p *88 (IMS), 
t Orotriao, • Zeit, 1 Phys S, p, 148 (IMl), 
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When the continuous spectrum was obtamed m either of the ways mentioned, 
the line 2636 52 was exceedingly strong in companson with the continuous 
spectrum and the other senes hnes The blur of photographic over-eiiiosure 
surrounding this line made it impossible to examine the exact position of the 
limit. A method was therefore sought for getting the continuous spectrum 
without the hue, and it was found in fluorescent excitation of the vapour 
by the alumimum spark The spectrum got m this way has already been 
studied by Wood and others,'*' but these authors do not seem to have recognised 
that the strong patches of continuous spectrum around X 3340 and X 4550 were 
m reality only the most intense regions of a spectrum, reaching from the red 
to a point very near X 2636 62 Thus the connection of X 2538 62 with the 
visible coutmuous spectrum was not apparent, and their attention was not 
concentrated on the question here proposed The distribution of intensity 
m this spectrum is in fact somewhat as in the figure, when heights above the 

C 

L 

I 

base hne roughly represent intensities With reduced intensity (and m work 
of this kmd, lack of intensity is always the difliculty) the portions abc appear 
detached, and o may itself simulate the line 2536 62, particularly if the experi- 
menter succumbs to the temptation to use a wide sht There is a further 
comphcation due to the band 2540 to be presently discussed 
Van der Ijngen and Wood (loo nt ) used a sihca bulb containing mercury, 
but exhausted of air, and examined the fluorescence excited by the alumimum 
spark St various vapour densities lu accordance with the earhet observations 
of Wood, they found an emission hne at X 2536 62 when the temperature and, 
consequently, the vapour density was low, but it faded out at higher tem- 
peratures My own experience was similar At low densities it is necessary 
to be very careful to avoid discharges m the exhausted bulb by electrostatic 
induotion from the spark and its connecting wires, if the spectrum of the fluores- 
cence IS to be examined I beheve, however, that this was satisfactonly 
achieved, and that tiiere is no doubt that the appearance of 2536 62 at low 

* For retgceooei see a paper by Vsa der Ungen and Wood, ‘ Astropliysioal J rol 
64, p. 148 (1881). 
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denintios under the aluminium spark waa genuine, thus conArnung the con- 
clusion of Van der Lingen and Wood 
The results of the present investigation will best be described by reference 
to Plate 8 The photographs II-V wi re obtained by means of a Hilget quarts 
spectrograph of medium size, giving a dispersion of 0 12 mm per Angstrdm 
in this region They are enlarged 8 times 

II IS a photograph of the fluorescent light of mercury vapour in an exhausted 
sihea bulb under the aluminium spark The temperature was raised to the 
point when the green fluorescent light was confined to a few min thickness 
of the vapour representing the stratum in which the effective radiation was 
absorlied The spectrograph was pointed in a direction at nght angles to the 
incident light, and the exposure was about 60 hours The companson spectrum 
was from a mercury V apour discharge tube It shows the resonance line 2886 62 
18 ~lpi, and another senes line 2634 77 Ip,— Sd These lines, one or both 
of which appear on all the photographs II to V, have been used to place them lu 
register by means of the ink lines rule<l on the mount In the central stnp 
of II we see a continuous band ended abniptly to the left at wave length 
2636 0, and shading off in^efimtcly to the right (longer wave-lengths) Accord- 
ing to the view hero taken, this is the oontinuous spectrum shown in photcigraph 
I The complete range of spectrum of the fluorescent bgbt of the alumimum 
spark (not shown) shows nearly the same distnbution of intensity as the figure 
already given with the charactenstic feature of beginning near 2536 62 The 
comparison along the whole range of spectrum from this point is somewhat 
embarrassed by the unavoidable presence of aluminium bnes due to stray 
light from the apark, and also probably to a little continuous spectrum from 
the same source, which seems to make the fluoresoent spectrum relatively 
more intense in the visual region But, upon the whole, the companson 
seems clearly to bear out the identity of the two spectra In papticular, the 
charactenstic broad maximum at about X 3340, symmetrically situated 
between the mercury lines 3132 and 3660, appears in each 
Accepting this identification, we have now to scrutinise closely the region 
of this continuous spectrum neat the resonance hne 2636 62 as shown m 
photi^aph II There are two dark lines or bands seen by reversal on the 
continuous background One of these is the reversal of the resonance line itself 
2536 62 We should expect this since much of the light emerges through a 
layer of some thickness, and we know that 2536 62 appears as a strong ab- 
sorption line of mercory vapour in its normal state If, therefore, this Ime is 
not excited to emisaion, we should expect it to appear in absorption, as observed. 
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The second dark line is at wave len^ 2640. Abeorption by mercury vapour 
at th>B point has already been noted by Stark and Wendt,* though their re- 
production does not show it so clearly as the present photograph should do, 
if successfully reproduced 

This absorption band represents the reversal of the emission band known m 
the hterature as 2639 or 2640 

The other bnght hues seen to the nght m photograph II are due to stray 
light from the alunumum spark 

There is a pomt in connection with this photograph requiring further dis- 
cussion It refers to the last feature on the left. According to the inter- 
pretation adopted, this is merely a strip of continuous spectrum bmited on the 
left by the end of this continuous spectrum at 2535 9, and on the nght by the 
absorption hue 2636 62 But, alternatively, it might be suggested that this 
feature is itseU an emission Ime Though it is difficult absolutely to disprove 
this suggestion, yet there is nothing to favour it No bne can be detected at 
this position m the exciting spark, nor has it ever been suggested that such a 
line forms part of the spectrum of mercury or hts in with its senes relations 

Photograph III shows the fluorescent spectrum of mercury vapour under the 
aluminium spark, the vapour being at lower density than in II Before takmg 
it, the flame which kept the silica bulb hot was considerably lowered The 
green fluorescence then expanded from the wall near the spark to fill the whole 
bulb, and became fainter, until only just visible Under those circumstances 
the hne 2636 52 and the band 2540, instead of being dark on a bnght ground, 
are seen bnght on a dark ground No other mercury line came out Aluminium 
hnes are seen to the nght as m II 

IV shows much the same features as III, but m this case the excitation is 
by taking the induction cod discharge directly through somewhat dense mcrcuiy 
vapour, distilliDg up from a mercury surface The conditions are m fact the 
same asm I, but the exposure is adjusted to bnng out the details near 2636 52, 
and IS not strong enough to bnng out the continuous background to the nght 
of this line, which reaches over the whole spootrum, ss m I The features 
brought out in IV are 2636 62, the band 2640, and the line 2634 77, aU m 
emission 

V IS the absorption spectrum of mercury vapour, taken through a layer 
6 cm in length The vapour was at atmospheric jHressure, but it filled the 
vessel to the exclusion of air The soiuce of light was a cadmium spark, and 
the strong line to the nght is the oadmium bne 2673 This is a repetition of 

* *Phyfc Zelt ,• Tol. 14, p. Ml (1818) 
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OQS of B W Wood* ^xpemoentit* li u uttodvoed li«re to ihow that 
the otmtmuoua emunoa i^ieotnuD aeen m I and IT aitpeut in aboorphcm if 
the quantity of meioury ▼•pout u large enough The sharp limit m the short 
wave Irngth side was measured a* 2636 8 in the absorption spoctrom (V) and 
2635 9 m the emission spectrum (II) and may be considered to be the some 
in each as nearly as it is possible to regard it oa dedmte The exact hmit 
has of oourse no meaning without fuller definition which would require a 
oonsiderataon of the intensity as m fnnoiaon of wave length for it is not to be 
supposed that thft apparent diseontmui^ of would survive a close 

enough exanunatum The apparent position of the limit doul tless depends 
to some extent on intensity and length of photographic exposure 

It may be objected that the absorption does not extend thronghont the 
spectrum into the visttal region as does the oontmuous emission shown m I 
We most remember howevw that a feeble absorption is not so easily brought 
into evidenoe as a feeble emission The former can only become apparent if 
we have a satisfaotonly uniform bright background on which to observe it and 
even then it will not be very conspicuous unless we can bimg up the abemption 
to at least 20 per cent of the incident bght In the case of emiioion there 
IS no bnutation of this kind Long expoeure can oompeniate for feeble intensity 

In some of Wood s absorption expenment* with dense vapour the absorption 
IS as a matter of faet brought to at much as 420 Angstroms towards the visual 
region to wave length 2950 Photograph I it must be admitted would 
lead us to expect that absorption would be more conspicuous m the region 
neat the mercury Ime 3341 than it is observed to be if the absorption were 
an exact counterpart of the emisston 

Another point to be noticed is that the emission of 2536 52 and 2540 shown 
m III and IV do sot agree very oloseiy m pooitiOn with the afasoeptara or 
revotal of these features shown m 11 Indeed if wS eonfina onnidvee for die 
moment to II alone the absorption line which has been taken to represent the 
cevwMsI of 2636 62 will be seen to be decidedly displaced to the less refrangible 
side of thu lino as seen m the compansmi spectram Tins may be due to s 
slight development of the phenomenon seen in V Again the emission of 
2640 m ni and IV may be apparently somewhat disfdaced to the left by super 
position m a bright background ahading off to die right, as m II In any 
esse, these ate residual phenomena which may be Isft for further itnresdgotkm 


FkH Msg vol !8,p.f40(t9(»} 
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Samnuuy 

Thi* p*pei dMKUMM the vanoiu featoMS of mercury epeotium in the 
neighbourhood o4 the twonanoe hne 2536 52 18— lyt> Mtd m perticuler the 
relation of this hne to the continuous spectrum extending over the whole 
regum from near thu point to the green and even into the red 
The oontuuous spectrum can be produced without the resonance line by 
fluorescent excitation with the aluminium spark as originally observed by 
Wood Under these conditions it is found that the oontmnous spectrum ends 
at 2635 0 thus about 0 3 AngetrSm on the short wave length side of the 
lesonancs hne In thu case the resonance line appears dark on the oontmuous 
background The band at 2640 also appears sharply reversed on this 
background 

The same continuous spectrum can be obtained in absorption In this case 
the measured bmit was 2033 6 thiu 1 Angstrom on the short wave length side 
of the resonance line But with a diminished quantity of absorbing vapour 
the limit would probably be at the same position as for the emission spectrum 
By lowering the density of the vapour the spectrum m this region with 
aluminium spark excitation is completely reversed the resonance line 2536 52 
and the band 2640 now appearing bnght on a comparatively dark back 
ground The same effect is obtamod by electno discharge m fairly dense 
vapour if the exposure is not too heavy Reproductions of the vanous 
spectra accompany the paper 

BKSCRimON OF PtATB 8 

I hperinun of indootion ooil discharge in fairly dense meroury r^iour Note the oon 
tmuoQi ■psoUmm iron near the line 2636 62 (marked 2617) 
n Enlarged apaetzum of (airly deoMmereury vapou axoltod to fluonsomos by aluminium 
spark Note oootinDatwqieotrom from 2636 6 on 2630 62 and the band 2640 ai^iear 
dark upon it aa a bright background 

IIX The tame with lowarad deoaity of meronty vapour Ths line 2630 62 and (he band 
2640 now appear in emlMlon 

rV Doom metenry vapoat undat eleotrio duohaige of induotion oqil Same featvni as 

inia 

V Absorption speotnan of 6 cm of nureuty vaponr at 760 tun ptassoie Shows the 
same oontunions qMotrum as II m absorption. Oadmtnm spark used ae source Thia 
IS the origin of tha strong Ime 2673 
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TKe. Alkali Perchloi-ateH and a New Pnnaple concerning Uie 
Meamrement of Space-lattice Cells 
By A B H TtTTON, M A , D Sc , F R 8 

(Received A, ml 29, 1926 ) 

The perchlorates of potassium and aminomum, KCIO4 and MIjClO,, were 
investigated crystallographically first by Mitacherlich* in the year 1832, then 
more e;tten«vcly by Orothf ®tiJl more fully, in 1907, by 

T V Barkerf in Oxford, who also included the perchlorates of rubidium and 
csesiiiin, RbC104 and CBCIO4 in his invcstigaUona The scope of all this work, 
however, only extended to the morphological ohataett rs, no optical properties 
or constants having been dealt with, except as regards some very roughly 
approximate data given by Oroth for the potassium and ammonium salts, 
which, moreover, in the case of the potassium salt, has proved to be erroneous 
The optical investigation of these salts is rendered exceptionally difficult by 
the fact that only very small crystals can be obtained , especially is this true 
of the three metallic salts, thelargest obtainable crystals rarely reaching the 
suse of a small pm’s head and the most perfectly developed ones being only 
half that sue The author has long consid»ed it a matter of special importance 
that the optios of these alkali perchlorates should, if possible, be thoroughly 
worked out, and recent developments of the X-ray study of crystals, connecting 
structure with refraction, have rendered this all the more desirable Such an 
investigation has, therefore, been attempted, and happily with complete 
success, although it has proved the most difficult one ever undertaken by the 
author For reasons which will be dear from what fdlows, a complete 
remeasurement of the crystals of all four salts has also been made, with most 
satisfactory confirmation of the results of Barker, and extension of them to 
further important angles and a new “ setting ’’ The densities of the crystab 
as det^nuned by Barker required no revision, as they were obtained, 
obviously with particular care, by the author’s mode of carrying out the 
Rotgers immersion method, using a mixture of methylene iodide and toluene 
as the immersion liquid 

• E Mitsoherlkk, ‘ Pogg Ann. d Pbys ,’ vd 26, pp 2»6, 300 (1832) 

t P von Groth, ‘ Pugg Ann. d. PhyB vot 133, p. 213 (1868) , ‘ Ohein Ktyst ,’ lol 2, 
pp. 167, ;7S (1908). 

t T V Barker, ' Zsitsohr fUr Kryst ,’ vol 43, p 629 (1907). and vol 46, p 17 (1008) 
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Three outstanding results arose from the work of Barker Firstly it was 
shown that potassium rubidium and ctesium perchlorates form a eutroi ically 
uomorphouB senes of orthorhombic salts resembling in this rt spect the sulphates 
and selenates of these same three metals studied by the author and the alkali 
permanganates studied by Muthniann * Secondly ammonium perchlorate 
proved to be closely isostruetural with rubidium perchlorate just as the sulphates 
and selenates of the same two bases had been found to be by the author 
Thirdly Barker showel that these perchlorates and the corresponding per 
manganates are isomorphous with the barytes group of orthorhombic mmorals 
barytes BaSOi celestine SrS04 ®ud angicmte PbSOj and that the morpho 
logical constants (umt cell dimensions as indicated relatively by the topic 
axial ratios) m the cases c f barytes and potassium perehlorate and permau 
ganate are so close that overgrowths and parallel growths of the two latter 
aalta are readily formed from their solutions on the crystals of barytes 
The following tabic will render these results of Barker clear the figures 
are compiled from his IWS i aper and a more recent one an 1 include the three 
principal angles the molecular volume and the topic axial ratios for both 
the perchlorates and permanganates and the barytes group — 



Now It u highly interesting in this connection that the structure of barytes 
haa recently been worked out independently by X ray analysia by three difiorent 
sets of investigators namely by Rmno Hcntachel and Schiebold f by Wyckofi 
and Herwin | and by James and Wood J and all agree that the apace group 
• W Mathmann xtm vol SS p S27 (1894) 
t Zeitochr fttr Krj:rt vol 64 p 194 (1926) 

i lim vol 64 p 463 (1928) and Amor Journ Sol vol 9 p 280 (1929) 

I Roy Soo. Proo A vol 100 p 698 (1026) 
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18 thp orthorhombic holohedml (class 8 di digonal equatonal) one of 
Schocnflies The absolute (iimensioua of the unit cell which is the rectangular 
parallelepipedal one of tho simple orthorhombic space lattice, No 10, and 
contains four molecules of BaS04 have been obtained in Angstr&in units, 
the mean of the closely agreeing values being o = 8 87, 6 = 6 44, and 
c => 7 16 Moreover, as large transparent and very perfect crystals of barytes 
are available particularly suitable for X ray reflection mtensity determinations, 
tho arrangement and positions of the atoms m the structure have also been 
determined by James and Wood The 80* group appears to be of tetrahedral 
character, with the sulphur atom at the centre of the tetrahedron, to which 
tho oxygen atoms are strongly attracted , both the banum atoms and the 
sulphur atoms he in the symmetry pianos parallel to (010) the axial plane ac 
Precisely analogous results were obtained for celestme SrSOi and anglesite, 
PbS04 good crystals being also available but tho cell dimensions are, of 
course very sUghtly dificrent For celestme o = 8 J6A, fc=>6 36A, »nd 
r=:b 84A For anglesite the values afiordod were a =8 45 A, 38 A, 

and c -=6 93A 

Furthtr James and Wood earned out a number of observations with 
potassium perchlorate KCIO4, and all agreed in indicating that its structure 
18 essentially similar to that of barytes, celestme and anglesite and tho mam 
spacings, corresponding to the dimensions of the cell edges were found to be 
asa8 84 A, 5 = 5 68A and c => 7 22 A But the terhmeal difficulties of 
m a k i n g accurate mtensity measurements with crystals so small as tho largest 
obtainable of any of tho alkali metal perchlorates are msupcrable 

Now It is an important fart not hitherto noticed, that m the oases of stnctly 
analogous isomorphous structures, such as barytes and tho perchlorates we 
have in the crystallographic constants known as topic anal ratios” the 
means of calculating the absolute cell edge dimensions, given one thoroughly 
measured (by X rays) member of the senes, obtamable m large perfect crystals, 
such as barytes m the case of the isomorphous senes under consideration 
And it will be shown as one of the results of the present mvestigation that, 
for instance, the absolute lengths of the edges of the unit cells of potassium 
perchlorate, as thus calculated from the topic axes and the knowledge of the 
edge lengths of the barytes cells, are withm one to four units m the second 
place of decimala of the values of James and Wood just quoted as obtained 
by X-ray analysis, namely, a =8 86 A, 5»6 67 A, and o = 7 26 A With 
the confidence given by this remarkably good agreement, the abaolute dimen- 
sions df the cells of the perchlorates of rubidium, ommm and anunomum 
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have also be«n calculated, from the author’s topic anal ratios, and will be given 
in the course of this communication The author’s topic axial ratios thus 
used are quite different from those of Barker, being calculated for the rectangular 
orthorhombic cell indicated by the X-ray work of all three sets of investigators 
referred to, which not only differs in not being that correspondmg to the 
rhombic prismatic lattice assumed by Barker, but also has an axis a of double 
the length, this being clearly indicated to be the “ correct setting ” by the 
X-ray analysis 

Before giving the detailed results of this investigation it should be mentioned 
that the method of Oroth and Barker was strictly followed, for the preparation 
of the perchlorates of rubidium and caesium, by decomposing the sulphates 
of these alkali metals (m solution) with banum perchlorate solution The 
latter salt was specially prepared in pure state for the author by Messrs Hopkin 
and Williams 

The difficnlty, as regards the optical part of the investigation, of the very 
small size of the crystals obtainable of the three metallic perchlorates was 
overcome by the use of natural plates and pnsms, which was rendered possible 
by the two facts that the crystals are orthoriiombic and that the faces of the 
forms e{001}. »a{110) and f(102) (Oroth indices) were extraordinarily 
perfect on an adequate number of crystals, affording perfect, single, and very 
brilliant images of the goniometer signal-sht For a pair of m-faccs (with 
intervening b-face strip), and a pair of r-facea (with intervening a-stnp), each form 
a prism affording two of the refractive mdices directly and together all three 
refractive indices, with one in dupheato , and, in spite of the very minute size, 
With the author’s arrangement for powerful monoOhromatJc light the refracted 
images of the signal were often quite bnlhant and always trustworthy The 
somewhat larger crystals of the ammomum salt were partly investigated in 
the same way, and partly by grmding 60° pnsms with the cntting-and-grmding 
gomometer, the results being identical For the optic axial angle deter- 
mmations with the metallic salts crystals with the pairs of parallel c-faccs 
best developed were used, their normal being one of the bisectnees, and the 
optic axial angle was measured by immersing the crystal m a liquid of the 
same mean refractive index Refined spints of turpentine, toluene, and para- 
xylene, the latter most kindly supplied by Sir William Pope and Mr Sumkley 
of the Cambndge University Laboratory, proved very suitable hqmds , their 
refractive mdices were determined with great care, with a small hollow pnsm 
on the same goniometer-re/ractometer (Fuoss, No 1 a) as was used for the 
orystal pnsms In the case of the ammonium salt, sections perpendicular to 
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the two biscrtnces were ground m usu*!, the oiyatale being just large enough 
to permit of this being done 

An regards the " correct setting ” of the crystals for the descnptive purpoees, 
now BO very important a matter, that indicated unanimously by all the three 
parties of X-tay investigators, is adopted m this memoir It is that of a 
rectangular rhombic parallelepipedal cell, the edges corresponding to the 
crystallographic arcs a, b, and e, and with the axis a twice as long as m the 
hitherto ncccptetl Mitsoherhch-Groth-Barkor setting The mdiccs (A, k, 1) of 
the latter become now {2A, A, 1) in consequence Moreover, the topic axial 
ratios given in the deauiptions ate those conesponding to the edges of this 
rectangular coll, and represent the relative lengths of the edges Those corre- 
sponding to the Barker rhombic pnainatio coll are also given, however, as are 
the Groth indices m the desinptions, for convenience of reference The Uroth 
lettering of the faces is retamed 

PoUuftvm PercUorate KCIO4 

A particularly pure preparation of the salt was supphed by Messrs Hoplon 
and tViUiams, and several times rcorystalhsed The crystals eventually 
obtamed for the research after many attempts with less success, were always 
small, even as understood by the crystallographer for gcmiometncal purposes, 
rarely attaining the sire of an ordinary pin’s head , but they were remarkably 
perfect, the faces of all the selooted ones being truly plane, afiorduig 
exceptionally sharp single and bnliiant images of the W'ebsky signal-sht 
The gomoraetncal measurements were oonaequmitly unusually concordant 

Ciystal-Sy^tfm, Cltus, and Space-Group -—Orthorhombic , holohedral class 8, 
rhombic bipyranudal, di-digonal equatorial , space-group of Schoenflies V*** 

Formt Obsemsd— c {001}, m{210} the (110) of the old setting, f{101} 
the former {102}, these three always well developed, A {010}, a {100}, 
q {Oil}, and 0 {211} the former {111} 

HabU — The most extensively developed of all the forms were always the 
basal pmakoid c{(K)l}, the faces of which wore usually the larger, and the 
riiombic pnsm »i{210}, these two iomis determining the habit, which was 
thus thickly tabular parallel c{001}, the pnsm being usually short vertically, 
as indicated m fig 1, which is very typical of the majority of the crystals 
obtamed 

The next best developed form was the primary macrodomal pnun r {101} , 
the faces of which were somewhat squat isosceles tnangles, with base parallel 
to axis b. The faces of the maoropmakoid a {100} were not always present, 
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and w(>ro never larger tlian narrow gtnpa joining the apices of the triangular 
f faces But the faces of the brachypuakoid b {010} were often quite iiell 



Kio 1 —A lypical crystal of Potauium Perchlorati 

developed blunting the sharper edges of the primary prism at the cnls of 
the 6 axis The faces of the pnmary brachydoraal pnsm f{0Ul and of 
the rhombic biiyramid o(211} were not always developed and the lutUr 
were particularly rare and always relatively very small the former firm was 
however not infrequently repnsinteil by gooil little faiits sometimes strips 
and sometimes tnangles blunting the edges between 6 {010} and c {001} 
Numerous attempts to obtain good larger crystals were never successful 
Whenever the size exceeded that of a pins head by permitting prolonged 
evaporation at the ordinary temperature or crystallising from large quantities 
of saturated solution the pcrfeilion was destroyed the crystals being thus 
untrustworthy for accurate measurement or determination of optical constants 
Aztal Ratw a b c 1 562b (or 0 7813 for old setting) 1 1 2807 
The axial ratio given by Gnth was 0 7817 1 1 2792 and by Barker as 
0 7816 1 1 2806 The authors values are remarkably close to those of 
Barker and agree also quite well with those of Groth 
CrytUd Angks — A tabic of the angular measurements with ten very perfect 
crystals follows 

Cleowoje —Perfect parallel c{001} and m{210} common to the whole 
senes 

Densxty —2 624 mean of the values of Muthmann and of Baiher and a iopted 
by the latter 

Mobxndar Volume Barker s value V =■ 64 91 is adopted 
Tojne Axud ttatm The calculated values are given below using Barker s 
V and the author s crystallographic axial ratioe both for the Barker Groth 
setting and for the true setting indicated by X rays For the former the 

corresponding 


fonnuUe used 
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Morphological Angie* of Potaisium Perchlorate 



to the rhombic pnematic lattice No. 8 For the latter the iormulw employed 
were / = ,y/ =• to = .y/ ^corregpondmgtotherectangular 

orthorhombic lattice No 10 , the axial ratio o/6 uaed for thu tetbng also had 
the true double \alue 1 5626 

For the true sotting by X-raya x =" 4 flSO, iji = S 0161 , w =■ 3 8628 
For the Groth-Barkcr setting x * 7408, <|i ^ 4 7878, ti =a 6 1318 
Barker's values were 3 7360, 4 7878, and 6 1307, the agreement bemg thus 
very satisfactory 

Oplwil Charact^t and Ojitw AxKd The only data hitherto given 

are the following, by Qroth (‘ Chem Kryst ,’ vol 2, p 168) —Double refraction 
positive, feeble, plane of optic axes cJOOl}, first median Ime axis 6, 
2V = 70'’-80', one axis visible through m {110} 

A very thorough investigation, fully confirmed by the refractive index 
determinations, has shown that the plane of the optic axes it not o{001} 
but 4(100}, the second median Ime being the axis c, and not the axis a, 
as it would be if the optic axial plane were e {001}, The first median line 
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u the axis 6 as correctly given by Groth When a tabular ( rystal parallel 
c {001} IS immersed (its plane being vertical and axis h horizontal anl its 
normal parallel to the axis of the polanscope) in turpentine the refratliic 
index of which is practically identical with the mean crystal index the optu 
figure IS not only seen at its ol tuse angle but on rotation of the crystal for a 
complete circle the optic brushes are seen at both the obtuse and the acute 
angles of the optic axis and dupheate determinations of each angle can readily 
be obtained Owing to the feebleness of the positive double refractu n an 1 
to the fact that the largest and thickest obtamable crystal tabidar parallel 
0 {001} 18 scarcely half a millimetre thick the brushes are somewhat ehffuse 
but m the cases of thre xoellent little crystals employed for the purpose 
gave the following results for the value of the true angle 2V, between the optic 
axes The approximate value mentioned by Groth will bo seen to be much 
too large 


Optic Axial Angle of Potassium Perchlorate 



R^racltve Indxca Four perfect httle natural prisms each formed by two 
m faces at their 76° angle (the refracting edge being a 6-face strip) and four 
others formed similarly by two r (aces at their 78° angle afiorded an excellent 
senes of refractive index determinations m spte of their extremely small size 
The former (m pnsms) each yielded the refractive mdiocs « and y corresponding 
to vibrations parallel to the axes o (parallel pnsin edge) and 6 respectively 
and the latter (r pnsuis) each afforded y and ^ the vibrations being parallel to 
axes 6 (edge) and a respectively The accompanying table embodies the 
moan results 
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Refractive Indices of PotaMiuin Perchlorate 


a Vilmtioiui 0 Vibratioua y Vibratiooa 

1 ght psnUMumx parallel axu a parallel ax ■ ft 



Mian RcfraUivi Index P . h . Y f, r Bodium light I 4740 

Doidde Refradton Positive and weak y “ "oJiuni light 0 0038 
Gewril iorm da f r Inlermcdutte Index ^ — Tht rofractifte index |3 corrected 
to a vacuum the correction being |- 0 0004 in expressed by the following 
formula 

„ 560 560 4 049 400 000 000 , 

? - 1 4(>16 + — j 

The a indices are also reproduced by this formula if the constant 1 4616 
be docreaseil by 0 0006 and the y indices if it be mcreased by 0 0032 
Molecular Optical CongUmlt The ‘^ecific and Molecular Ri fractions and 
Dispersions tabulated by the Torenz formula arc 



rftort Light Olios 0 UOO 0 Ills IS 38 18 37 15 46 

Rafraotioii'^ Q Light 0 ItaS 0 1189 0 1138 15 63 18 64 15 73 

Hixpemion 0 0030 O OOSO 0 0030 0 38 0 37 0 37 

The Molecular Refractions for C hght calculated by thi Gladstone formula 
are « ^ 25 88 ^ 25 91 y — 26 08 Mean Molecular Refraction 

(Gladstone) for C light, 25 96 

Rubidium Perchlorate, RbTlO, 

The rrystsis of this salt were the smallest of all four alkali perchlorates 
and afforded greatest difficulty in the optical investigation But they were 
remarkably perfect as regards planenest and brilliancy of tdieir faces enabhng 
excellent gomometneal measurements to be earned out 
Cr^ttal SynUm, Clast and Space-Gtoup — Sune as for potassium perchlorate 
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Fomm Observed - 6 [001} w {210} the {110} of tho old setting y{211) 
the {111} of old setting these three well developed 5 {010}, and r{101} 
the former (102} both fairly levclopoil a{100} rare and mmute and not 
observed by Barker 

Habit -Great diversify of habit was exhibited by the crystals of the 
nuineroiis crops prepared some of which were quite pc-culiar to this salt of tho 
senes The relatively large Icvclopmciit of the faces of the rhombic bipyramid 
o {ill was largely responsible and the fact that the facts of this form wen 
alternately large an<l small In the most evenly developed type found in 
comparative ly ft w ( rops the crystals are of thick tabular character resimbhng 
fig 2 with the Q (ill } an I m {210} faces both well devcloiH. 1 m somewhat 
predommatmgly an 1 c{001} as the table faces But numerous other crops- 
showed crystal-! like fig 1 m which the in and o-faces arc d< vtlopc 1 alternately 
the larger so that tho m faces were rarely opposite to one another and it 
was only after examimng a very large number of crystals of different crops 
that specimens like hg 2 cuul I be found suitable for use of a pair of acutely 
mclincsi w fa-'es as a pnsin f r refractive mdex determinations The {c o mj 
nones were so prominently developed m other crops especially tho o facts 
as to produce house roof shape 1 blocks like fig 4 Still another type is shown 
in fig 5 which is characteiiHc 1 by virtically long w{2H)} faces capped by 
roof like pairs of (){211} faas the latter alternately arranged at the uppei 
and lower ends of the vertical axis as in hcmimorphic crystals This type 
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Typical Costab of Rubidium Perchlorate 
VOL 0X1 —A 2 I 
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waa only found in one crop, one of the lest prepared, and happily solved the 
search for m-faced pnsms suitable for refractive index measurements, affording 
two brilliant spectra, corresponding to the a and y indices, in spite of their 
minute size 

Good 6(010} faces sere the rule, more or less strip-like, but fl{100} 
was very rare, and only found luice, and then only measurable m the [o r c] 
none The ?{0il} faces were never observed developed The faces of 
f { 101 } were relatively very small, smaller than in the other salts of the senes 
ylruil Sa/io fl 6 r - 1 5028 1 I 2884. Or « 7Qfi4 1 1 2884 for 
the old setting Barker obtained 0 7986 I 1 2879 the agreement being 
thus excellent 

f’lystol Atiffkft —A table of the imasured angles follows 


Angles of Rubidium Perihlorate 



Gfeavo^.— Parallel c {001 } and i» {210}, both <ery good 
flffirtty — S 014 (Barker) 

Moltcuhr Volvnif —V *= 01 -SS (Barker) 
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Topic Axial Itahoa — For true setting, by X-mys, x “ ^ ®^29, i)* == 3 1935, 
w = 3 9982 For old setting (Groth-Barker), x = 3 9232, ^ = 4 9262, 
01 =. 6 3469 

Barker's values were 3 9244, 4 9204, 6 3447, the agreement thus being 
good 

Optical Charadera and Optic Axial Angle Closely resembling those of 
potassium perchlorate A crystal tabular parallel c {(K)l} shows the optic 
figure symmetncal to the centre , but the optic axes are just outside the widest 
polanscopiial field, the normal to the plate, axis c, being the second median 
line Axis b is the first median line, and the plane of the optic axes is thus 
o{100} The double refraction is feeble and poaitue In turpentine, of 
like refractive index to the crystal, the optic axial brushes are well seen 
although somewhat diffuse and both the acute and obtuse angles between 
the optic axes can be readily measured The results with three such plates, 
the thickest tables parallel c {(K)l } obtainable, are as follows - 


Optic Axial Angh of Rubidium Perchlorate 





I 



Refractive Indicea Eight natural jmsms formed by perfect little fans 
were found, after much scan lung among many crops of crystals, suitable for 
refractive mdex determinations Three were formed by tn faces with 6-facc 
stnp modifjnmg the refracting edge and afforded a and y > one was formed by 
a pair of r-faces, and yielded (3 and y fwo were formed by o faces with c-face 
as stnp edge between them and afforded the minimum index a , and two 
others were also formed by o faces, but with a fc-face as stnp edge in each 
case, and afforded the maximum mdex y The following arc the mean residts 
of the very concordant individual ones 


2 I 2 
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Refractive Inihcca of Rubidium Perchlorate 


Mean EefraUtve Index for eudium light, ^ h . T _ 1 47(18 
DwMe Refraction Na^ . — 0 00^0 
General Formula for p (in vacuo) — 


The formula also serves for « if the loostaot 1 4010 be (l)mini'‘bed bv 
0 0010, and for y if it bo increased by 0 OO'll 


Molecular Optical Coneianie — 




Loreni Relrsction 


{ For 1 1 igbt 
0 Light 




• « 7 

0 «»il 0 U9S4 0 082* 
0 0837 0 0839 0 0844 
0 0019 0 OOlU 0 001(1 



• 9 1 

17 03 17 0« r 16 

17 33 17 3V 17 45 

0 29 0 39 0 38 


C« . 28 67 fl 
‘ ^±1 


CcBsium Perchlorate CstlO^ 

The crystals obtained of this salt wtrt exceedingly small, although Bomewhat 
larger than those of the rubidium salt but they were very perfect 

Crystal System, ( lass, and Space Group -Same as for potassium and rubidium 
perchlorates 

Forms O&sertied— c {001}, « {210} the (110) of (he old settmg always 
predominatmg , 6{010}, r{101} the (102) of old setting, and o{211}, 
the former {111}, less prominent, o{100} and j{011} only occasionally 
developed 

Habit —The crystals were either tabular parallel the basal pinakoui c {001 }, 
as drawn m fig 6, or parallelepipedal blocks formed by c and m faces bke fig 7 
The brachypinakoid 6 {010} was usually present, and often one of its two 
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faoea was much more largelv dovrloi)ed than the other The macropinnkoid 
ojlOfl} wae rclativch rare and exceedingly small it was not observed by 



iio 7 
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Barker The rhoiubu Inpyramid o{211} was ubiquitous generally occurring 
as btnp faces miKlifying thi edges betwe<>n the r and w-faces The fates of 
the pnmary macrodoraal pnsm r{101j were generally relatively small, 
often only like ])omts, but m several of the crystals measured were proportion- 
ally larger, and pairs of them on three such crystals served as excellent pnsms 
for the ditermiuation of refroctue indices The pnmary braobydomal prism 
j (Oil; was but rarely dt\ eloped, and excessively small as a rule when 
present , but exceptionally good fates of this form were present on several 
of the measured crystals 

Anal Ratio -a h i -^\ (.*540 1 I 2070 Or 0 8170 1 1 2970 for the 
old (( troth Barker) setting Barkirs values were 0 8173 1 1 2976, the 
agreement being thus excellent 
Crystal Aitgles —As given in the attompanving table (p 476) 

O/eoeoje ~ Parallel c {001 } and m {210}, perfect 
DensUy -3 327 (Barker, 1907 paper, p 534) 

Mdecular Vdione —69 84 in Barker’s 1907 paper, p 635, but 70 05 in 
the 1908 paper this later value was also used in subsequent pubhcations by 
Barker, so is adopted here in cahulating the topic axial ratios 
Topic Anal Ratios —For true setting by X-rays, 7 = 6 2440, iji = 3 2093, 
« = 4 1625 For old setting (Barker), y =-i 1621, ^ 5 0944, to ^ 0 6074 

Barker's numbers (1908 memoir) were 4 1625, 6 0929, 6 6086, with which 
the above agree well 

Optical Characters and Optic Anal /fnjfe — Csesium perchlorate differs 
optically from potassium and nibidinm perchlorates m exhibiting negative 
double refraction While the plane of the optio axes is still a {lOOj, and 
the crystal-axes h and c are still the two median lines, vibrations parallel to 
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Angles of Ciwinm Perchlorate 



then) afford the refractive indices y and * rcapittivily is now thi aouti 
biiKctnx of the iptio anal angle (first inefhan line) and 6 the obtuse one the 
second mnliaii line Hence through a irystal tAbular parallel to c(001} 
the optic axial figure is visible with the optic axis themselves m the held even 
in air so that 2F as well os 2V, are both measurable the latter in an immersion 
hquid of hke refractive index The amount of dispersion of the optic axes 
for light of different wave lengths is so small that no i lear hffercnce could 
be aauratcly determiuod ispixually as even the thickest crystal with good 
c faces 18 still less than a small pm s head in sisi and the iouble refraction 
IS very weak 

Five crystals gavi for 2V, fur all wave lengths of hght and as the mean 
of immersions m turpentine toluene and pare xylene the carefully determined 
refractive indices of the first of which were just lower, and those of the other 
two hqmds shgbtly higher than the indices of the crystals, values ranging from 
02° to 63^°, the exact mean value of all being 62° 30 Only the thickest 
and lamest of tfaa five crystals gave ^arp axial brushes when the observations 
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were oouductul m air auiJ the mean value of 2\j alTorUtxl wan 101'’ 43 Kr 
sodium light and all othir wave kngtha from re<l Li light to P hydrogen 
light 

Re/raciite Indiceg natural priaina were uwd three being formed ly 

pairs of m foees (i Igi a 6 fw strip) and three by r faets (edge containing a 
nunute a fa<e point) aeh of the former yielelexl a and y and each of the 
latter 3 and y 1 he aeenmpanyiiig table gives the mean results 


Kefraetive In lices of ( lesiuui Firchlorati 



. 1 ML 
laua 


I 

0 Vibisl SI 
pantile I axis < 


y JMl 
V br*it oni* 

} arallrl ax a / 


I 


4 JU 
4 34 

47*1 



4S24 

•WJ7 

t8S7 


tfta/i Htfractm huiii fer so liiim light — •' — 1 41 

Double Rtf eacitoii Na, . t» OOid 
(xeucral iomwla for 1 in lu o 

. 107 >17 , .178 lOtl 000 OOP ^ 


1 -- 1 4701 4 - 


- 1 ; 


X* 


rhtifoiiaulaalsoripndue Hxifth eimtaiitl 1701 b< liiiunished ly 0 0046 
aud Y if It bo inereascd by 0 0010 lh< latter number b< ing the smaller tie vrly 
ludleatoM the nogatii e sign of the double refraetioii 
MiAuyUlar Conttaiits 


Mif toi e I git 

, \ <11 git 


Loiviu to fruLtliMi Y 
0 "iwnn 
Glailstouo MoleeuI »r B< fia 


{ a JS (M S 

Maai 


imnoMUM Ptriklirale 

Iho irystals obtained of this salt wire a little larger than those of the three 
pMoeding })< rehloratcs so that it was just possible to grud section plates and 
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pnsms for the optical work The perfection »a« not so complete as with the 
Braallcr crystals oi those other salts, but it was excellent in the cases of the 
crystals measiin'cl 

Cn/nlal-Syulem, Clms nnd SjHitr-Oroup -The same as for potassium per- 
chlorate and the other two salts of the uronp 
Forms ohserwd — c{001}, wililO} or {110} of old setting, r{101} the 
{102} of old setting all three well deieloped, a{100}, h {010}, 5(011 }, 
and 0 {21 1 } the { 1 1 1 } of «1<1 aetting, small. Usually strips or spots 
//flhd— The most largely developed form was usuallv »i{2l0} Next 
came e{001}, and indeed this basal plane form sometimes predominated 
and conferred a tabular habit The next was inianably r{101}, and usually 
ns tnangular httle facta The primary pinakoids a{l(K»} and f>(010}|were 
never more than narrow' stnps 5(011} and «(211} were always small but 
sevt'ral good, bnlliantly reflecting little faces of these forms were present on 
some of the crystals measured Fig 8 represents a typical crystal. 



tic 8 —A Tipicftl ( rislsl of Ammonlam I’erchlorate 

AruilRalto-it h e-*l-lW62 I 1 2807, or 0 7M1 1 l'2807 forthe 
old setting Barker s values were 0 7932 1 1 2808, an excellent ogrecraent. 

Cryalnl Angles -—Given in the accompanying table (p 479) 

Cleavage — I’erfeet parallel »» {210} and very good parallel e{rK)l } 

Dtnnlg —1 952 (Barker) 

Moleruhr Volume ~V = 60 19 (Barker) 

Tojne Anal Ratw —For true setting, by X-rays, y = 4 908.3, ijt = .H 0944, 
CO — 3 96.30 For old setting (Qroth-Barker), / = 3 81*57 t}/ = 4 9120, 

<0 = 0 2909 

Barker’s values wore 3 8959, 4 9117. 6 2909, the agreement being thus very 
satisfactory 

OptmeA Chantders and Opttc Anal Angle —Oroth {loc nt,p 222) gives some 
approxunate data , that the sign of the double refraction u positive, the plane 
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Angles (it Ammonium Pewhiorate 



of tho nptir fttts w and flu acute hufctrn m tko axis 4 This 

statement is tlie same as »us made for potassiuiu [lerchlorate, and is (orrect 
for amnioniiini perchlorate (khereas it was incorrect for the potassium salt 
Also that 2K is MT 41' for red light and 113" 23' for blue that 2V ^ 08", 
and the iiiteriiKsliate refniitive index p«l 486 These statements are 
correct as far as the approxiinati' value of p is concerned, hut the apparent 
optin axial angle in air is much larger than that stated 
Three pairs of section jdates were ground, perpendicular to the acute and 
obtuse bisectnccs, and the final mean values <d 2E, the optie axial angle in air, 
and 2V„ the true angle within the r rystal, affonled with them are given below , 
for the detenni nation of 2Y, by measurement of 2H, and 2H, thp apparent 
noiito and obtuse angles in a highiv refradive liqiud, «-raonobrnmonnphthalenc 
was used as the immersion liquid, as usual m the author’s work 
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Optic Axial Anftle ol Ammonium PercMorat* 



The true angle wan conhrimMl by iWternunatiune during immortuou m (int 
turpentine and then toluene, the refraction of i»hich is slightly loner and 
slightly high( r than that of the crystals The mean of the two determinations 
was 69“ lO' for sodium bght 

Refradivc Indictu Six pnsms were uswl, four being bO^-prisnis each ground 
to give two indices directly, with refracting e<lgc parallel to one crystal-axis 
and the bisecting plane paralhl to this and another irystal axis, the other 
two Were formed by excellent little natural in faces, and yuldcd each both 
P and Y The mean results are embodied in the table 


Retractive Imlicos of Ammomum Perchlorati* 


i y 1, I S VibntiuiM 


■> 1 y r 

V'lbmUonii 
parallel sxu b 


Mean St/ractwe I tulej, for sodium light, “ ■ ~t~ . ^ . T _= J 41^44 

Double Refraction, Na,. , ~ 0 0063 
General tarmula for % m vacuo - 

Q , , 364 7S1 lid two 000 000 , 

+ -J I- 

Tho formula also serves for x and y, provided the constant is dimimshed and 
mcreased respectively by 0*0015 and 0 0048 
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Mcltcular Ojdxcai CoMtantt 


Lowni Rcfractioa "> For f IjghI 0 Ul'S 
CoiMUtiUJ „ (i Light 0 1482 
„ Duprnion 0 0027 

Ulwliituiic Muk>.ul>r KrfiuLtiuii fur ( 


npeiilio Mole< ular 

a » r 
17 Ofl 17 U 17 28 

17 41 17 411 17 01 

0 32 0 32 0 33 

28 07, 7 -= 20 2.5, 

^ - 29 0.1 


B y 

0 1439 0 1471 

0 1486 0 1409 

0 0027 0 0028 



Couiikinwi of (hf Reiults for the Four SoIIh 
These four perohlorates, of potassium, rubidium, cesium, and ammouiuni 
all crystallise in the holohetlral, rhombio bipyramidal, rlass (No 8 of the i‘Z 
classes of crystals) of the orthorhombic system, ami in accordance with the 
iletail arrangements of the Space (jtoup ¥»"* of Hi hoenflies They exhibit 
the same forms, and the faces, other than those rectangularly arranged, are 
inchncd at angles so nearly alike that all four substances are represented by 
the same steroographic projection, shown in hg <J 



The Crystal- Ajt,tal Kafm Thi sc are compared below for the two settings 


K.C10, 

fibCIO, 

OsClO, 


For true Mttuig 
as dcterMiiDeil by 
Y rsy luuIjsM 


For nM netting 
(Oroth anil 
Barker) 


Foi^d setting 
(tor flew scttuig 
double these taluen) 


U 7813 1 I 28U7 
0 7064 1 1 2884 
0 8170 I 1 1 2970 
0 7931 1 1 2807 


1 3620 I s 1 2807 
1 3928 I 1 2884 
1 6340 1 : 1 2970 
1 3862 1 t 1 2807 


0 611)1 


0 6163 
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Tbe axial ratios of the crystals of the rubidium salt, for both settings, are 
thus intermediate between those of the crystals of the potiissiuni and ceesium 
salts as already pointed out by Barker for the old setting 

The ratios of the ammonium salt are such as lirmg it into the senes w ithout 
doubt, being within the limiting values for the three metallic salts 
Thi Cn/ulttl Aiiqhn These are compared in the accompanying table 


Comparison of the Crystal Anglt s 



The whole of the trvstal angles of rubidium penhlorate lie between those of 
potassium and c«sium jieichlorates The angles of arninonium penhlorate 
crystals are very close to those of rubidium perchlorate These two facts 
were stated by Barker, and are now fully confirnied by more extendeil measure' 
ments The three metalhe salts thus form an excellent example of a ent ropically 
isomorphous senes, like the alkali sulphates and selenates 
The next table summarises the angular differences in an interesting and very 
concise manner, by showing the average and maximum changes for each replace- 
ment To obtain the average change all the differences for the 18 angles 
recorded m the table, and for the same replacement, have been added together, 
irrespective of sign, and divided by 18 The maxunum change is the largest 
of the angular changes brought about by the replacement in question, 
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Table of Average and Maximum Angular Changes 


RcplAcpmrnt 1 

\v(^rnge C hange 

1 Maximum Change 

K by Rb 

S2' 1 

U4 

KbyO 

74' (1" 14') 

100' (2° SO') 

K by NH, 

27' 

02' 


The average (hange of angle on replacing potaasiuui by ceeaium is rather 
more than double that produced by replacing potasuum by rubidium, and the 
introduction of aninionmni inbtead of potassium causes a change which is 
only ]U8t slightly less than that brought about by the interchange of rubidium 
for potassium Exactly the same conclusions apply to the relations of the 
maximum changes, the absolute values of which arc practically precisely 
douUe those of the average changes 

Thus m every respect, as regards the changes in the crystal angles brought 
about by the interchange of one metalbc family analogue for another, the 
changes are very nearly directly proportional to the change in the atouuc 
weight or atomic number of the metal, that is, tho angles of the three salts show 
a regular progression in the order of the atomic weight ^ot atomic number of 
the alkali metal present * 

Cleavage —Cleavages parallel to the basal plane c {001} and rhombic pnsm 
m {ilO} are common to all four salts of the series 

Mdecalar Vcluine and Tojnc Ajctal Ratios —These are compared in the next 
table 


Volume and Relative Cell Dimensions of Alkali Perchlorates 


Salt 

1 MoJrtuIar 
Vohimp 

Topic AM lUtio* 

Old betting (Barker) 

Topic 4zial Ratiua y,w 
hettiug by \ lay Analj.w 

KCIO, 

RbOd, 

CiClO. 

04 01 
«1 33 

70 05 

UU IB 

1 

X + •’ i 

J 7408 4 7878 « 1318 i 

3 0232 4 0262 6 3488 

4 1621 0 0644 I 6 6074 
i 8007 4 0120 8 2606 

4 7^30 3 0161 3 6628 

4 6420 3 1033 : 3 9682 

5 244 0 3 2063 4 1630 

4 6082 3 0044 3 9630 


The values of the topic axial ratios for tho old setting are very close to those 
obtained by Barker, given in the table on p 463 Again there is a regular 

* The atomic numben of K, Rb, ami Cs are 10, 37, 99, the difference in each care being 
18, corresponding to the number of eleotroos added to the atom, on pawing from one 
clement to the next ol this famdy gioup of alkali metals 
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progrcMion in cell-volume end cell-edge dimensions when one alkali metal u 
replaced by another, both the molecular volume and the topic anal ratios 
(the latter algo for both settings) of the nibidiura salt being intermediate 
between the corresponding constants of the potassium and cawum salts 
Both molecular volume and topic axial ratios for the ammonium salt are close 
to the corresponding values for rubidium perchlorate indicatmg isostruiture 
of the same close character as was observed with the sulphates, selenates and 
double sulphates and selenates of rubidium and ammonium 
Conversion of Ike Relative Cell Dimensions into Absolute Dimensions —The 
farts just mentioned were equally observed by Barker, to whom the molecular 
volumes are due ns the results derived from his topic axial ratios for the old 
setting, baseil nn an assumed rhombic pnsmstic space-lattice For they 
represented the dimensions of the unit tell of this lattice, in the axial directions, 
as already explained on p 4(14 

Now it was shown on p 463 that the structure and absolute cell dimensions 
of barytes have been unanimously agreeil upon, by three parties of observers, 
in Germany, Amenca, and this country, from detailed X-ray analysis, and 
the fact confirmed that potassium perchlorate is constructed on an analogous 
plan to barvtes, as supposed by Barker, who regarded the whole group of 
alkali perchlorates and permanganates as isomorphous with the barytes group 
of mmerals, as stated on p 463 

As the topic axial ratios are stnetiv relative measures of the similar unit cells 
of the space-lattices of the whole isomorphous senes, assuming the type of 
space lattice and nature of its unit cell to have been correctly diagnosed (as 
has been achieved m this case by X-ray analysts), given the abeolute dimensions 
of the cells of any one member it should be possible by use of the topic axial 
ratios for the correit setting to calculate the absolute eell-dimensions of all 
the other members of the senes This will now be done for the perchlorates, 
knowing both the relative and the absolute dimensions of the rectangular 
orthorhombic space lattice colls of barytes 
Axial ratio of barytes - 

given by Groth (‘('hem Kryst ,’ II, 388), a h e — 0'8152 1 1 3136, 

on same setting found by Wyckoff and 
Merwm by X-ray analysis, o h e = 0 8148 1 1 3131, 

for tnie settmg found by X-rays by W 
andM, o 6 c = l-633 1 1 316, 

for true setting found by X-rays by James 
ami Wood a 6 ew I 6304 1 1-3136 



Alkali Perchlorates, 


435 


Mjmmutn Spacing of pnmary jrfanes, Wyckol! and Metwin, for (100), 4 440 A, 
for (010), 2-724 A, iot (001), l-oaiA 

OU-edge dimenaiona for corrcot rectangular parallelepipedal cell (having 
double o)— 

W andM, n == 8 89A 6 -- 5 40 A, c ^ 7 17 A 

James and Wood, n = 8 85A h — 5 43A, c — 7 ISA 

♦Mean of all observers, o -= 8 87 A. ft 5 44 A, o — 7 1,0 A 

Corresponding mean crystal axial ratios a ft r = l (i‘12 I 1 315 
•Topic axial ratios of barytes calculated for these raciin axial ratios and using 
Barker’s molecular volume 62 0, / = 4 7225, - 2 8037, to -= 3 8052 

•Corresponding topic axial ratios of potassium 
perchlorate KCIO4 (Tiitton) / ~ 4 7130, ij/ — 3 0101, to — 3 8628 

Cell edge dimensions of — 

KC10| calculated from above starred 
data, ti-8 86A,& = 6 G7\, c = 7 20A 

RbClOi Hiinilarly cKkulated from outhors 
topic axial ratios, ti 9 28 A. ft — 6 83 A, c = 7 61 A 

CSCIO4 do do «^ 9 84A, ft = C 03A, c-7 81A 

NH/’IO, do do ti = 9 22A, ft = 6 82 A,c = 7 45A 

We have thus obtained the true absolute dimensions of the unit-<;ella of all 
the four alkali perchlorates Moreover, it is possible to apply a cntunl test 
of their ai curacy in ouc of the cases, potassium perchlorate, which will art as 
a test for the whole of them J-’or although owing to the smallness of the 
crystals James aud Wood were unable to obtain intensity measurements of 
the X-ray reflections adequate to locate the positions of the atoms with certaiiit j , 
they were able to measure the spacings without ambiguity, and to ascertain 
that the structure was truly analogous to that of barytes The cell edge 
lengths thus found were, a — 8 81 A, 6 = 6 68 A, c =• 7 22 A These values 
only differ from the author’s calcidated ones by 0 01 for a ami for ft, aud 0 04 
for c, an agreement which is highly satisfactory, and shows that this new 
method of obtaimng the absolute cell dimensions for all the other members of 
an isoraorphous senes, when the dimensicms for one member of the senes are 
known, is both trustworthy and highly accurate Indeed it u comparable to 
the use of the anharmomc ratio of four poles in a zone, for calculating the 
position of any fourth face m a rone, given the position of the other three , 
and should prove equally useful, especially as only one member of the senes 
18 required to have been measured by X-rays 
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The umt coUe are thus scon progressively to increase in size in all three axial 
directions as potassium is replaced by rubidium and the latter in turn by 
cieaium This is doubtless due, as pointed out for the sulphates of these alkali 
metals, to the increase m the siiso of the atoms of the alkah metal, eighteen 
electrons being added, either one or two whole shells of them (Langmuir or 
Bohr), when we pass from potassium to rubidium, and from the latter to 
caesium The cells of the ammomum salt are almost exactly of the same stzo 
as those of rubidium perchlorate 

Optical Characters and Optic dxtal Angles —The three metallic salts have the 
same optic axial plane, parallel a {100}, but the sign of the double refraction 
IS positive for the potassium and rubidium salts and nogaticc for lacsium 
perchlorate The brat median line (acute bisectnx) is the axis b m the 
potassium and rubidium salts, but the axis c in the cccsium salt The measure- 
ments of optic axial angle afforded the followmg comparative results — 



The double refraction is feeble and the dispersioii of the nptio axes slight, so 
very small when the ciesium salt is reached that none at all could be measured, 
even with the thickest crystal plate obtained Both the amount of dispcruon 
of the optic axis and the size of the optic axial angle show a progression in 
the order of the atomic weights and atomic numbers of the thre^ metals, the 
former diminishing and the latter increasing on passing from poUssium 
perchlorate through the rubidium salt to the cseeium salt. 

The ammonium salt differs in having o{001} for the optic axial plane, 
its optic axes being separated at an angle 2V, varymg from 69° 31' for Li light 
to 70' 46' for greemsh blue F hydrogen-bght, the axis 6 being the acute 
biseotnx The dispersion is intermediate between that for the potassium 
and inbidiam salts, but opposite in direction. 

Rf/racHve Indices —The refractive indices are compared in the next table. 
For all three metallic salts the a index coneqionds to vibrations parallel to 
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the crystal axis c the ^ index to vibrations along axis a and the y index to 
vibrations along axis b The ammonium salt has the a and ^ vibrations 
reversed namely parallel respectively to the axes a and c 


Refractive Indues of Alkali Perchlorates 



The refractive indices of the three metallic salts are remarkably close to one 
another the diflerences only occurring in the third place of decimals and do 
not show the progression according to atomic number of alkali metal which 
IS exhibited ty the alkaU sulphates where the differences are ten times as 
great In all the senes of salts of these metals and double salts oontaimng 
them investigated by the author the rtfractive indices of the potassium and 
rubidium salts have been very close sometimes overlapping It « only when 
the molecular refraction is considered that the real progression in refractive 
power becomes clearly revealed The indices of the ammomum salt are slightly 
higher than those of the cessmm salt 

Mbkoular Opltcal Oorutant* —The following tables show comparatively the 
results for the four salts 

2 X 


TOl 0X1 
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H*— 1 M 

Molecular Refractions «, p, y, and Dispersions, IiOTeni, 


Halt. 

Light 

a Ihapanoo 

f Duperuoo 

7 Uiapamon 

KCIO, 

{ 

G 


W 37\^ „ 

1# 64/” 

IS 46\, „ 

IS 78/® 

RbClO. 

{ 

r 

0 


17 06\o « 

17 S8/" “ 


Cano. 

{ 

{ 

Q 


19 7S\ - „ 
ao 08/* “ 


NH.C10, 

{ 


n>» 

17 « 

17 46/' “ 

{???>» 


Molecular Refraction Gladstone, 2-^ M, for C Light 


Salt 

• ' 

8 1 

“n 

1 lUaa,!L±4±7 

KCIO. 

26 88 

26 91 

26 08 

28 86 

RbOO. 

28 67 

28 73 

28 92 

28 77 

NH.cf0. 

28 88 

28 97 

29 28 

29 08 


Salt 1 

Light 1 


9 DvpenioD 

1 7 Diaperaloo 

Kcao, 

{ 

c 

Q 


®}i®»> 0920 

Sl}iS>«»0 

RhClO. 

{ 

U 


0 «"« 


OpCIO. 

{ 

G 




ifH.cio. 

{ 

C 

0 


«}:»> 0027 

g{Si><»*8 


From these tables it will be obvious that both the molecular lefraetioiis and 
dupersioDt, calculated either by the formula of Lorenz or that of Gladstone and 
Dale, and whether the individual a, ^ and y values or their means are con- 
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Bidered, exhibit a clear progression, following the order of the atomic numbers 
and atomic weights of the alkali metals The specific refractions and dispersions 
follow the same rule The molecular refraction of the ammomum salt is 
almost identical witb that of the rubidium salt, a fact doubtless connected 
with their very close iso-structure The specific refraction and dispersion of 
the ammomum salt, like the refractive indices, are the highest m the senes 

Summary of Condunons 

An investigation of the crystals of the perchlorates of potassium, rubidium, 
osesium and ammomum as regards their optical properties has been earned 
out for the first time, the difficulty of their very small sire having been success- 
fully overcome, and all the constants deternuned in detail for all parts of the 
spectrum The optical characters are similar, and both they and the optic 
axial angles, molecular and specific refractions and dispersions, of the three 
metaUic salts, all show a regular progression, following the order of the atomic 
numbers (and atomic weights), similar to that observed with the alkali sulphates 
The refractive mdiccs themselves are almost identical, being quite exceptionally 
close m this senes (only diflenng m the third place of decimals), and do not 
show the progression It is brought out very clearly, however, in the molecular 
refractions 

The ammomum salt differs as regards the position of the optic axial plane, 
which is c{001} instead of a{l00}, and its optic axial angle is larger than 
for the metallic salts The refractive mdex and the specific refraction are 
also larger The molecular refraction of ammomum perchlorate is nearly 
the same as that of rubidium perchlorate 

A complete gumometncul measurement of the crystals has also been earned 
out, on a new " setting up,” that mdicated by the X-ray analysis of James 
and Wood, and the conclusions of Barker confirmed and amplified, while 
recorded both on the basis of his setting and on that of the true one determined 
by X-rays The whole of the crystal angles of rubidium perchlorate be between 
those of potassium and cvsium perchlorates, these three salts forming a eutropio 
isomorphous senes of the closest character, the angles following the order of 
progression of the atomic numbers of the alkab metals The maximum amount 
of angular change observed was 2° 30', which occurred in the case of the rhombic 
posm angle between the potassium and oneium salts The average change 
of angle between these two salts was sbghtly more than doable the average 
change introduced by the replacement of potasstom by rubidium The angles of 
i^nmoDium perchlorate are very cloee to those of rubidium perchlorate, the 

2x2 
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aveisge and maximum change on replacing potassium by the ammonium 
radicle being slightly less than when rubidium replaces iwtassmm 
The topic axial ratios have been calculated not only on the same assumption 
as Barker, of a rhombic pnsmatic space lattice, but on that indicated by X-ray 
analysis to be the correct one, the unit cell of which is a rectangular parallelepiped, 
the edges of which are parallel to the crystal axes and with the axis a of double 
the length of that for the old firoth Barker setting The same fact is clear, 
as given by Barker, that there is a regular progression, following the order of 
the metallic atomic numbers, in the topic axial ratios, and that these ratios 
for the ammonium salt are very < lose to those for the rubidium salt, indicating 
nearly complete iso-structure for the crystals of these two salts 
Finally, a new pniitiple has been used, to convert these relative cell-measures, 
the topic axial ratios, into absolute lengths, in Angstrom units, of the cell- 
edges It may be stated thus — 

“ In a well established isomorphous senes, if anyone member be thoroughly 
worked out by X-ray analysis, the crystals being large and perfect enough to 
permit not only of spacing determinations but of intensity mcasuremeDte, 
so that the space-lattice umt-cell dimensions and character are fixeil with 
certitude, then the absolute cell-dimensions of all the other members of the 
senes may bo obtained by calculation, from the topic axial ratios, w hich express 
the relattvo measures exactly, the crystal structure being stnctly analogous 
tiiroughout the senes ” ' 

Now the barytes group of minerale and the perchlorates and permanganates 
of the alkalis have been shown to form a stnctly structurally analogous 
isomorphous senes and the structure of barytes, which forma excellent large 
transparent crystals eminently suitable for X-ray analysis and intensity 
measurements, has been thoroughly worked out and unanimously agreed upon 
by three independent parties of investigators, the structure being that of the 
Schoonflies space-group V*>* of the holohedral orthorhombic crystal-class 8, 
Its cell-edge dimensions m Angstrom units are thus known with certainty, 
and the mean values of the closely agreeing values given by WyckofI and 
Merwin, and by James and Wood, have been used by the author to calculate 
the absolute cell dimensions of the alkali perchlorates, the crystals of which are 
very minute, unsuitable for thorough X-ray analysis These absolute cell- 
edge lengths show very clearly the progression with the atomic number of the 
alkah metal, and the iso-structure of the rubidinm and ammonmm salts 
That the lengths of the cell-edges thus obtained are correct is capable of 
proof In one case, that of potassium perchlorate, of vrtuch James and Wood 



Theory of Ship Wavef 491 

JM* succeeded in obtaining the spacing by X-ray analysis Their values 
agree most satisfactorily with the author's calculatcil ones The pnnaple 
can therefore be accepted with confidence as remarkably trustworthy For 
it will often happen that one member of an isumorphous senes may be eminently 
suitable for X-ray analysis, while the others, or some of them, are not 


2'he Theortf of Ship Waves * 

By E T Hanson, BA 

(CommuuKatcil bv F E Smith, K RS— Reieived March 2, 1926 ) 

1 Sl'MMABY 

The theory of ship wa\cs, when the sea is considered to be of infinite depth, 
has been the subject of many researches When the sea is of finite depth the 
integrals invoKed are more lomphcated but m this ease also the theory has 
been worked out in considerable detail The main object of the present 
communication is to add to the number of cases which have been solved, or, to 
be more precise, which have been exactly formulated, a certain senes in which 
the depth is variable 

Of subsidiary interest, but coromg under the title of the paper, arc some 
considerations relatmg to the wave disturbance when the depth is fimte These 
are dealt with briefly in section S 

Finally, in m tion C, the problem of the wave disturbance at the surface of 
separation of two fluids of different density is briefly considered This problem 
is of much interest on account of obserYations made by Ekman Attention is 
here drawn to the similanty which exists between it and that of ship waves 
on a sea of finite depth 

Rofereme should be made here to two very interesting papers by ],«imb, in 
volume 31 of the ' Philosophical Magazine ’ (1916) p 386, on “ Waves due to 
a Travelling Disturbance, with an application to Waves in Sujierposed Fluids ," 
p 639, on “ Wave Patterns due to a Travelling Disturbance ” 


The author it indebted to the Admiralty for permission to publish this paper 
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Intkoduction 

The precwe mode of disturbance of the water m the immediate neighbourhood 
of a ship IS probably compheated It has not, hitherto, been possible to subject 
It to mathematic al analysis, so that for the theoretical investigation of the 
disturbed motion of the water in the wake of the ship, some simpler cause of 
disturbance must be substituted for the ship itself 
The simplest cause of disturbance, from the point of view of theory, is a 
pressure distnbution acting on a small portion of the surface of the sea This 
pressure distribution is supposed to take the jdace of the ship, and to move 
with a velocity equal to that of the ship The actual functional representation 
of the distnbution is, of necessity, somewhat ideal 
Furthermore, after a sufficient lapse of time, all the phenomena which 
accompany the ship become steady In other words they are reproduced, 
without change, in each fresh part of the sea over which the ship advances 
Thus, if to both the sea and the ship is given a velocity equal and opposite to 
that of the ship, a state of steady motion throughout a uniformly flowing 
stream of great extent will be obtained 
The most satisfactory method of treating problems dealing with surface waves 
on water would appear to consist in reducing the state to one of steady motion, 
whenever the nature of the problem allows of such treatment 

2 Prslihinart Thxory 

When an arbitrary distribution of pressure is apphod to the surface of a 
stream, which, in the absence of the pressure, would flow with steady and 
umform velocity, the flow becomes one of steady motion, but is mdetenuinate 
unless frictional forces between the particles of the fluid are mtroduced in 
order to damp out the free waves which may oo-exist upon such a stream 
The steady motion, which will finally be estabhshed, is that which is being 
sought, so that ultimately, when the general nature of the motion has been 
discovered, the effect of making these forces approach a vaniabingly small 
value may be investigated It is thus not important that the law of the forces 
should be an absolutely natural one, and if it is one such as to simplify the 
analysis, those considerations are sufficient justifloation for adopting it Ray- 
leigh assumed fur the law of resistance that the departure of a particle from the 
state of steady motion was resuted by a force proportional to the relative 
velocity The simplification which this law mtroduoee mto the analysis anaca 
from Uie fact that it does not destroy the irrotational nature of the motion. 
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The oomponenta ol the force Ryatem acting upon a particle of the fluid, and the 
velocity components, are then denvable from potential functions It is 
proposed m this section to consider the prehimnary theory for the case of finite 
depth The transition to the case of infimte depth, which is required m some 
of the problems, is readily made Let the undisturbed motion of the stream 
be one of uniform honauntal velocity o m a durection parallel to the positive 
direction of the ams of x, and let both the axes of x and y he upon the undisturbed 
surface The axis of * is drawn vertically upwards The potential of the 
force system is denoted by D, the velocity potential by <j>, and the frictional 
coefficient by t It follows at once that il is expressed by the equation, 

Q=i/z-T(cr (1) 

Let H be the depth of the stream, and let F bo a function of * and y For 
the velocity potential the function assumed is 

-r +- B^co8hX(r + H) (2) 



The equation for the pressure at any point may be written 
jj/p => const -gz f t (cr + ^) - {f, 

where p is the density of the fluid and g the resultant velocity at the pomt 
Since only small departures from the state of steady motion are under con- 
sideration, the squares of the velocities of the particles relatively to the un- 
disturbed stresm may be neglected Thus the pressure equation becomes 



a*F\ 

' 5 ?/ 
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Whence 

- + |‘coth -f-^coth (5) 

at the Rurfare, wheie Ap repreBent« the vamhle part of the pregmue at th« 
surface 

It IS now aHsumed that bFjdr can be evpanded Jn an infinite senes of terms, 
each term consisting of products of the form 


A.,, cos (>tx + a) cos (fiy + P) 

It then follows from equation (2) that, in order to satisfy the equation of oon- 
tmuity. 

The pressure distnbution at the surface may be very generally expressed by a 
corresponding senes m the form of the double integral 


Ap — I /(«, ti)cosOT:cos (lyditdii, (6) 

The particular integral solution of (6) is obtained by assuming for ^ the function 
i ££/(*, ItKAC-d- Be--*) cos |iyd<d|i, 


where A and B are constants to be determined 
It follows without difficulty that, corresponding to the pressure distnbution 
on the surface given by (5), there » produced the surface form given by 


f! 




X' — y) COS wj — («Tc/X') sin >tx '\ 

(c***/X'-y)* + («w/h? -J 


cos |iy da d|i, (7) 


where X' — X tanh XH 

The pressure distnbution, which it is proposed to consider, is symmetneal 
about the ongin, and is denved from the function 


Ap=P/Vh*T^ (8) 

m iriuch r* = ** 4-y* 

A mutable expression for the pressure distnbution, localised about a point, 
IS given by 

-^{^p)|^k (9) 


The equation (8) is eqmvalent to 


Ap=-pj’e-**J„(rX)dX, 


where .!« is Bessel’s function of zero order 
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But 

J, (,X) - ^ (^dKcmKx co» {vV\ ^ - K^) 
n Jd V A* — 

Hence 

Aji = — I j CM Kx coK dx dfi, ( Ut) 

so that/(<f, jx) of ( 0 ) w equal to iPe***/reX in this case 
Writing now— 

* =« X cos |x X sm ac = r cos 6 , y r mn 6 , 

equation ( 10 ) becomes 

Aj) = P/«|* I * dX(l<f> cos { Xr cos (^ — 6 )} e ( 11 ) 

This 18 most easily seen by conswlenug that x and |x are rectangular co- 
ordmates m a plane and X, ^ their corresponding polar co-ordinates 
For convenience later write, 

r cos (^ - 6 ) — R 

Considering an element of the integral ( 11 ) with respect to there is obtained 
8 ( Ap) = S^P/n £ <iA cos (XB) e’** 

srb- 

and it IS readily verified that the integral of ( 12 ) with respect to ^ is equal to 
the right hand side of ( 8 ) 

The function Pk/(A* R^) is a valid representation of a pressure localised 
along a line 

Construct a figure and draw a line passing through the origin and makmg an 
angle <f, with OX 

Let ON bo perpendicular to this line Let Q be the point r, 6 Then, if N 
be the foot of the perpendicular from Q on ON, 

QN-rco 8 ( 0 -O}-R (Id) 

It will be assumed hereafter that H is umty The problem of ship waves on a 
sea of infinite depth has been more or less completely investigated, and if is 
therefore mainly intended to discuss here in detail the cases of fimte and of 
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variable depth The whole problem, inoiodmg that of infinite depth, m all 
ita features is, of course, reproduced by varying c 
Let 

9 /c*c.o»»^ = L and t/oo8 ^ = N (14) 


Corresponding, then, to the pressure distribution given by (8), the equation (7) 
for the surface form can be expressed by 




c oth X— L)cob BX— N eoth X sm HX I 
(X coth X — L)* + N' eoth' X J 


Considering, as before, a line element, it follows that 


P ^ 


the real part of 


LdXe"*-** 

X eoth X — ti — in' coth X 


(16) 


On introducing the complex variable w =*> u -f- »» and writing 


where 


W 


W =- U + .V. 

Iff coth Iff - L — »N coth Iff ’ 


(17) 


then the function (16) under consideration is the value of U when the path of 
mtegratiou m (17) is the positive half of the teal axis of w, 

U having been written for ® 

The singulanties of the inte^nd in (17) are given by 


w « L tanh iff + «N, 

(18) 

whence 

_ L sinh 2« 

(19) 

cosh 2tt + cos 2ff’ 

_ LBm2e , „ 

cosh 2« + 008 2ff 

(20) 

Prom these equations it follows that 


2 (ff — N) smh 2« 2tt sm 2« 

(21) 


Now, in accordance with the remarks made at the beginning, N is considered 
to be very small Under these cuennistanoes 
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unless V IS small, and therefore equation (21) cannot be satisfied for any real 
finite value of u unless u is small Hence » must be zero except when v is 
small But, if v be small, (19) may be written 

M = L tank «, (22) 

and this equation will be satisfied by u ^ 0 only if L < 1 Hence to detemmung 
the roots, when L < 1, « must be zero, and equation (20) becomes 

V--^Ltan»fN (23) 

When L > 1 , « being small, (20) may be written m the form 


so that 


v = Le/co8h*« + N, 
t>=3N/(l — L8ech*«) 


But, from (22), considering the function 


(24) 


it follows that 


/=M — Ltanh ti, 
a//0tt=.l_L8eoh*u 


It IS obvious that, at the zero of this function, S//0« is positive Hence v, 
as given by (24), is positive It has lieen proved, then, that when a complex root 
exists, e being small, v is positive The indetermmateness iii the problem is 
now removed and N may be dinunished to zero The real root, which exists 
when L>1, must then be taken to he m that quadrant in the plane of the 
complex variable w for which « and » are both positive 
It 18 evident that, when N is zero, and L > 1, the lowest imaginary root 
disappears When L is unity exai tly, it is necessary to retain N in the whole 
investigation, a oiroumstance which will be referred to again 
When N is zero, (17) becomes 


W = 


w coth w — L 


(-!B) 


If, fox the moment, the mtegrand be written m the form 
I-F(ur)//(te), 

and, if w, be a root of / (w), the theory of functions shows that the value of 
JI dw, when the path of mtegration is a small circle, whose centre is w^, in the 
counter-clockwise direction, is 


2«F(i»J//'(«,) (26) 

In the present case 

/'(«,,)«. I {L(l-L) + *s.*} 


(27) 
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L < I Consider first the case when L< 1 The roots of /(w) are then 
all purely imaginary If R be positive in {2.’f) the path of integration is taken 
along the imaginary axis from ♦ w to 0 and along the real axis from 0 to ao 
and round an arc of a quadrant of a circle of infinite radius If the path along 
the imaginary axis just excludes the singular points from the quadrant, 

f° ldte + j’ldw = 0 (28) 

But, if the closed path contauuiig the singular points be considered, 

j'” I die =^.SF (.«.)//' (»•>.), (29) 

whence 

I” 1 d«- = L F (w,)//' (icj (30) 


If R be negative, the path of integration must bo taken to be round the quadrant 
for which u is positive and v negative It is easy to show, however, that 
equation ( 50) holds m this case also if only - w, be written for u>» w P (le,) 
On this understanding, only the positive imaginary roots need be considered 
L > 1 Consider now the case when I. > 1 If R be positive the path of 
integration must he rotmd the quadrant m which u and v are both positive This 
quadrant, in accordance with the previous theory, is considered to contam the 
real singular point, and there is obtamed, instead of (30), 

J* I dw = 23«F («)//' («) + m S F (te.)//' (u-J, (31) 

where ti is the real root, and £ denotes summation of the imaginary roots 
except the first which is non-existent If R be negative, the integral becomes 
I (.«,)//'(»«,) (32) 

The discussion of these integrals is reserved for the fifth section It may be 
noted, however, that, when c is small, the solution corresponds to that of great 
depth In this case the denominator of the integrand m (26) may be written 
te-L 


3 The Theory of Waves on a Sea Bounoed ny a Sloping Shore 
Very few cases of wave motion, when the depth is variable, appear to have 
been solved The theory of the two-dimensional ueciUations of water, contsmed 
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m a caoal with sloping sides, was given by KirohhofE in two particular cases 
In one case the sides of the canal are inclined at angles of 46“ to the horizontal, 
and in the other cose they are inclined at 10° 

Two particular cases of the three-dimensional problem have been treated by 
Kelland and Macdonald* rcspectivelj The former found a solution for the 
propagation of waves along a canal whose sides are inchned at angles of 46° 
to the horizontal The latter has dealt with the problem of a canal whose sides 
are inchned at 30“ 

When the width of the canal is great the theory is simplified by considering 
the phenomena to take place on a sea bounded by a sloping shore It will be 
shown hero that a much more general solution can always be obtained when the 
inclination of the shore to the horizontal is a submultipin of nl'i Thus when 
the mclmation is 46“, 30", 22i°, Ifi', etc , the problem can be completely solved 
The solution includes the two-dimonsional and the three-dimensional problems, 
referred to above when the canal is wide, us particular cases 
The origin of co-ordinates is taken on the hue lu which the undisturbed 
water surface intersects the sloping shore This line is the axis of / The axis 
of t IS drawn vertically upwanls, and the axis of y is horizontal wuth its posituo 
half lying upon the undisturbed water surface, forming a system of rectangular 
axes 

The analytical problem involved is simple (see Lamb’s ‘ Hydrodynamit s,’ 
page 438), and it can be shown that the velocity potential for a system of 
progressive waves may be expressed by the formula 
^-Pcos(«±el), 

m which, if > be the wave length, * = 2n/X , and if t be the period, a => '2n/r 
Further P is independent of r and t Thus a condition of steady motion is 
possible by giving the water a steady uniform velocity m a direction parallel 
to its edge It is found that, for this partiiular type of waves, the requisite 
velocity IS that of waves, of the prcsrnlicd wave length, on deep wat^r 
But another system of waves may become apparent when the shore is sloping 
The amplitude of these waves dies out ex})oneiit tally from the edge, and becomes 
inappreciable at a distance whose propnition on the slope exceeds a wave length 
A general formula for these edge waves was given by Stokes They are not 
concerned in the following problems Their velocity is given by the formula 



where p is the slope of the shore to the horizontal 

• - Waves m Canals,” ‘ Proc Loud Math Soo ,’ vol XXV, p. 101 (1894) 
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The difficulty of the pioblems he# m the deteinunation of the fujttction P, 
which can, however, be effected in the cases to be now considered 
The inclination of the shore to the horizontal is denoted by — 6a 
It IS assumed that the velocity potential when the motion is simple harmonic 
18 given by 

/ (y, z) cos Kx cos (at + t) 
or 

/(y, z)8m»xco8(<rt4--»j) 

Progressive waves are thus possible and the theory can be developed by 
employing the artifice of steady motion Considering the first form, the factors 
cos AW 008 (at + c) are, for brevity, omitted, and the function /(y, z) is 
mvestigated 

Consider the complex expression 

^ + i-Ia = A«‘*+‘e)»+ <.+isi.+4. (33) 

The real or the imaginary part of thu expression represents the function 
f (y, z) The equation of continuity is satisfied if 

(X + .k)‘ + (« + »?)*=»** (34) 


This condition is satisfied if 

X = sp cos 8i or X 
« = *p sm 8i a : 

|i =j —Kq sin 6i |i 

P = cos 8i P 

For then Xp + ap = 0 
Further, on writing 

p=»coeh CO 
q sinh (0, 

the real part of (34), viz 


Afpooe 8i 

— «p sm 8) 

— Acgsm 6i 

— *9 cos 01 


is satisfied 

Now, if for y is written r cos 8 and for z r im 8, the condition to be satisfiod 
at the sloping bank is 

3^/r30 => 0 when 0 =» 0o, 
where ^ u the velocity potential of the motion 
The surface condition is satisfied if 

<T»^=.y 3^/f38, 


when 0 =- 0 
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Altermktivelj, if (J( be the velocity potential, gunilar conditions must be 
fulfilled The equation (33) may be written m the forms 
^ = A exp [kt cosh 01 COB (8i ~ 0) — •*»■ smh oi sin (6i — 0) + it], (36 a) 

^ + I'll = A exp [w cosh o> cos (0i + 0) — %>cr sinh oi sin (Oj + 6) + «] (36 b) 

On diflerentiatmg these equations it follows that 
S(^ + »i|()/*rcogho)36 — +[8m(Gi — 0)4- »tanh 01008(01 — + (36 a) 

0(^4- t'}')/*»’oosh (0 00 = — [sm(Gi 4- 0) -t-itanho)ooti(6i -1- 0)](^ (36 b) 

The surface condition requires that 

o’ (^ 4- I'll) = cosh 01 0 (^ -1- ♦'|/)/«»' cosh w 00 
Hence, if o’ icg cosh oi, the surface condition will bo satisfied if 

^ T3 0 (^ 4 - tij/l/itf cosh 01 00, when 6 = 0 (37) 

If 0| = Jn m (36a) and its derivative (36a), it is obvions that (37) is satisfied 
Consider, therefore, the senes obtained as follows, in which (36a) with 6i = 
constitutes the first term 



-f 

4)i 

» A] exp 

[*f cosh 

01 Bin 0 — 

tar smh 

01 cos 6J, 


i* 


*^)t 

= Ajexp 

[arcosh 

01 sm (20o 

~0) 








-la. 

•smh oil 

SOS (200 - 

6)]. 


4- 

•+)s 

= As exp 

[*r cosh 

01 sin (200 

fO) 








-.a» 

•smh oi( 

SOS (200 4- 

6)]. 


(^ 4" »'!')«. = Ai, exp [*r cosh oi sin (2n0o — 0) 

- »*r smh 01 cos (2n0o — 0)] 

(^ 4- »'|')!*+i = As,+i exp [arcosh oi sin (2n6o 4- 0) 

— t*r smh 01 cos (2 b0o 4- 0)] 

The solution consists of the sum of these terms, and the A’s are, m general, 
convex coefficients 
For an even term 

“ - A2,[cog(2*0o - 0 ) - 1 - itanh 01X2800 - 6 )]^^+-^, 
Cf COtn 6) 00 Aig 

(39a) 
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and for an odd term 


(39b) 


When * ~0 (39b) represents the first term, and this term, as already spetihed, 
satisfies the surface condition II (2» + 1) 6o =■ — iw, and if the coefficient 
^2,+! he purely real, the last term will satisfy the cuialition at the sloping 
boundary if ^ be the velocity potential 
The first aud second terms together satisfy the boundary condition if Aj — Aj 
The third and fourth if Aj — A*, and so on 
The surface condition Is fully satsified if 

As, + Aaif 1 = ( - - Ai, + Ai,^ i) (cos 2*6o + t tanh lo sm 2»6o), 


so that there are 2» equations to determine the 2» necessary coefficients 
If 2n0o = — in, the last term is omitted It is only necessary, therefore, to 
find the condition that the penultimate term should satisfy the surface condition 
Let 


When 0 = 0, 
and 


As» =* Bj, + tCj, 

(</> + »<H«. - (B». + K!,.) 

!f L~h ofao ^ 


Hence, if ^ be the velocity potential, it is necessary to write 
Bs, — — Cj, tanh oi 

Some special cases of these equations will be given now for future reference 
Two-Ihmmswnal Wows If <a be increased indefimtely while <e is corre 
spondingly dinunished, so that ultimately 

K cosh <0 ^ K smh u => p, say, 

and 

tanh 01 *»1, 


the solution is obtained of two-dimensional standing waves upon a sloping 
bank 

If 200 = ~ Jir 


(^ -t- .lH* = Ad 

The rcqmied solution u ^ -f obtained by taking the sum of the real parte 
of the right hand sides 
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If 300 — J7t, then, when 0-^0 

+ .W. - Kur^'. 

( 4 , + .<j<) - Ate e» 

{4 + ti^), - -A V3« 

Hence the expression for the surface elec ation in this case become 


Aj SID [cy r '“'smi i^y — | 

Three dimensional ( «< « m./k n < > — 0 U hen 0„ — — 3(1° 

^ = Aj^e""* * 1 s _ e" •i” -••+*> J 

When Oo » — 18" thi valut of 6 wh n 0 -=0 is given by 

^ xFl ( o' ■ • I ' 

I 1 cos 200 

1 i (OS 20 ..io„. . 1 4 cos 20o 1 +COS40) , 

l-cos20„ 'i~cob 20, 1 cos40o 


If the expression on the nglit hand side of (H) vanishes for one or more 
values of y there will hi longitudinil nodes parallel to the edge of the shore 
To find thesi longitudinal nwhs the tquation to be solved is 

1 „| _i£2ii«!LV s.A_o 

1 - cos 20 ^ ’ 1 cos 20„ cos 40/ 
where ^ ^ e«» •(" ■•« 

In these problems it may bi observetl that if the motion be made steady by 
impartmg a uniform velocity to the wati r parallel to its bank then at some 
distance from thi edge the steady motion is sensibly the same as that of a 
current flowing in a deep anal of rcHtaugular section With S, -a — 18° 
equation (41) becomes 

^•=A{l~8 48p + 8 3V®'}. 

wiHl p = e 

4 has a maximum (ncgativi ) valut when p ^ 0 45 and this makes 
^».. = -A{0 86) 

The jseroB of 41 ^ lound to b< given by p =■ 0 19 and p => 0 7b 
A graph of the wave section by a plane at right angles to tht edge of the 
bank, pasamg through a crest of the sensibly undisturbed waves at a distance 
from the edge, and showing the two nodes with tlie inversion between them. 
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if represented in fig 1 by the broken curve The full curve represents a section 
through s trough of the distant waves 



Fig 1 


The distances of the nodes from the edge are 0 07 X and 0 46 X respectively 
(kner<ji Case icheu 6o == — 10’ —For this case the first three terms of (38) are 
reqmred Tsil 

A, A, =. Ae\ 


and let Aj 

where 


I AB, where A and B are real It is then found that 

^ -fTl 

C == cos 26o + » tanh « sin 28o 


The function required is and when 0 = 0, putting r => y, 

^ j A [oos (*y sinh <o — c) + e"" cos (*y sinh to cos 2 0o — e) 

+ 008 (fry mnh w coe 20o)] (42) 

General ease when 0(, = - 45° —For this case the first two terms of (38) are 
required Let 

A, = A* =1 Ac** 

It IS found, then, that 


cot c =■ — tanh w. 


The function required is and, when 0 = 0, putting r = y, 
^ — A[co8 s -j. cos (ay sinh u — s)] 


( 43 ) 
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4 Ship Wavbs on a Sba Bounded bv a StopiNO Shore 
The first problem to be considered is th»t of ship waves near the shore of a 
beach which slopes at an angle of 30° to the horizontal The undisturbed water 
has a uniform steady flow parallel to the edge of the shore and in the [lositive 
direction of the axis of a: An approximately concentrated pressure distribution 
IS apphed at, and m the neighbourhood of, a point near the shore The result- 
ing disturbed motion of the water surface is investigated 
For this purpose it is necessary to employ equation (42) It is readily found, 
from the expressions for B and C, that 

1 + « t anh to (cot Op + tan On) - tanh'^ 
tan* fio + tanh”- to 

From this it follows that 


sm 200 =3 — sm jt/3 

By giving all possible values to o it is seen that t lies between — Jir and -4- Jw. 
Since tanh to is always leas than umty it follows from (44) that B must be negative 
It IS not difficult to show that, writing for the moment p ^{>cy sluh w, 
tos (p — *) 4- B cos p =-» D cos (p — y), 


D sm Y = sin e 

It follows tiat D* 3=» 4, and that, since B is negative, D must be also negative 
Hence 


Further t and y must be opposite m sign 
The equation (42) now reduces to 
^ == A[cos(xy sinh to - s) - 
where 

tan * = 2/v'3 sinh 2to 


I (i«y sinh to — v)]. (4b) 


It is convement to wnte 

* sinh to =» (A, w cosh <<>=>>, 
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For the moment write 

M = 

then it can be shown without difficulty that ^ is expressible in a lorm smtable 
for the problem under consideration Multiply ^ by the factor 2 cos pa, then 
2 cos pa ^/A can be expressed as the sum of the eight terms — 

1 cos p (y - o) cos £ 2 cos p (y 4- o) cos t 

3 sin p (y — a) sin e 4 sm p (y -|- <*) * 

J - M cos p (iy - a) < os y (> - M cos p (iy + o) oos y 

7 -M sin p (Jy — o)i>in y 8 — M sm p (Jy + o) sin y J 

The factor 2 cos po is immaterial, and it may be said that the sum of these 
eight tonus, multiphed by some constant A, represents tho surface value of 
<l> for a possible mode of motion when the shore is inchned at 30° to the hon- 
aontal There is a doubly infimte number of possible inodes obtained by giving 
different values to oi and to X 
It IS advantageous to write now, 

K X cos p =3 X sin 

whence 

cosh 0) =3 sec 
and 

smh e> -= tan <f> 

Here ^ is an angle and will cause no confumon with the potential function, 
which no longer appears expheitJy in the present problem The poesible modes 
of motion are determined by X and ^ 

Multiply the first term of (47) by 

^ 008 *u; 

and consider the double integral 

I, = <iX(i^cos{Xrcos(^ — 8)}coee «"**, (49) 

where (r, 6) are the polar co-ordinates of a pomt referred to (0, a) as origin, 
9 being measured in the counterclockwise direction from the pontive dneotion 
of the axis of x 

If the third, fifth, and seventh terms of (47) be treated m the same way, it 
18 not difficult to show that — 0Ii/dA is the only term which gives a finite 




Theory of Shtp Waves 507 

preuure anywhere namely at the pfjint (0 «) when h i» reduced without 

If the even terms of (47) )» multiplied by the factor (48) similar results 
obtain In fact the point (0 o) is the exact image for the whole surface 
motion of the pomt (0 a) m the line y = 0 It is only necessary to consider 
therefore the odd terms the even terms being a simple reflection 
It has been proved then that the film tion — 3I/0A where 

1 = f [f‘ rf* cos cos {p (y - a) - ,}JJ K ^ rfp 

- 2| dKcaaicx M cos (p (y — 2o) - Y}j **dpj (60) 

18 very small wlven h is small at all pwints of the water surface exc^t near 
the point (0 o) Some steps in the theory are here omitted but it may be 
stated that Lord Rayleigh s artihee of introducing a small frictional resutauce 
between the particles of the fluid is employed m order to maki the prt blem 
determmate The process bv which the surface form is obtamed when the 
surface pressure distribution is given is a simple modification of that outlined 
in the second section where the complete treatment of finite depth will be 
found The reason for putting the preseure distribution in the form (60) will 
then be apparent As in that section the ooefhcient of the fnctional resistsnc 
which is proportional to the relative velocity of a partu le with respect to the 
state of steady motion is denoted by t The pre ssure distribution (50) will 
bo denoted by Api — Ap* and the wove form due to Api will be considered 
first If be the surface ilevationdue to Apj when the problem has been 
reduced to one of stea ly motion it follows that plJi -a the real part of 




508 


E T Haqson 


The real part of (52), when the integral is taken* along the positive half ol 
the real ans of ic, represents SCi This is in reahty the disturbance produced 
by a line of pressure athwart (he stream The fnctional coefficient t serves 
its purpose by showing that ^ hes m the quadrant for which both m and t ar« 
positive, since cos ^ is positive between the luuits of integration Consider 
in the first place that R is positive, or in other words that — 9 hes between 0 and 
+ (7t/2) or 0 and — (n/2) In this i ase both u and o must be positive, in order 
to ensure the vahdity of the ensuing contour integration 
Denoting the integrand in (52) by loF, and observing that wF vanishes round 
that portion of an infinite circle which lies m the quadrant for which » and t) 
are positive, it follows that 

j" itFdtt) h j M'Fdw — -’ll ~ 0 (63) 

In the second place let R he negative 
In this case 

j wF (fw 1 I wEdw — 0, 


corresponding to the event of 0-6 lying between w and +(7t/2) or n 
and — (it/2) 

A Pretiure Litie athwart the Stream —Behro proceeding further with the 
theory of ship waves due to a pressure point, some progress can be made with 
the somewhat simpler theory of a pressure Ime 
Reducing t to zero and assunung, m the first place, that R is positive, the 
expression to be considered is 

I, +a, = -fFiw 


When R is negative, the expression to be considered is 


The mtegral (S4) u of some celebnty in the history of mathematics, Wnting 
tor the moment R -f => a. 
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which c»n be expanded m the form 

li+Kfi-e-*- j-Y-log(.p«)+tfJa + ||“-i||-’- j, (66) 

Y being Euler’s constant 0 5772 This expansion is suitable when both R and 
h arc small, m which case, lonsidenng only the real part, the following ex- 
pression results — 

Writing, for brevity, ^ = Rp, y h^. 


*eos j-f-j” — s)c *»in jr, (67) 

in which 

- Y 1 t H J loR (-i- + '/) — 1-^ f W > 
and 

S jr t- J/-y — tor|-‘ yjj , 


When y =3 0, C = the known function Ct, and 8 = the known function Si 
When R is large a smtable senii-convergeut senes can be obtained for the 
integral, but it is advantageous to proceed as follows 
It can be shown that 


where 


and 


1, _ -M-f N, 

'o I- P* 
aN/9 (Ap) = M 


m) 

(69) 


The process whu h follows sets out to find, if possible, a simple expression for 
the value of the integral when R is m ither very large nor very small When 
^ =«0, the value can bo calculated by means of tba tabulated functions Ci and 
S* Hence, m this case, it is possible to test the nature of the approximation 
involved by substituting siu h a simple expression for the accurate one 
(Consider the ftinction 

and compare it with the fnuctioii 

Both of these functions are zero at the ongm and tend to zero as v — > os 
Both have a maximum when t) ^ p, and the oommon value at this pomt u l/2p 
The function /» increases, however, a little more rapidly than fi before the 



510 


E T Hanaoii 


maxunam is reached, and decreaaea more rapidly than /i after the maxunam 
IB paased 
Let 

M' — I /»e~'*coet)Adr 


If A 18 small compared with R, the effect of cos «A upon either mtegral M or 
M' IB very small For small values of R that part of the integral M, for which 
V IS large, will predominate , consequently M' will be somewhat smaller than 
the true value For large values of R that part of the integral M', which hes 
between u = 0 and » P, will predominate , consequently M' will be somewhat 
larger than the true value 
There is, therefore, a value of R for which M M' 

Now, when h is neglected, the fiimtion M can be expreseed in terms of the 
irreducible transcendental functions (’• and 8» which have been tabulated 
The value of the function M' is 


(1 + Rp)° - A^p 

{TTTrpFTW’ 


which, when A is neglected, reduces to 


” 2 (I -}- Rpl* 

Under these circumstances it is found that thn value of H p, which makes M = M', 
lies m the vicinity of umty A further compariBon shows that, so long as 
Rp>i, M may bo replaced by M' to a sufficiently high degree of approximation, 
smee, for large values of Rp, both mt-egrals rapidly become evanescent 

It will bo noted that the neglect of A in (60) involves only the square of A , 
so that, retaining the first power of A. which u small compared with R, it may 
be concluded from (6*)) and (60) that, very approximately. 


and 


when 

Whence 


<■ ^3 

2 (l + Rp)-’ 
Rp>i 


I, 


e 1 - Ap 
2 (1 + Rp)* 


whenR^>i 


(61) 
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An approximation for the real part of (62) may now be written down but 
the most interesting caw is that m which 4‘ »nd therefore c i» zero that ut 
when the line of pressure is at right angles to the shore Ihe tonsuli ration of 
the effect of Ap* follows the same lines and it can be shown that thi resulting 
disturbance decreases rapidly as the distance from the edgi of the shore mereasts 

It will be noted that Ap is now not everywhere negligibh when /i is lery 
small but becomes comparable with Api when both j and y are very small 
buppose that a small obstriietion is placid around tht origin then the lint of 
pressuTi on the fliud may beionsidiridsinsiblyunifoini Thus tht disturbances 
at some distance from thi origin du< to both Api and Ap exist and iii ad 
dition, a local disturbanci due to the obstruction Vt a moderate distance 
from the origin the laMtr dHlurbancc is mgligibh Huiti the motion at 
points not too close to th( origin may be considered us priHlimd by a uniform 
pressure hne 

Neglecting for the monuiit the tfftet of Ap* tht disturbame is ifftctivtly 
that due to a pressure lim on the surface of a dtop stream flowing with other 
Wise uniform velm ity tht pressure line being at right angles to tin dirtilirn of 
flow of the St r< am 

It must be noted that th< integral (94) has so far been ee nsidered and that it 
IS valid for positive valiits of R hor negative values of R tin integral (99) 
must be evaluated The treatment of the latter integral prociids m jiretisely 
the same manner and need not here be considered furtbir except to mintiou 
that when R -=i 0 the slope of the wave profile is continuous 

The slope IS in fact equal to — itflc ’* when R = 0 fts value and continuity 
are easily proved bv nnaiis of the integrals 



In Lambs H) drodynomics an mterestmg drawmg is given of the wave 
profile due to a uniform pressure distnbuted over a band of finite breadth but 
the discontinuities at thi edges make this mode of representation u little 
unnatural 

In fig 2 a diagram is shown of the wave profile eluo to a diffuseel pressure 
taking Ap ^0 1 m fonnulw (69) (67) and (61) The line 0\ lies on the iiii 
disturbed surface and in the direction of the flow of the stream It is legitimate 
to employ either (67) or (hi ) to the point given by Rp =» J but it rniiot be noted 
that the approximation given by the latter lormuln eannot be used with reason 
able accuracy for values less than this 
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Notwithstanding the discrepancy due to using the one formula for the oth» 
does not am uut even at this point to more than three per cent of the approxi 
mate val le 



Fla i 


The line IT u the lim, of tr ughs at i sufhuent distance 
It will be seen then that at a short distani e down stream the sine term only 
IS sensible 

In the case f i line of pressure at right angles to the shore the total effect 
at a sh rt diet nice 1 wn stream is bsmng a constant factor given by 

'^smRp^l 2e 

There is accordingly i m dal Ime parallel to the shore at a distance given by 

VVi yp-log.2 
or 

y«0 127 X 

(See Lamb a Hydrodynamii s 4th Ed p 443 ) 

A Pmmre Point —When the applied pressure is symmetrical about a point 
It 18 necessary to return to equations (52) and (63) Remembering that 
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R =a r 008 (^ — 0), where r is Uie diatanoe from this pomt the mobt important 
part of Cl >8 given by 


Ci^ - i 


(f) It an lie bhowu eaeily that the integral ia 


Smoe tan t -= 4 am ^/V I 
convergent 

The moat important part of this integral is obtained from the group i f values 
of the integrand lying in the neighbourhood of that value of the hatmomc 
argument for which the phase remains stationary Write therefore 


p r? c ((,3) 

<r (im ^ 

and put tan t = A sin ^/oos ^ ( \ bung wntten for 4 /\/ 3 ) 

The condition for stationary phase is 9F/00 =a 0 wbch leads to 


in which 
and 


[rouH yo(2u* i !)][( 1 4V 1-A*«‘] = 2u' I 1 

i-tui^ 

Jo ri cos 6/Ac- 
- r; sin G/Ac* 


(M) 


Along the curves of cusps 3 F/3^* must vanish 
rhiB condition leads to the equation 


{»b i yo 4«){1 + A®tt f AV} + {j « + yo(2« H + l}2A*tt ~ 4w 

(65) 


Write for brevity 

B - 1 t- + A* u* 


n 2 AV(2w^ + l)’^ 

^ 2tt’ - 1 


then from (04) and (66) 


J'o 


yo 


^ 2tt* + 1 

B* tt 



} 


When u ^ , both Xg and yg are zero 

When tt •= 0, Xg na 0 and yg =• 1 

When tt = ± IjVi both *g and y« are infinite 


(66) 
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an i the asymptotes U the curves of cusps are given by putting r< «= ± lly/i 
m (07) Thus the equations of the asymptotes are 


The scale of To and yo i* to bo ntorproted from the relation 

Ao*/y = AX«/2« 

where Xfl is the length of the free waves upon a stream of inAnite depth flowing 
with velxnty r 

It hg 3 18 prosente 1 a iiagram of the cusp curves OC 0 B showing the 
asymptotes AB and AC The curves ar derived fr ira equations (fib) 



In order to letermme the positions of the cusps themselves it is necessary 
to equate (03) to a constant phase At a not very great distance along the 
cusp curves the latter practically coincide with the asymptotes Hence, at 
points not too ckiee to the origin of the disturbance and lying on the ooip 
curves the conditions to be satisfied ate 
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AxaC(»<f> + Ay,, Sin ^ - t = 2n« 1 
Also ^ 

>*-‘-=^.•91 

CorrespoudiDg to 

tan ^ = ± 1/-\/2 
If * b** th<‘ (JiBtAni e along the as)rtnptute8 from A (hg 3), 
y, 1/5_3T*3 
jr :>2V2v/3 

correspondmg to t in ^ i I / V 2 

Taking firsl Un — I 1 V2 it follows that along the asyiuptoti A ( 


Similarly, along the ssymplole AB 

2v — 2 1 tan * 2 2fm 

Along the axis OX j is approitimauly ujual to ^3/2 nn Tu fag 3 the 
cur%e TT represents a nodal Iim of the transverse wavi system obtained by 
means of the first of equations (68) i ombincd with the first of (64) 

The effect of Apj may bt treated m the same way but the following observa 
tions will snffice 

Instead of (tiS) the required phas* funttioii is 

K') 

in which 2sin-| -^sm c 

It will be observed from (jO) that y a u replaced by y - 2o llu initial 
disturbance exists at the janut a: = t) y = 2u and the asymptotes to thi ( tisp 
curves make angles ± Op with the axis of a- where again tan 0, 1 /2-\/2 

Owing to the presewe of the factor M Ap, produces a sensible < fleet only 
dose to the edge of the shore In ordt r to investigate the nature of the motion 
close to f hi shore, the positions of the cusps may be dctcnnined For it t an be 
shown that 

^ - 1 _ 1 

® 2i*" + I 0^ 

The asymptotes pass through the pomt P (0, 2a) (fag 3) and make the angle 
stated with the axu of / 
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The tiansvene waves, which of course exist only near the shore, can be 
drawn m as before It is suffioient to remark that, since y is opposite m sign to 
c, the orientation of these waves with respect to the oentsral Ime is opposite to 
that of the transverse waves of which a member is depicted m fig 3. 

Thf Case 6o =< — 46® —This problem will lie considered briefly for the* analysis 
18 in many reapeots, similar to the foregoing 

From equation (43) for the velocity potential of simple harmonic motion there 
IS derivid 

= A [(OS t e'*' + cos (ity - s)] (70) 

Equation (70) shows that, in oontradistmction to the previous case when 
00 == - 30°, no motion is possible m which there is a single nodal line parallel 

to the edge of the shore For when p, -=• 0, * ■=> — ii/2, so that ■=» 0 For 

other values of p or c the nodal lines, after the flxst, are practically determined 
by the equation 

CO8(py-s)=>0 

Multiply by the factor 2 cos pa Then 

^^.-1 eiw{p(y-a)-.} | 

2 I cos{p(v f a) -f) I (yi) 

3 f cos{— po — c}e I 

4 +co8{pa j 

Tht term (1) of (71) gives rise to an equation similar to (51), with the only 
difference that now 

cot e -a — siu ^ 

The wave pattern due to the first term of (71) is denved from a consideration 
of the phase function 



,(0 =■ rg cos 0/<r, yo rj sin 0/c*, 

« = tsnf B=l + 2.i* 

Then it can be shown that the cusp carves are obtamed from the equations 
iro« 1 =. 1/B 

•Cfl + yo 4«=>-4«/B* 

from which it appears that the asymptotes to these curves again make angles 
± tan"' I/ 2 V 2 with the axis of x 
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The intereet of these problems bee largely m the contrast which they present 
to Ihe problem of uniform finite depth 
Consider now the third term of (71) On reforniig to equation (61) the only 
modifications required are that A should be replaced by A + y, and that y — o 
ahould be replaced by —a Hence r end 0 must be interpreted a» 
r cos 0 - =• X, 
r MU 0 - a 


The asymptotes are given by the same values of 0, and it is obvious that the 
efiective disturbance due to thui term exists beyond the point where the 
near asymptote cuts the edge of the shore, and is, along the edge of the shore, 
of the same magnitude and sign as pertain to that due to the first term 
It 18 of interest to treat this problem somewhat further 
Write 2«Tt + =» C, where n is an mteger, and let 


Let 


£ _i_ + £ - s C 

cos <j> c- cos* ^ 

A _ cos ^ - cot"‘ (sin ^J)} 


It IS, then, not difficult to show that the crest curve, cocresiiouduig to some 
oonstant value of n, is given bv the equations 


(/X . 1 1 ‘2u- u 

^ I T u- (1 f u*)(I 4-2U-) ’ 

? (T +W) ~ r+lT* 


where u == tan ^ 

When u is small and C moderately large 


1 = 
X 


A 


-• « approximately 


Hence, for small values of u and integral values of n, 0 is small It thus follows 
that, for small values of 0, the pnncipal wave groups which contribute to the 
transverse wave system arc determined by small values of 
The potential function 

cost e ** + oos(|jiy — t) 


may be treated m the same manner os that adopted for the case of a shore 
inolmed at 30° to the horizontal It is unnecessary to go through the work in 



E T Hanson 


detail but it i-au be shown that, if qje' coa the surfaoo elevation required 


i» projKirtional to ![, where 

- C =1 ‘ ^ »m L< {j. cos ij, \-(y- a) sm - t], (a) 

+ a Biiiular term obtained by substitution y \ a ioi y — a, (b) 

+ 1 *»8in[/it{rcos^ -|-«8m^} — t] (c) 

+ a similar term obtained by substituting - - « for a (o) 


The group method is now used to determine the most important part of the 
integral (A) Denoting the argumrnt of the sine term in (A), by F, it is found 
that, for small valiu s of A 


F -»{.(] + (•/ - o)^} f ] - <!> 


The condition 0F/3^ -->0 leads to 


whence 


k { x ^ K«/ «)) - 1 - (I. 






At points oloso to the axis of r, the chief diflcrence between this case and the 
case of inhnite depth lies in the fart that in the former 
t; « cos («/ + in), 

and in the latter 

oe cos (itx — in) 


The difference between the forms found for the crest eurves near the axis may 
also be noted 

The diminution of amplitude in proportion to ir'* la practically unaltered 
At points on the surface of the stream, below that at which the cusp curve 
due to (A) cuts the edge of the shore, an approximation to the four mtegrals 
(A, B, C, D) can now be written down At points close to the shore all four 
integrals are sensible, but at a short distance from the shore the two last be- 
come negligible The phenomenon is easily observed when navigating a motor 
boat m shallow seas On steering close up to a sloping shore the transverse 
waves on the port side rapidly increase in height The explanation is, of oourae, 
readily given in general terms, but the working out of an actual case m 
which the problem can be ngidly formulated has been of mterest since the 
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opportunity ofieied lUelf of observing the phenomenon on several occasions 
while on hohday last summer 


5 Ship Waves on a Ska of Uniform Finite Depth 


In the first place consideration must be given to the integrals obtained in 
the second section 


In equation (32) smco 2 is common to all cases it will have first treatment 


When considering the lowest imagmary root the suffix n will be dropped 
as has been done in the case of the real root smco no oonf isiOn ( an be caused 
now 
Now 


F(w,) Ne,Le 


(73) 


and the sum required is 




A »e cos h% 
^vJL + L/v. - IK 


(74) 


The senes (74) has some properties which should be noted The lowest 
possible value of c, is ir an) whatever the values of L and the minimum 
value of vJL + L/v, is 2 It can be easily shown that if h is finite however 
small the senes is convergent lor all values of B In the present discussion 
h u considered to be small hot given values of B and A the sum will depend 
upon the magmtude of L The maximum value of the sum will occur when 
L lies m the neighbourhood of the lowest value of v, and complying also with 
the condition 


Thus the sum of the senes will be a maximum when L lies between n and 
5ir/4 When L is either very great er very small the sum of the senes approaches 
sero 

For values of L which are lees than unity it is possible to find a close approxi 
mataon to the sum of the senes From the foregoing obeervations it is legiti 
mate to omit l/v, from the denominator of (74) If this be done the n** 
term of the senes may be written approximately — 


Now 


von. oxx — i 


ine *’ cos Av, sin 2v, 
V, ■=> (2i» + 1) c 


(76) 
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in \duch, for all integral values of n, t may be considered small. Thus 
sin 2v„ IS approximately equal to 2L/(2n-f-])^ Thus the n** term may 
be written approximately 

ne~“' " cos hv\ L/»',, 


where 

It follows that 


0S,/aR - the real part of 


= the real part of —nh- ^ 

1 ~ e-~ 


When R is small (A being assumed small throughout) 

0S,/0R — — approximately 


If ® be written for s~*’“ cos AJit, whore A is small, an approximation to 
S, , for values of L < 1, is gi\ en by 

L|logi^*-2*|. (76) 


The vabdity of this expression for smaQ values of R Will be discussed presently 
The contribution which the series just considered makes to is very small 
except for very small values of R and produces no wave pattern It is con- 
venient, henceforth, to denote y/o* by < 

The important mtegrals, which remam, have now to be considered. These 
are mvolved m the equation 


p ^ 




(77) 


^ being that part of the surface elevation due to these terms, and it being 
understood that only the real parts are retamed The first part of the right 
hand side of (77) applies to those values of ^ for which L > 1 and R positive 
The second port apphes to those values for which L < 1, and, remembering the 
statement made in the second section, it ^iplics whether R be positive or 
negative 

Consider, m the first place, the second part, viz — 

W ^ "o"*’"** (781 

P 3^ tan V + cot » — 1 /e 


The right hand side of (78)is mfimte when va>0, so that, in the case of the two- 
dimeimonal problem when d is sero, the solution is indetemmiate when « 
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is exactly equal to unity It u, of ooutae, then neoessaiy to take account of a 
finite frictional resistance between the particles of the fluid This was referred 
to above 

A pressure Line when k <1 — Before proceeding further, it may be noted that 
equations (76) and (78) contain the solution of the two-dimensionBl problem 
m which K IS less than umty, « being written for L 
The vahdity of the expression (70) for small values of B must, however, be 
considered It will be noted that 98„/3R => 0 when R = 0, but the derivative 
of (78) with respect to B is not zero when B=>0 The sum of these expressions 
does not, therefore, satisfy the condition that the slope is zero when R = 0 
In fact the senes from which 3S./3R is obtamed becomes mdeterminate 
when R = 0 

The whole expression may, however, be transformed by (28) into the 
integral 

1 _ r /Jy i os(Ru)e-*- 

J, ucothu— * 

which shows that 3I/3R = 0 when B a 0 
Transform the equation for 3S./9R, when R is smell, into 

^ __i£±«Ll_ 

iR (R + «)* + A*’ 

in which « may be considered as very small 
When R IS zero this becomes 

The denvative of the real part of (78) with respect to R, when R = 0, is 

nvcoahv 

tanv + cot»--l/t>’ 

which has a given value, A say, when « is given 
Hence it is necessary to equate 

or, smee « is very small, 

«=.-AJP/a 

Now, for small values of B, 

S'.»log{(R + «)* + A*}-‘, 


2 1C 3 


(81) 
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which shows that S', may be substituted for 8. when R « 0, and when B> A, 
since a is small compared with A Between these values of B, S', and (78) 
together are a vahd representative of the profile as far as the second power of 
B, for the first power disappears If, therefore, B — AA^/* be substituted for 
B m (76), the latter, together with (78), may be used to delmeate the whole 
profile 

In fig 4 IS depicted the profile for a value of « = jt/4, and cos (AJtc) =a 0 9 
In this case c =■ * and 

tan V cot«— l/» = 2 — 4/it 



Fio 4 


A Pmaure Point —The most important part of the wave disturbance is 
due to the first term on the right hand side of (77), when modified to suit the 
pressure distribution given by (9) 

This term may then be written 


W aC _ u»Ls«» 

P 0^ ^ {L(l-L) + u')' 


where u =3 L tanh « 

The damping factor A has been omitted, for it is unnecessary to retain it in 
the subsequent mvestigations In the remainder of this problem denotes that 
part of the surface elevation due to the term under consideration 
Let the factor 

w*L/{L{l— L) + «'}. = «/{tanh« — cothw + 1/m}, 
be denoted by B 
Then 

^ ^ - 2itB8m(Btt), (83) 

The value of at any pomt may now be considered as due to the superposition 
of an infinite number of elements At a given pomt the most important 
part of the mtegral with respect of ^ arises from those values of if> which he in 
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tlie neoghbouihood of ^ where ^ is such ae to make the argument of the cir- 
oulai funotion stationary For a given value of eay ^ if the apphed 
{aeunie be confined to the neighbourhood of the line the motion is practically 

two-dimensional, and, at a moderate distance along the perpendicular to the 
line, m the direction of the resolved flow of the stream, the form of the free 
surface is given by the right hand side of (83) Except, therefore, at pomts 
close to the ongm, each element 8^ produces a stationary wave form whose 
wave length depends upon ^ Now, by an application of the group method, 
to each value of 6 corresponds a value of ^ Lines may be drawn parallel 
to tbs value of ^ at perpendicular distances given by 
Bu =a (2n 4- 1) It -f Jit, 

where u corresponds to the said value of ^ Where these lines out 0, the pre- 
dominant elevations will be situated 

The Wave Profile 

With regard to the amplitudes of the wavs pattern the group method can be 
used, but since the harmonic wave form produced by an element 8^ is not 
established very near tbs element, the theory does not apply to pomts close 
to the ongm 
From (83) it follows that 

^{; = _j2itBBm{rco8(^-e)tt)d^ (84) 

Denote r cos (^— 0)MbyF, and consider F as a function of r and 0 being given 
The most important part of the integral (84) comes from a small range of values 
of ^ lying m the neighbourhood of some value wbeh is given by the 
equation 0F/3^ ==> 0 

In the neighbourhood of the function F is given approximately by a few 
terms of the senes 

It 18 easily shown thst an approxunation to 1^ is then given by 

B[||'['oo.{PoqFiir}. (88) 

the upper sign being taken when [3*F/3^*]o is positive and the lower sign 
when it is negative. If [d'F/d^*]s u also lero, it » necessary to proooed to 
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the third term m the development of P m coder to find the approximate vahie 
of the mtegral. 

Coneidering now the apphcation of (86) it is not difficnlt to show that 

2sec*^-(a-l)i^ + Q^)(l-| + a*), (87) 

coe* ^ * tanh «/« == say , 

2tt/sinh 2u =3 a 

The denvativea of F obviously become rather complicated in their general 
form The most important case is concerned with the transverse waves along 
the hne 6 => 0 When 0 a 0, ^ 0, and from (87) it follows that 

l-f-g 

1 

the required value of u being given by 

tanh ic/u = l/« 

It may be noted that, when a => 1, u 0, and a'F/d^* is then infinite Also 
when * IS large, u — * *, and a*F/a^* — » r* The complete expression for the 
vertical section of the transverse wave system, along the line 6 =a 0, is now 
given by 

^!:=:_2«(^)*cos(r«-i«), (88) 

where 



When K IS moderately large 

C — ' the value «“* or 

When K 18 nearly equal to umty, so that u is small, 

C — ► the value 2 

When H 18 equal to umty, the failure of Ihe solution is due to the neglect of • 
the fnctional resistance between the particles of the fluid, and the solution 
M mdeterminate, therefore, unless some such resistance is assumed to be present 
It may be pointed out here that, nhen « < 1, the boundary lines of the wave 
pattern oomoide with those values of ^ given by oos~^ (sf) Since these 


where 

and 
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lines are thenuelm the origins oi the chief dupemve wave groups at points 
lying in then own vicinity, no quantitative oonolnsion oonoeimng the disturb- 
ance at the boundaries can be drawn by an application of the group method 
A general expression for the surface form along the Imes of cusps can be 
obtained for vanes of « > 1, bnt it is comphcated When « < 1 the boundary 
lines of the wave pattern ate not cuspidal Imes, and the determination of the 
surface form along these boundary Imes is not possible by the preceding methods 
for the reasons already stated At pomta well within the boundary Imes these 
methods may, however, be used It may be noted that, when « > 1 , as passage 
ts mads from any one of the crests of the transverse wave system through a cusp 
to the corresponding crest of the diverging wave system, smee is 

aero at the cusp, ituhanges sign, and therefore the phase changes sign on passing 
through a cusp When « is large the wave form along the Imes of cusps is 
readily obtamed For m this case 

<-=uco8*^, B = m*, (89a) 

and 

F cos- ^ <tr cos - 0) (89 b) 

Since 3F/0^ ==> 0 and =» 0, successive differentiation of (89 b) gives 


1 tan (^ — 6) => 2 tan 
an equation already obtained , 

2 acesV^-i. whence B = (8<c/2)» , 

3 a>F/a^»=3-3*rvT 

It follows that 

-ft- -llVf ») 


( 90 ) 


(91) 


The amphtode along the cuspidal Imes decreases, therefore, reciprocally as the 
cube root of r 


0 Two Fluids of Differbkt DsNSinf 
There are some interesting phenomena connected with the wave formation 
due to a ship moving on the upper surface of two fluids of different density 
wbrnh are superposed upon one another with, in the undisturbed state, a bon- 
aontal surface of separation * Let the depth of the upper fluid bo taken as 
umty, and let that of the lower fluid be very great Then («f« Lamb’s ' Hydro- 

• See Bkmsn, “ On Deed Water,” ' SotentUlo BemilU of the Norwegian North Polar 
fCxpedilkm,' Part XV, OtristUnia, 1904 
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djnanucs," 4tih Ed , p 408), a pffilMUie line, at right snglee to the flow of the 
atreom, will produce two wave ayitenu 
The wave lengths of the two systems are, respectively, given by 


*1 = 5/e* 
and 

P^P' 

0* f coth *t + p' ’ 


(92) 

(93) 


in which the accented letters refer to the upper fluid 
The ratio of the amphtude at the upper surface to that at the surface of separa- 
tion IS, in the case of the first system, e** In the case of the second system this 
ratio is 

-^e- (94) 

P 

The ship waves of the first system, which are formed at the upper surfaces 
are identical with those formed upon the surface of a deep sea of uniform density 
At the surface of separation very much the more important system is that cor- 
responding to (93) and this system may be of considerable amphtude The wave 
pattern of this system is, however, somewhat reetnctod For the three dimen- 
sional case of ship waves the equation (93) is wntten in the form 


>■- 9 P-P' 

0* cos* ^ p coth It* -f p' 

(96) 

and the phase function to be considered 


cos (^ — 9) », 

(96) 


The diflerenco m density will be assumed to be small, and will be denoted 
by Ap 

In accordance with the previous notation let «t = u and let k =ipAp/c’p. 
Then (95) becomes 

cos* ^ =■ Kju (I f coth tt) 

= «(l -«-**)/2« 

= say 

Let F =» cos (^ — 6) « 

The required stationary condition u satisfied if dF/8^ = 0, whence 

t8n(^ - 6) = 3«/»3^ = j, say (98) 



From thu equation it follows at once that 


1 -h 9tan^ 


( 99 ) 
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Denote ^ by a, then the difleientulkn of the equation, cos* ^ =x 
leads to the equation 

-2tan (100) 

For the moment write 2/(1 — ot) = ar 

The eluninatioD of q from (00) and (100) reaulte in the equation 
1 + a: tan* 

which IB readily tranafonned into 

coe*e==-i2_^iL±«iM!_ (101) 

4-(l+«)(3-«)p« ^ 


The IFaw Pattern 

^For a given value of u the luniting value of 6 is found by obtaining the 
difiOTontial coefficient of the right hand Mde of (101) with respect to r and 
equating it to sere 
This leads to the equation 

pa^2/(3~«) (102) 


Hence, from (101) at the hmitmg value 


cos* 0 - 


80 50 

(3 - «)* 


(103) 


* > 1 — Since the greatest possible value of (3— a) ^ w 2 it follows from (102) 
that K must be greater than unity when a real hmiting value existB There is 
only one real hmiting value, as an inspection of the functions ^ and a in (102) 
will show, and its existence indicates that, for given values of 6 and k in 
equation (101) there must be two values of so that there aie two sets of 
waves given by those values of <ft which produce the predominant group values 
along the hne 0 =< const 

X < 1 — There is no real hmiting value m the above sense, and one of the 
groups disappears The limit of 6 occurs in this case always when u =3 0 If 0 
be made soro in (101), that equation reduces to ^ a 1 
Now p IS always less than 1, so that, whm 0 is i«ro, k must be greater than 
1 Hence the transvene waves disappear when x<l When x<l, those 
vidues of ^ which produce the diverging waves within the boundary hues, he 
between ±iit and ± coe~‘ Those values of 4, lying between 0 and ± 
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008"* we responaible for the approximiite elevation given bj (81) The 
reason for the disappearance of the transverse waves is now clear 

The deduction of the preceding results is made clearer by the following 
oonndeiations 

Write / for cos* 0 m equation (101) Construct two rectangular axes Of and 
Om, / being a function of u, and let AB be a line parallel to the positive 
half of the axis of u, at distance umty from it, and cutting m A Then the 
whole available part of the function / must be contained witbn ttOAB If 
f =1, then =3 1, as has been seen 

*>1 —When « IS infimte, / is unity When u is given by *8 = 1, / is agam 
umty Between these values of ti the funotion/has a mmimum, which has been 
denoted above as the teal limiting value Any bne / => const , which bes between 
unity and this minimum value cuts the curve connecting / and u m two real 
pomts These two real points determine the values of u, and therefore of 
corresponding to the given value of 8 

* <1 —The curves connecting / and « have each a minimnm ordinate at 
u = 0, and the value of / there is given by 
/=-!-« 

The boundary Imes, which are the loci of the cusps of the wave pattern when 
*> 1, are given by (103) When k is large, « — » aero, so that the angle contained 
between the two Imes of cusi>s cannot bo less than 26o, where 

cos* e# =» 8/9 (104) 

As * decreases to unity, the angle 28o increases to »t, but for further decrease of * 
the angle between the boundary hnes decreases to zero as k — > zero 

The sunilanty between this problem and that of ship waves on a sea of 
umform fimte depth may be noted The latter has been dealt with in a different 
manner by Havelock (' Roy Soo Proo Series A, vol 81, p 398). 

Unless c be very small, k will be less than unity and there will be no transverse 
wave system The divergent wave system will be contamod within two Imes 
radiating from the ongm to the rear, the angle between which will diminish 
as c increases 

For a given value of u the ratio of the amphtude at the surface of separation 
to tiiat at the upper surface is, from (94), 

-(xf/Ap 

Along the boundary hues of the wave pattern u «> Q when « < 1 Hence the 
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wnplitude increMe* rapdly for other part* of the wave pattern, aa compared 
with that of the oonesponding ayatem at the upper aurface 
When 0 IS very small, so that « is greater than unity, u > 0 at all parts of the 
wave pattern moluding the boundary hues 
The amphtude of the waves at the surface of separation may, m this case, 
assume large proportions, and to this cause has been ascribed the abnormal 
leaistance expenenced by ships near the mouths of the Norwegian fjords, 
where there is a layer of fresh water over salt water 


The Distwiion of Ciystcds of Aluminum unJei Compression.-' 
Part I 

By G I Taylob, F R S , and W S Fabebn, M A 
(Received April 26, 1926 ) 

In previous experiments on the distortion of aluminium crystals* a uniform 
bar was cut from a single crystal and subjected to a tension along its length 
This form of test ensures a uniform stress tn the central part of the bar, and it 
was found that the distortion was uniform, and that it conformed to very 
simple laws These laws may be summarised as follows — 

(а) The distortion is due to sbpping, or sheanng, parallel to one octahedral 

(111), plane m the direction of a diad axis (110) 

(б) Of the twelve crystallographically similar possible types of slippng, 
in general only one occurs, namely, the one for which the component of 
shear stress m the direction of shear is the greatest. 

It will be noticed that these laws take no account of any possible effect 
due to the comjxinent of pressure normal to the slip plane In the case of a 
tensile test there is always a tension perpendicular to the slip plane, and the 
question naturally arises whether the distortion would follow the same laws 
if the oomponemt of stress perpendicular to the slip plane were compressive 
The experiments deecnbed below were designed partly to give mformation on 

♦ “ The DUtorWon of an Aluminiom Crystal during a Tenaile Teat," 0 I Taj lot and 
0. F E3am, Bakeilaa Lecture, ‘ Boy Soo Free A, 1623, p 643, referred to aa B L. in 
fntnn, and " The Flaatio Bxteoelon and Fisctuie of Alnmlniuin Cryitals," 0 I Taylor and 
C. F. Bam. • Roy Boo. Free .’A, 1929, p 28, referred to aa F E in future 
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thu point, but chiefly to find out whether the aunple laws found for the die- 
tortaon due to etretohing ate appbcable to other londa of plastic attain The 
chief difficulty lay m deviamg a land of expenroent m which the stiees might 
be expected to be uniformly distributed through the material So far as we 
are aware there u no form of teat known to engmeen which giree a uniform 
plastic stram to a material except the extension of a uniform bar In torsion 
tests, for instance, the stress is not uniform, even when appUed to isotropic 
matenals, and when a bar cut from a single crystal is twisted the stresses 
must be very complicated 

The known type of distortion which most nearly aj^pzoaches the desired 
oonditiona occurs m the ordinary compression teete used by engmeers In 
these tests short cyhndncal lengths of the material are compressed between 
parallel plates The distortion is not uniform, for the compressed material 
usually assumes a barrel-shaped form, and in any case tests of thu land are 
unsuitable for sin^e crystals because the dutortion would neceesanly be 
unsymmetncal and the dutorted epecunen would be of such a shape that the 
load could not be applied centrally The dutortion would therefore cease to 
be uniform as soon as any appreciable dutortion had ooourred 

Thu eocontncity of loading could be duninuhed by redaoiDg the height of 
the specimen m comparison with its diameter, and if the speoimm were ent 
m the form of a thin duo it couM be made quite ne^gible. On the other 
hand, there u another factor which tends to give rue to non-uniformity of stress 
m the materul— namely, the friction between the end plates and the speounen. 
It u thu friction which causes the speounens used m the ordinary engmeer’s 
compression teste to become barral-Bhaped. Tbe effect of tbu friction m makmg 
the stresses non-uniform must be greater for thm dues than for thick ones, so 
that there are two factors, each tending to give rue to non-nniJomuty of strees 
The effect of one can be diminished by decreasing tbe height of tbe speounens, 
while the effect of the other can be duninuhed by increasing it In theae 
circumstances it became a matter for experiment to find out whether, when 
toe friction of toe specimen on the end plates had been reduced as much as 
possible, a ratio of height to diameter oonld be chosen euoh that a cylindrical 
or disc-ehaped specimen would bo dutorted uniformly under compression. 

Specimens were prepared by cutting duos from single crystal ban of oiroulai 
croes-seotions about 1 4 cm m dumeter, Aa it was necessary to find by means 
of X-ray reflectionB toe directioiu of the crystal axes at various sti^ of the teats, 
special precautions were taken to ensure that the la^et of material disturbed 
by the cutting tools shonld be as small as poseitde The oylmdnoel piaoe of 
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nutt«n«l from which the disc was to be cut was set inside a brass tube and 
ooncentno with it, the annular space between them being filled with sulphur 
The brass tube was then mounted in a chuck in a lathe and the end faced oS 
With a very fine cutting tool The last 6 mm of the brass tube was next turned 
ofij leaving 6 mm of the aluminium specimen projecting from it The disc 
was then out ofl by means of a very fine saw and the rough face trued up on a 
lathe with a fine tool so as to be parallel to the face already trued The 
speoiraen was next mounted on a specially designed holder and its two faces 
were ground down on fine emery paper stuck to a piece of plate glass The 
final thickness of the specimens was usually about 2 5 mm 
Prebminary experiments were made with specimens prepared m this way 
They were pressed between parallel horizontal steel plates which had been 
faoed in a lathe and polished with fino emery paper It was found that the 
onculai discs became elliptic in plan In elevation or vertical section they 
ceased to be rectangular because the goneratois of the curved sides became 
mdmed to the vertioal In general, a uniform distortion would change the 
shape of a oucolar disc m this way In order to get some idea of how nearly the 
distortion was uniform, straight scratches were ruled on the plane faces of the 
specimen before compression, and these were examined afterwards to find out 
whether they hod become bent or curved 
It was found that it the specimen was not lubricated with grease distortion 
was far from uniform Straight scratches became curved and the specimen when 
seen sideways became barrel shaped and skew, as shown m Fig U. When the 
specimen was Inbncsted with grease both three signs of non-uniformity dimin- 
ished greatly, the compressed specimen appeanng as m fig 1b. Fmally, the 



Flo la —Side view of spectmen Fro iB —Side view of ipeoimen 
oomp ro Med without lobrioation lulaloated during oomprenicn 

friotxin was still further reduced, firstly, by hardening, gtmding and pobshmg 
the steel {dates with diamantine powder, and secondly, by carrymg out the 
oompreesions m small steps, le-greasmg the specimen before each small morease 
in compressive load * 

When testa were earned out m this way the distortion seemed quite uniform, 
except occasionally m a sm^ region close to the curved edge of the specimen 
Fhotogra^ of one of the specimens before and after oompreasion are shown m 
fig 2. The magnification of the photographs n approximately 4 0 The 
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specimen is marked in a manner to be described presently It will be seen Uiat 
straight knee* rema n straight after compression and that squares ruled on the 
snrfaco become ubi que parallelograms 



ITiQ 2 —Photographs ol disc No. 69 10 aftor oo npresnoo and s m lar disc before 
compression 


Markmg the Specment 

In order to measure the distortion and to find its relationahip with the 
crystal axes it is necessary to rule fiducial marks on the original bar before 
cutting It mto discs (The orientation of the crystal axes was measured with 
reference to these maria before the specimen was out up ) For this purpose 
the round single-crystal bar wag mounted on V blocks on a surface plate 
and four generators of the cylinder were marked with a scribing block 
These were spaced at mtervals of 90® round the specimens and numbered 1 2 
3 4 A fifth generator was also ruled in such a position that the marks could 
be distinguished after the specimen had been cut up The bar was then cut 
mto discB m the manner desenbed above and cross marks wen then made 
on the two plane faces so that the distortion could be measured 

The system of marking is shown m fig 3 Two sets of throe parallel lines 

* Hw partiouUrQMOBwn shown in tee phetograph was mariud mnoh moro deeply than 
teoM need in tee experimsoti desenbed bdow as it wulennd that tee fines marks used in 
tee ktter specimens did not show op oleady in a photograph. 
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were dnwn mteneotmg in nine points nombeted 1, 2, 3, 4, 6, 6, 7, 8, 9 The 
middle line of each eenes yru roied so that it passed approximately through a 



pair of opposite marked generators Thus, the line through points 2, b, and 
8 marked approximately the axial plane m the original uncut specimen which 
passed through the generators marked 2 and 4 
It was not found possible to mark the speoimens satisfactorily by hand 
The special marking machine which is shown diagrammatically m fig 4 was 



Flo 4 —Apparatus tor ruling soratobea 
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therefore oonetrooted. In that drawing A u the ipeounen leetang on a flat 
plate B and pressed againat a V-groove 0 by a spring D A V-block B u 
mounted so that a oylmdnoal steel rod F oan slide along it, and a sharpened 
gramophone needle 0 is rigidly attached to F m such a position that it passes 
over the centre of Ihe speoiraen, soratohing a straight mark. 

In order to compare different discs out from the same single crystal, it was 
necessary to rule the scratches so that they were always m the same orientation 
with respect to the marked generators on the curved surface To ensure this, 
a microscope H (fig 4) is mounted and fbcnssed on the curved surface of the 
specimen, which is then turned round in the V-gioove C till the generator 
marked 1 comes on to the cross-wires The microscope is fixed m such a 
position that its axis is parallel to the V-groove E and passes approximately 
through the centre of the specimen 

After ruling the middle hne passing through the points 4, 5, 6 (fig 3), the 
two parallel Imes passmg through points 1, 2, 3 and 7, 8, 9 wore ruled For 
this purpose two sliders were made sunilat to that shown at F in fig 4, but m 
one the soratching-pomt was fixed neater to the slider and m the other further 
away. To rule the three Unes 1, 4, 7 , 2, 5, 8 , and 3, 6, 9, the specimen was 
turned in the V-gtoove C till the generator 2 eame on the cross-woes of the 
microscope Scratches were then made with the three sliders used before. 
Further short scratches were made to assist m identifying the ruled markmgs 
These are shown m fig 3, and they oan also be seen m the photographs on fig 2 
After ruling the six Imes on one side, the specimen was turned upside down and 
SIX similar Imes were ruled on the bottom The nine points so obtamed were 
numbered 1’, 2', 3', 4', 6', 6', T, 8', 9', the pomt 1' bemg approxunately under 
pomt 1, 2' under 2, etc 

Meaavremmt of 8j>ecmen$ 

Having marked the speounens, such measurements were made of the relative 
positions of Uie pomta as were necessary to enable the distortion to bo calcu- 
lated For this purpose, a reading nuoroscope was used which is capable of 
measurmg rectangular oo-ordinatcs on a plane 

All measuremente both before and after compression were reduced to the 
rectangular system of oo-ordmate axes ot, oy, oz, shown m fig 3 The origm 
IS the pomt 6 m the upper face , oac lies along the Ime 4, 5, 6 , oy u perpendi- 
cular to it, so that before distortion oy nearly coincides with the line 2, 5, 8. 
2 IS measured upwards petpendteular to the face, so that if t reprseents the 
thickness of the specimen, the t co-ordinate of all pomta in tiie lower surface 

IB -t. 
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Assuming tht distortion to be uniform, it was necossniy to measure the 
X and y co-ordinates of points 2, 4, 5, 6, 8 on the upper surface and also the 
X, y, and z co-ordinates of the pomt 6' on the lower surface, in order that a 
complete calculation of the distortion could be made Measurements of the 
X and y co-ordinates of points on the lower surface gave rise to some trouble, 
and the followmg method was finally adopted for making them The specimen 
was mounted m the holder, shown in fig 6 a This consists of two brass ibscs 
A, A, rigidly fixed to one another by three steel pillars Bi, Bj, B, Three steel 
balls Cl, C2 C3, soldered to the top, and three simdar balls to the bottom, form 


Rk 5*. 



Fio SB. 

Fias 6a »nd 6 b —Holders (or um donns; mouuremeut of speoimen 

two alternative sets of legs which support the apparatus honeontally on the 
stage of the microscope either upnght or upside down The specimen was 
mounted horuontally in the middle of the holder, and in order that the niled 
scratches might still be m focus when the holder was inverted to look at the 
lower surface of the speoimen it was necessary to mount the specimen imdwoy 
between the two sets of balls Ci, C*, C# For this purpose a subsidiary holder 
waa used, oonsistmg of two steel plates, Di, (fig 6b), containing holes slightly 
smaller than the specimen, which was mounted between them so that the ruled 
von oxi— -A. 2 N 
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scratches could be seen through the holes This subsidiary holder was then 
mounted m the mam holder, shown in fig 6 a, and packed up with brass and 
paper strips till the upper face of the specimen was m focus when the holder 
was upright, and the underside came into focus when it was reversed 

A small steel square in the form of a rectangular L is fixed to the stage of the 
microscope at the level of the imdpomts of the pillars B|, B:, when the holder 
rests on the stage The pillars ate so spaced in the holder that, when Bj 
rests in the comer of the square touching both arms, B, and Bi are each m 
contact with an arm of the square The position of the square is indicated by 
the dotted lines in fag 5a The square la finally adjusted so that its arms are 
parallel to the axes of the co-ordinate system measured by the reading- 
irucroscopo 

Call these co-ordinates ^ and tj, and suppose the piUais B^ and Bg are originally 
in contact with the arm of the square which is parallel to the axis $ If the 
holder is reversed, and B, and Bg again placed in contact with the arm parallel 
to the displacement of the holder is equivalent to a rotation through 180° 
about the axis r;, together with a translation parallel to the axis ^ Such a 
displacement leaves the ij co-oidmatea of all points in the holder and the 
specimen unaltered In this way the ij co-ordinates of points on the back of 
the specimen relative to points on the front can be obtained Similarly, by 
reversmg the specimen and bnngmg the pillars Bi, Bg into contact with the 
arm of the steel square which is parallel to the axis q, the ^ oo-ordinates of 
points on the back of the specimen relative to jpomts on the front can be 
measured 

It IS seldom possible to mount tbe specimen in the holder so that the x, y 
co-ordinate system of the specimen is acouratdy parallel to the 5. 'fi system of 
the microscope The angle between them can be calculated from the measured 

7] oo-ordmstes of the points 4 and 6 Thus, li this angle m w 


tjin 


5.-54 


(1) 


In order to check the measurements this angle was also measured by means of a 
microscope with a rotating eye-pieoo which was kindly lent us by Dr A Hutchin- 
son, F R S At the same time the ai^e X Between the two sets of scratches 
was measured. 

CaiUndatvm of Ihttoiivm 

To find tbe nature of the distortion from the measurements mode on the 
surface of the specimen the method prevurasly adopted in the ease of tensile 
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test pieces* was used The unextended cone, or cone oontaining all the directions 
of hues of particles which are the same length after distortion that they were 
before, was found To do this the extension of the matenal parallel to the 
two sets of scratches was found K the measured 5. r) co-ordinates of the 
point 4 are y ]4 before compressing, and after eompnesing, the ratio 

of the final distance between pumts 4 and 0 to the initial distance is 


a= HSe' — KV -V)*l* 
Ktn- + (>),- 111)*) ‘ 


(2) 


Similarly the ratio of the final to the initial length of lines parallel to the line 
joimng the points 2 and 8 is 


= lilt -4s')‘ + (V 


(3) 


If X and y' are the initial and final values of x> the angle between the two 
sets of scratches, then the co-ordinatea (xi, j/i, 0) after oompreasion of a point 
in the upper face of the specimen are related to the co-ordinates (xo yo, 0]^of 
the same particle before oompreasiou by the equations 


X, = «Xu t- (p - « cot x) ‘Jo 


If the particle whose displaced position is being discussed does not lie in 
the upper surface of the specimen, the transformation fonnuUe eqmvalent to 
(4) are 

Xj -- ox,, + fyo + l**0 ) 


yi = myu -1- 
ij = yto 

-a cot/ 


(6) 


and (ji, V, Y are to be determined from the measurements of the specimen Of 


JJL. p «B2 


2 N 2 
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theae f* evidently represents the ratio <i/lo where to end tj are the initial end 
final thicknesses of the specimen These were measured with a micrometer 
To find (I and m the co-ordmatea of the point 6' (t s , the central point on the 
lower face of the specimen) are first found from the measurements If those 
are (Xo, Yo, - to) before compression and (Xi, Yj, — <i) after compression, equa- 
tions (6) become 

Xi - ocXo “I fYi) — 

y, -= mYo - vt„ / 
and solving these equations 



Hence, all the ooefScients m the transformation formulae (5) can be found 
from the measurements 

Oaloulatvon of the Unttrdohei Cone 

To find the unstretchod cone we must substitute from (6) m the equation 
V + yo“-i-*i.*“ai' + yi* + *i* (8) 

The equation of the cone in the material before distortion is found by ehnu- 
nating Xi, yi, si, between {6} and (8) It is 

aio* («* - 1) + ybM«' + - 1) + V (y* + + v* - 1) 

4- 2A)yoixI -f 2ie(,?o*p 4- 2y„Jo ( pi 4- w v) = 0 (9) 

The equation of the cone m its distorted powtion could be found by eliminat- 
ing xoi yo< A) from the same two equations Ebcpressmg (9) m spherical polar 
oo-ordmatfls chosen so that 9 is the angle which the direction considered makes 
with the axis of z, and ^ the angle between ite projection on the {Jane z = 0 
and the ana of x, equation (9) becomes 
{ («* — 1) cos* ^ 4- (m* 4- 1* — 1) sm’* ^ 2*lcos ^ am tan* 8 

4- (2apco8^ 4- 2(fp-f wv)8m^} tan 0 ■4-y* + P*+ V® — 1 = 0 (10) 

* In this woik y is used to denote the ratio of the tlucknea afUi any given oompreuion 
to the thiokneu before The tymbol a w need to oharaoteriie the state of the material at 
any stage, and repreaenU the ratio of the thiokBeM at that stage to the initial tbioknew 
before say oompreasive itreas had been applied Thni, if the material were auooessiTely 
eobjeotod to two oompiessiona and the ooneapooding ralnee of y wwe y, and y„ the rahie 
of the characterlstto $ would bo 1 before atarting ^ first test, y^ after the first test and 
before the second, and y, x y, after the second test 
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Takmg a aenes of value of the corresponding pairs of values of 6 can be 
found from (10) and the cone can then be plotted m a stereographio diagram 

Detemxnalton of CryaUd Axea 

Tn all oases the onentation of the crystal axes was determined* with reference 
to the ruled generators before the single crystal bar had been cut up into discs 
The axee were then determined again by X-ray reflections taken at points on 
the plane faces of the diai -shaped specimens, and it was found that good 
agreement was obtamed, the difierenros in onentation being never greater 
than 2° This agreement showed that the method adopted for cutting up and 
marking the specimens was sufficiently accurate for our purpose, so that we 
could rely on knowing the orientation of the crystal axes of all the discs into 
which the original single crystal bar had been out 
After compression, the onentations of the crystal axes were re-detemuned, 
and to do this it was sometimes found necessary to etch away one of the faces 
m order to remove the layer of alummium which had been in contact with the 
steel -oompreesing plate In these cirtumstanoes, if the etchmg had to be 
earned to a depth which made the fiducial marks indistinguishable, it was 
still possible to rule a new mark on the etched face and to determme the orien- 
tation of the axes with reference to that The specimen could then be mounted 
in the holder shown m fig 6, and the angle between the new mark and the 
original fiducial marks on the iinetohed face Jetemuned by reversing the holder 
on the microscope stogc 

A difficulty arose m setting the specimen up m the X ray spectrometer 
If the specimen was fixed to the plaue face of a bar which was parallel to the 
axis of rotation of the spectrometer, only one reflection could usually be obtamed 
with homogeneous X-rays from a copper or iron antioathwlo To determme 
oompletdy the onentation of the axes it is necessary to have two reflections, 
and in order to satisfy this requirement it was desirable to be able to rotate 
the specimen about an axis perpendicular to the axis of rotation of the speotio- 
meter For this purpose the holder shown m fig 6 was designed 
Two pieces of brass angle A, B (fig 6*), soldeied together and to a piece of 
oyhndnoal brass rod C, form the frame of the holder, which is mounted on the 
universal table of the X-ray spectrometer, its lower end fitting m the attachment 
provided for the long oylmdncal specimens for which the spectrometer was 
designed Four pieces of half-round steel D soldered to this frame, as shown, 
• Tbs method used wss th»t dwKiibed by Dr A MttUer, ‘ Boy Soo Ptoo A, vol 108, 
p 800(1024) 
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fona two veee in which the oylmdncal elider E reete, touching at four pomto 
The slider is prevented from rotating about ita axis by a steel rod F fixed 
to It, which bears against another steel rod G fixed to the frame, making the 
fifth point of contact The rod 0 is adjusted to be parallel to the slider E 
when the latter is resting on the vecs This can be done with all the accuracy 
necessary to ensure that there is no appreciable rotation of the sbder as it is 
moved longitudinally 

The slider is kept firmly in positioii against all the five points of contact with 
the frame by the system of springing shown in figs fix and fin A spnng 
IB attached to the end of the rod F and to a pivoted triangular framework H 
To the latter is fastened a tod K. which presses on the liack of the slider E 

The slider is moved axially by the mechanism shown in fig 6a and Oo, 
which was copied from an instrument made by the Cambridge Instrument 
Company A small grooved pulley L is pressed against a piece of steel nxl 
which w soldered to a cyhndncal piece of brass M When rotated by the 
knurled wheel shown it acts in the same way as a rack and pinion, but much 
more smoothly The attachment to the slider u by means of the ball and wire 
shown in fig 6c , these are arranged so as to produce no constraint except 
the desired axial one 

To the upper end of the slider E is attaehed a circular brass disc N, 2 6 cm 
m diameter, shown in figs 6a and 6d A second similar disc P is held m 
fnotional contact with N, and is capable of being rotated coaxially with it 
The specimen Q is stuck on to the face of the disc P with shellac The edges 
of the discs are graduated, N with 40 and P with 36 divisions This forms a 
oontmuous vernier, and is a oonvement arrangement when the available 
diameter is small 

In use the specimen is mounted as described, and any one of the lines ruled 
on Its surface is focussed m the microscope of the spectrometer The disc P 
u then rotated until this line remains on the cross wire, when the slider E is 
moved axially By adjusting the univenal table of the spectrometer, this 
hne u then made to coincide with the axis of rotation of the table Finally, 
the specimen is rotated m azimuth until ita plane contains the direction of the 
incident beam of X-rays, as ascertained by sighting through the two apertures 
which d^ne the beam, By reading the azimuth graduations on the universal 
table, and the vernier on the discs N and P, the onentation of the specimen is 
oomjdetely deterromed, and that of the crystal jdanes can then be ascertained 
by noting the readings of both these scales when the appropriate X-ray 
reflections are obtained 
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It wiU be seen that this holder serves two purposes First, the up and 
down movement of the slider enables the specimen to be set so that the line 
selected (and not merely a point on it) is accurately on the axis of rotation of 
the spectrometer table Secondly, the graduated discs enable the specimen 
to be rotated in its own plane through any desired angle The reading of the 
vernier la to 1“, but can be estimated with ease 
Cliotcf of Spectmnis 

The orientation of the crystal axis with reference to the flat faces of the 
specimen can be represented on a stereographic diagram which w exactly 
eqmvaleut to the figure used m the ease of tensile tests, except that the centre 
of the projection now represents the normal to the disc instead of the axis of 
the tensile test piece If the axes are now rotated till a cubic (100) axis is 
m the centre of the projection,* the position on this diagram of the point 
representing the normal to the plane of the flat faces of the specimen is sufficient 
to define completely the relationship between this normal and the crystal 
axes By rotating the appropriate cubic axis into the centre it is always 
possible to make this point come into a given sphencal tnauglo the corners of 
which are a (100), a (110) and a (111) axist 
For the experiments to be descnbeil three single crystal liars were chosen 
They were numbered 59, 61 and 69, and their representative points which are 
shown in fig 7, are well separated m the triangle The disc-shaped specimens 


(CIO) 



Fio 7 — Stnoograptiio cHsgnm showing orlraUtions of three speoimons 
* Tblipro]eotionisihoiniiiiPB,p.31, fig 1 
t See PE, figs. 3, 4, S and 0 
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out from No 59 were numbered 59 1, 59 3, 69 3 , thoee from 61 were 

fig 7, 61 1, 81 2, , eto Many were spoiled m the preliminary expen- 

mente necessary to find out how to cany out the compreiwion eo as to get 
uniform distortion, and even when uniform distortion had apparently been 
obtained it was in some cases necessary to develop methods for onsurmg that 
the friction between the alomuuum and the steel platee was the minimum 
possible before we could be sure of being able to repeat measurements of 
compressive pressure with different specimens cut from the same bar 

Experiments wUk No 69 

The first experiments were carried out with discs cut from No 69 It 
was found that they became roughly elliptical when compressed The dis- 
tortion was uniform over the central part of the disc , but there were two regions, 
one at each end of the major ans, where the distortion was different from that 
in the middle Ruled scratches which crossed into these regions were bent 
at their boundaries The general appearance of the specimens after compres- 
sion 18 that shown in bg 8 , where the two regions of extraordinary distortion 



are shown as AB and AiBi In the sketch the rt^iou AB is larger than the 
region AiBi, but on the underside the region A,Bt would be identical m 
appearance with the region AB on the upper face, and mcr versd, the region of 
extraordinary distortion being thus symmetrical with respect to the centre 
of the specimen The boundaries of theee regtons could be made visible m 
the compressed specimen by etching with caustic soda 
It will be seen later that the distortion m the mam body of the specimen 
was due to slip on one crystal plane In most parts of the specimen its section 
by a slip plMie consists of a four-sided figure with two straight parallel sides 
and two curved sides In the neighbourhood of regions AB and AiBi these 
•Up planes cut the specimen in D-shaped figures with one straight side and 
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one curved side It seemed probable, therefore, that the regions of non- 
uniform distortion could in this case be leduoed by leduomg the thickness of 
the specimens It was found that this was true, and it was found also that if 
the elliptic specimen was turned down into a oiroular disc, thereby removiiig the 
regtons AB and AiBi, the specimen would distort quite uniformly throughout 
Its volume on further compression The specimen shown in the photograph, 
fig 2, was cut from No S’), and was first compressed 8 pet cent (t e , to 92 per 
cent of ite initial thickness) The regions (rf extraordinary distortion were 
then removed as described above, the specimen bemg turned down to the 
circular disc shown on the first photograph It was then marked,* and 
finally compressed a further per cent (t e , to 62 per cent of its imtial thick- 
ness), the result being shown m the second photograph It will be seen that 
the marks remained straight throughout, the boundary being therefore 
elbptioal 

These regions of extraordinary distortion occurred only m discs cut from 
No 69 With Nos 61 and 69 it was found that the distortion was uniform 
throughout (luring the whole test 

69 6 -The initial dimensions of disc No 59 6 were 14 186 mm diameter 
and 2 083 mm thick It was compressed by a load of 1 ton m one operation 
and Its final thickness was 1 903 mm The other measurements, when reduced 
m accordance with formiilse (2) and (3) gave— 

a 1 00303 Xo= — 0 217 mm 

[i 1 0937 Y,= -0 144 

f - 0 9134 X, = ~0 212 

X 90°10' Yi= ~O-10'J 

X' - 91^30' • 

Hence using (6) and (7) it is found that 

-0 0269, 1 0934, (i-^ -fO 0546, v 0 0826 

The equation of the iinextended cone is 

(0 00607 cOH^ ^ - 0 0610 cos ^ sm 1-0 1960 sin' ij,) tan* 0 

-f (0 0092 eos^ - 0 0731 sm tan 0 - 0 1634 « 0 (11) 

This cone is represented by the broken Ime on the stereographio diagram shown 
m fig 9 In this diagram the centre 0 reprroents the normal to the face of the 

* The marks on tins specimen were msde SpedaDy deep— see footnote, p 682 
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speoimen, while the point X repreeente the direction of the ruled hne on the 
upper surface of the epeoimen which is taken as ^ = 0 



It will be seen that the projection of the unstretched cone is a closed curve, 
but on laying the tracing paF'’ «“ 

it was found that this cone very nearly coincided with two planes These two 
planes are shown as full lines m 6g 9 The figure is very similar to those found 
for the distortion m a tensile test * It seems likely, therefore, that the distortion 
» due to slipping parallel to one crystal plane It will be seen laterf that the 
experiment can be oumed out under oomLtions which give rise to an unextended 
cone which is accurately two planes For this reason in the further analysis 
of speoimen No 69 6 the neatest two planes, namely those shown m fig 9, 
have been regarded as equivalent to the unextended cone 
• PE.ag *,p sa,»iidBL,fig 7,p 6M 
t See p. 949 Wow 
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In the osee of the teneile te»t pieces used m our previous expenments, the 
stress must be uniformly distributed over the cross-section of the bar, and m 
these circumstances it was shown that, in general, slipping ocours only in one 
octahedral (111) plane and parallel to a (110) direction It was shown further 
that, of the 12 possible orystallographically similar shears of this type, the one 
which occurs is that for which the component of shear stress m the direction of 
slip 18 the greatest In the case of the compression tests here deecnbed, the stress 
cannot bo quite uniform at all pemts, becanse the friction between the steel 
plates and the specimens cannot be reduced to aero, but on the other hand it 
was found that the measures taken to reduce friction did have the effect oF 
tuabng the distortion uniform throughout the specimen. It appears hkel) , 
therefore that the fnotion is not great enough to cause any considerable vanation 
of stress in different parts of the specimen Assuming this to be the case, it is 
possible, if the onentation of the crystal axee is known, to calculate the compo- 
nents of shear stress correspondmg with each of the twelve lands of shear which 
were shown? to be possible m the case of ban m tension Chooemg that one of 
the twelve for which the component of shear stress m the direction of shear is 
greatest, we can predict the orientations of the plane and direction of shear 
The method used for mabng this choice was identical with that previously 
described m the case of tensile test pieces * 

If there is no fnotion between the specimen ond the steel platee, the shear 
stress corresponding with any particular type of shear is equal in magmtude 
but opposite m sign to the shear stress which would east in a tensile teat 
piece whose cross-section coincided with a flat face of the compression specimen, 
provided the tensile load in the one oase was equal to the compressive load m 
the other For the purpose of predicting the slip plane and direction of sLp, 
therefore, we may identify the normal to the surface of the compression specimen 
with the axis of the tensile test piece and apply directly the method deecnbed 
previously • 

Applymg this method to measoiements of the onentation of the crystal 
axes made by Miss Elam, it was found that the oo-ordmates of the pole of the 
predicted slip plane were (0 09“, ^ =■ 108“), while tiiose of the directum of 

shp were (0 => 33“, ^ .= 269“) These pomte are marked m 6g 0 as A and B 

The pole of one member of the pair of planee detemuned by the distortion 
measuremwif* is shown at A, in flg 9 Its co-ordinates are 6 = 65“, ^-=107“ 
The direction of slip is the pout on the shp plane which lies at 90° from the 
mtersectum of the two planes which constitute the uneitended cone The 
* PE,p.S0. 
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projection of this ilireLtion is shown at Bi in fig 9 If« co-ordinates are 
(0= 37°, ^=270°) It Will be seen that the predicted positions of A and B 
are close to their obeen'od positions Ai and Bj 

69 7 — Specimen No 69 7 was first compressed by a pressure of 1 6 tons 
m one operation, so that its thickness changed from 1 806 mm to 1 472- mm 
It was tlien measured and the orientation of its crystal axro determmoil by 
X-rays 

The measurements gave — 

a 1 0163 Xo 0 264 mm "j 

|i --- 1 1976 Yo 0 230 

Y -- 0 817 X,=- - 0 S79 ^ (12) 

X - 89' 45' Yi - 0 173 

X' - 94° 10' J 

and the equation to the unextended cone m its second or compressed position is 

(0 0300 cos- -0 1480 cos 0 sm ^ }-0 292 sin® <l>) tan'' O' 

1- (0 1766 cos — 0 0901 sin tan 6 — 0 611 =- 0 (13) 

The calculated points of this cone are shown in the eterengraphio diagram 
(fig 10) as crosses, and the cone is marked m as a broken hue As in the 
case of 69 6 the unextended cone nearly, but not qmte, coincides with two 
planes which are shown as full lines passing nearly through the crosses 
Neglectmg the difierence between the actual unextended cone and these two 
planes, the pole of the slip plane and the direction of slip are shown in fig 10 
at Ai and B; 

The predicted positions of those points derived from X-ray moasurements 
by the methods described above are shown at A and B It will be seen that, 
except for the divergence of the unextended cone from two planes the 
agreement is good 

While these tests were being made, it was discoverod that if the compression 
was earned out m two or three stages, the specimen bemg removed from the 
oompiession machine and re-greased after each operation, the diminution in 
thickness was greater than when the whole load was apphed at once By 
suooessively dimmishing the moieose m load at each stage, it was found that 
a liout was naohed beyond which a further dimmution of the increase in load 
correepondmg with one stage m the operations ptoddoed no further increase 
m the amount of the compression for a given final compressive load It was 
found, for instance, that with discs 14 >3 mm diameter, the ciirvee connecting 



548 


G I Taylor and W, 8. Farren. 


thioknesH of the specimen with oomprossive load were practically identical 
when the loads were increased by 0 06 and 0 1 tons at each stage, but that if 



iio 10 — Unstretched oonw for 5B 7 w material oompreeaed to I = 0-817 

» calculated pointa for cone oorreapondlng with oomprcealon from t =» 1 0 to 
0 817 

• calculated pointa for cone norreaponding with oompreMion from t » 0 817 to 
(I 0 817 > 0 8378 ^ 0 884 

the increase was 0 2 tons at each stage there was a measurable increase m 
the reswtance of the specimen to compression It seemed probable, therefore, 
that by the tune the change m load had been reduced to 0 1 tons per stage, 
the fnotion had been reduced os much as it was possible to reduce it by this 
method A reduction in friction increases the uniformity of the stress distn- 
bution in the speoimwi, and if the deviatioa of the uncxtended cone from 
two planes is due m any way to variations in stress m different parts of the 
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specimen, one might expect the nnextended cone to approximate more nearly 
to two planse when the compression is carried out m small stages 
To test this, specimen No 59 7 was again compressed, from 1 423 mm to 
1 192 mm thick in hve stages Before starting the second test, the specimen 
■which had beioine elhptical during the hrst compression was cut down to a 
circular diac of diameter 12 34 mm , and re-marked with scratches ruled parallel 
to the original ones The elements from which the first position of the uncx- 
tended cone for the second test (»c, the position in the material when 
« = 0 817)* were oah ulated are 


OL - 1 0224 
P = 1 1705 
Y - 0 8376 
X = 94° 30' 
X' - 100° 10' 


Xfl — 0 363 inm 

Yo ^ + 0 031 
X, = - 0 412 


Yi ^ -f 0 006 


The equation to the cone is 

(0 0463 008'“ (j) - 0 269 C08 ^ sin ^ + 0 356 sin* <fi) tan* 6 
-f (0 063 cos ^ -t- 0 044 am tan 0 - 0 2972 


0 , 


(14) 


(16) 


and its etereographic projection is shown in fig 10, where the points calculated 
from (16) are represented by loiind dots It will be seen that in thu case the 
cone 18, to the limit of accuracy of our measurements, octualiv two planes 
With a stcreographic net 20 cm diameter ii was not possible to detect any 
diflerence between the cone ami two planes In the light of the reeulte obtamed 
with tensile tost pieces, it appears, therefore, that the distortion is m this case a 
simple shear parallel to one plane Hlip on any other plane could have been 
detected even if it had given rise to only 1 or 2 per cent of the whole distortion 
The normal to the plane of slip in the second compression is shown at Ai and 
the direction of slip at B, in fig 10 tt will be noticed that the distortion mea- 
surements determine two planes, one of which is the slip plane In each case 
one of the planes has nearly coincided with the position of the slip jilane predicted 
from knowledge of the orientation of the crystal axes, and that has been taken as 
the shp plane Fig 10, however, enables us to choose between the two planes 
without making use of knowledge derived from X-rays One member of the 
pair of planes detenmned for the first oomptesmon nearly coincides with one 
of those derived from the second compression This plane has remamed 
unstretohed and undistortod m both experiments It is, therefore, the slip 
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plane It will be notiood that this method of chooeing between two possible 
slip planes leads to the same result as the other method involving the use of 
X-rays 

Second PofUion of the Vnextended Cone for the Second Compresnon Tett 
of 69 7 —The equation to this cone can be denved from the data (14) Its 
equation is 

(0 0433 cos^^ 0 — 0 210 cos 0 sin 0 + 0 241 8m'“ 0) tan* 0 

-f (0 0676 cos 0 -f 0 0466 sm 0) tan 6 - 0 426 = 0, (16> 

and Its stereographic projection is shown in bg 11 which corresponds with 
matenal compressed till its thickness is * = 0 817 x 0 9376 ^ 0 684* of its 



Flo 11 — Second position of onstretohed none for 60 7 during oompreailon froiiL 
c-0 817to(-0684 

* See note p 638. 
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original thiolmess As might be expected, the calculated pointa lie very 
accurately on two planes The co-ordinates of the normal to one of these 
planes are (6 = 39°, - 118 6°) and the co-ordinates of the corresponding 

direction of shp are (6 - 62° , ^ — 280°) These directions are represented 
in fig 11 by the points Aj and 

The corresponding directions prcilictcd from X ray measurements were — 
Normal to slip plane (0 = 39° , ^ — 118 6°) , direction of slip (0 — 62°, ^ — 
290°) These are marked as A and B m the projection It will be sSen that 
the sgreement is very good 

We desire to express our thauka to Miss C F Elam, who gave us the single 
crystal bars used in this work, and carried out all the X-ray measurements 
Without her help the work could not have been done We wish also to acknow- 
ledge the assistance of Dr A Hutchinson, F R S , who allowed us to use mea- 
suring apparatus in liis lalioratory, and of Messrs Armstrong 8iddeley Motors, 
who kindly ground the hardened discs used ui compressing the spei miens 

Most of the work was lamofl out m the Cavendish Laboratory, through the 
kmdnees of Sir Ernest Rutherford Wo are also indebted to Prof C E Inglis 
for allowing us to use the compression testing machines in the Cambridge 
Engineering Laboratory 

Summary 

The result of the work here described may be summed up in the statement 
that, so fat as these experimints go, the distortion of a crystal of aluminium 
under compression is of the same nature as the distortion which occurs when 
a uniform single-crystal bat is stretched The dirtortiou is due to slipping 
paralld to a certain crystal plane and m a certain crystaUegraphic direction, 
and the choice of which of twelve possible orystallographically similar types of 
slipping actually occurs depends only on the components of shear stress in the 
tnatonal and not at all on whether the stress normal to the slip plane is a 
pressure or a tension 
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Isotherms of Hydiogen, <f NUrogen, and of Hydrogen-Nitrogen 
Mixiuies, at 0 ° and 20 * C, up to a Pressure of 200 Atmospheres 
ByT T H Vkiwohoylb 

(CommunuAtod by l)r F A FreotL, FKS — Received March 6 1926) 

§ 1 Introduction 

From (,he work earned out and the atateraeuts made by several authors 
{(f § 10 of this jiaper) it seems that, in the case of mixtures of the “ permanent ” 
gases the pi values at norma) temperatures should be linear fmictions of the 
composition Sinic this assumption has been based pnncipally upon the 
expenmcutally determined isotherms of air m relation to those of oxygtn and 
nitrogen, it would appear desirable to investigate the mixtures of some other 
pair of gases and for this purpose hydrogen and nitrogen have been selected 
In the case of hydrogen, the determinations of isotherms which have been 
made at 0° and 20° C by vanous authors are reasonably concordant, and prob 
ably represent a high degree of accuracy, but the agreement between the 
experimental isothirma of nitrogen loaves much to be desired Moreover, 
no work whatsoever appears to have been published on the isotherms of 
hydrogen nitrogen mixtures 

Before proceeding to the desenption of the apparatus used in this research, 
a bnef account and entu ism of previous work will be given Thu account deals 
only with modem determinations and does not consider Amagat s results, 
which were obtained at a time when the resources of modem technique were 
not available, and were published m such a form that a criticism of his lesults 
u scarcely possible. 

§ 2 Previous Determimlions oj the Isotherms of Hydrogen at 0° and 20° C 

The isotherm of hydrogen atO° C has been determined at Leiden by Earner 
bngh Onnes and Braak ,♦ and at the Phyiikalisch Technische Reichanstalt, 
Berhn, by Holborn t The Leiden measurements, which extend only to 60 
atmospheres, are open to some objection As u the general practice in the 
determination of uothemu at Leiden, the volumes occupied by one and the 
same quantity of gas at different pressures sre measured, so that the probable 


* ' Ph>s Lab Leiiian Commn No 100 b 
t ‘ Ann d Phyilk,’ toL « 8 , p 874 (IMO) 



Hydrogen, Nitrogen, and Hydrogen-Nitrogen Mixtures. 553 


error* m the values of po mcroaae with increasing pressure provided, however, 
that a sufficient quantity of gas be used, the errors can, of course, be kept 
within any limits desired Two type* of 

piezometer are employeil, the “simple” c 

(or undivided) and the " divided ” model 

The simple type, whi< h is generally used J j II 

m determinations at Vraperaturea above ‘ 

the freezing-pomt of mercury, is repre- 
sented m fig 1 It CQiiaista essentially of 
a cylindrical stem H, the bore of which is 
carefully calibrated over the whole length, 
and of a large reservoir R of known 
volume The pic/ometer is secured m a 
compression vessel by moans of a collar, S S 
and the detenuination of an istHhurm 
consists, lu principle, in compressing a 
known volume of gas over mercury into 
successive known volumes of the stem at I 
a constant temperature * ' A T 

For temperatures below the freezing- 
point of mercury, the divided type 
illustrated in fig 3 is used The stem S is 
connected through suitable couplings and g 

a flexible metal capillary c to the small 
reservoir r (of known volume), which can 
be exposed to a low temperature The 
normal volume of gas in the small 
reservoir can be derived from a knowledge 

of the total volume of the gas and of the 2 _ 

volume IQ the rest of the apparatus SimpI* I’lsxometer Divided Pieromuter 
(maintained at normal temperature) In 

the case of the isotherm at O'’ C , a dmdod piezometer waa used, only the 
gas m the small resetvou (volume 10, cm*) being at a temperature of 
0’ C The gas in the stem of the piezometer (maximum volume, 12 cm*) 
was at normal temperature (20° C ), and the normal volume of the gas at 0° C 
determined by difference The accuracy of the results therefore depends on 
an accurate knowledge both of the nomial isotherm (at 20° C ) and of the 
volumes of the different portions of the piezometer Kow these portions 
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(piezometer stem small reservoir, and connectmg steel capillary) wore all 
directly cabbrated by mercury, and it baa recently been pointed out by Penning* 
that small spaces of unknown volume may exist in the soldered joints between 
the couplings and the glass capillaries to which tbey are affixed All the 
measurements at Iieidon with divided piezometers are hable to objection on 
this ground (except where some suitable check has been afiorded), mote 
especially when the density of the gas in the small reservoir is not much larger 
than that in the stem, os is the case here Moreover only four points were 
measured, so that it is difficult to form any idea of the probable errors involved 
Ihe determinations of pressure and temperature were, as is always the tase 
at Leiden, unexceptionable 

The method in use at Berlin for the determination of isothermsf differs from 
the Leiden method in that the volume into which the gas is compressed is con 
stant, the quantities of gas used thus increasing with the pressure The 
sensitivity of the measurements therefore does not decrease with increasing 
pressure, and, as comparatively large quantities of gas were used (the con* 
fining volume was about 110 cm ’), the volume observations, eet par , should 
be extremely accurate Normal volumes are measured only after the observa- 
tions at high pressures, in a senes of flasks contained m a large water bath 
Pressures are measured on a presanre balance fitted with a mechanism for 
imparting an oscillatory motion to the piston The balance was calibrated 
with the help of an open manometer so that the pressure determmations should 
also be very satisfactory It appears from the results that the errors of observa- 
tion seldom exceeded 1 in 4,000, and, up to 100 atmospheres (the highest pressure 
reached), the isotherm at 0° C is undoubtedly very accurate 
The isotherm at 20* C has been repeatedly measured at Leiden The 
determination by Schalkwijk.J using an undivided piezometer, stands in a class 
by itself, for it was oflected with extraordmary care and precision , unfortunately 
it reaches only to 60 atmospheres Kamerlingh Onnes, Crommelin, and Stmd} 
have extended the isotherm at 20® C to 100 atmospheres, and the po-value 
found for the highest pressure differs by 1 m 700 from that derived from an 
extrapolation of Schnlkwijk’s equation The lowest pressure measured was 
66 atmospheres, and the pv value found difiered only by 1 m 3,000 from 
Schalkwijk’s value Since, however, the differences all he in the same direction, 

• ‘ Phyt Lab Leiden Conunn. No 166 
t HolWm and iyibultxe, Ann. d Phystk,' vol 47, p 1080 (1015) 
t ‘ Phyi Lab ,’ Leiden, Conunn No 70 
I ‘ Phye Lab Leiden, Commn No 146 b 
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it would iioom that some small systematic error was involved, and Schalkwi]k’s 
equation is probably to be preferred 

At Amsterdam, where the isotherm has been determined by Kohnstamm and 
Walstra,* the range of pressure covered was much wider, extending to 1,000 
atmospheres As at Leiden, a eonstant quantity of gas was used, but the 
method of determination was more complicated and not so direct Pressures 
were measured with a pressure-balance, which, however, had not been oabbrated 
either directly or indirutly against an open manometer, so that the effective 
cross-section of the differential piston was not known with certarnty , the error 
involved was probably Bm,ill The volumes of the compressed gas were deter- 
mined by Amagat’s m< thod of electrical contacts in a glass tube , this method 
18 apparently quite satisfactory It was not possible to determine the normal 
volume directly, and therefore, after a relation between p® and 1 jv had been 
denved m arbitrary umts, it was reduced to an equation m which the constant 
term had the same value as found by Schalkwiyk The agreement between 
the pi’-values denved from this final equation with those denved from Bcbalk- 
wijk’s ecjuation (cxtrnpolaU'd above CO atmospheres) is very good up to 120 
atmospheres, and the mutual agreement between the several expcnmental 
senes is also very satisfactory 

No direct measurement has been made at Berlin of the isotherm at 20° C , 
but an equation can be quadratically interpolated between the isotherms at 
0°. 150°, and 100° C (Holboin, loc ctl), and this agrees excellently with 
Sohalkwijk’a equation Thus, although the latter was ex])erimcntally estab- 
lished only up to a pressure of W) atmospheres, its validity up to 100 atmospheres 
may be safely assumed 

§ 3 Prmous Determimlion^ of Iht laotherma of Nitrogen at 0° and 20° C 
The measurement at Berlin of the isotherm of nitrogen at 0° C by Holbom 
and Ottof was earned out by the same methods as in the case of hydrogen, so 
that no further cntieism of these methods is necessary The nitrogen used 
came from a commercial source, and may, therefore, have contained traces of 
the rare gases , its density, however, was satisfactory 
At Leiden, the isotherm at 0° C has been dotemuned by Kamerlmgh Onnes 
and van Urk,t using in this case an undivided piezometer, so that no objection 
can now be raised against the volume measurements The normal volume was 

• ' Proa, Roy Aosd , Amsterdam,’ vol 17, p 20S (1914) 
t ‘ Z f Physik,' vol 25. p 77 (1024) 
i ' Phys Lab Leiden, Comma No ISSn 
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measured only before the determination of the isotherm and thus no check 
upon its accuracy was available but the possibility of an alteration m its value 
was very slight The mtrogen was chemically prepared by the reaction between 
ammomura chlonde and sodium nitnte in the presence of potassium dichromate, 
and it was purified by a passage through aqueous ferrous sulphate and over hot 
copper Hence it was probably reasonably pure The toncordance between 
the Berlin and the Leiden results over the range which the latter cover is 
satisfactory 

The detemunation of the isotherm at 0® C by Smith and Taylor* at Boston, 
by an isometric method is of particular interest, both because the pressures 
involved extended to 160 atmospheres, and on account of the ingenuity of the 
apparatus used , unfortunately, the results are apparently affected by a com- 
paratively large systematic error, as will be seen from snbsequent considerations 
The design of the apparatus is due to Keyes and, in so far as the measurements 
of pressure and temperature are concerned no objection can be raised As 
at Leiden, a constant quantity of gas is used m the determination of the iso- 
metrics but the volumes occupied by this quantity at the several pressures 
and temperatures arc not determined by a direct method for they are derived 
indirectly from a measurement of the volume of the piston used in displacing 
the confining mercury An accurate volume determmation presupposes, 
therefore complete absence from the smallest leak of mercury at all joints 
and at the gland through which the piston passes, together with a very accurate 
cabbration of the volumes of the pieaometer and the piston especially as the 
total volume of the confined gas at the highest pressures was only about 2 cm * 

If the method of measuring the volumes be admitted as satisfactory yet 
the preparation and purification of the nitrogen used m the determination is 
open to serious tnticism The gas was prepared by the reaction between 
ammonium sulphate and potassium nitnte, dned, condensed and “ fractionally 
distilled ” No chemical method waa apphed for removing the nitric oxide 
which IB always formed in this reaction, and, during the fractional distillation, 
no device appears to have been adopted to ensoro the boiling of the liquefied 
gas, without which, of course, no fractionation occurs It is by no means easy 
to make a liquefied gas boil evenly, unless precautions are taken to do so, such 
08 by means of a heating cod The only entenon given for the punty of the gas 
is that “ the resulting liquid nitrogen was water white and entirely free from 
solid impurities, " which, of course, is no entenon at all Since the pv laluos 
denvod from the Boston results are considerably lower than both the Berlin 
• ‘J Am CSiem Soo.’vol 46 p 2107(1083) 
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and the Leiden valuea, it seeme highly probable that the nitrogen used contained 
appreciable quantities of nitric oxide 

The isotherm at 20“ C has been directly determined only at Leiden, by 
Kamerhngh Onnes and van Urk (toe cil ) As in the rase of hydrogen, an 
isotherm can be quadratically interpolated between the Berlin isotherms at 
0“, 60°, and 100° 0 (Holborn and Otto, toe at), and this agrees very well 
with the Leiden isotherm An interpolation between the Boston isotherms at 
0°, 60°, and 100“ C gives an equation which leads to comparatively low values 
of pv 

§ 4 EiprntMnlal Apparatus 

The apparatus employed in the present research is largely based on that used 
at Leiden for the determmation of isotherms, so that a dctaileil description is 
unnecessary The general principle consists, as at Leiden, in the compression 
of a known constant quantity of gas into measured volumes , the smallest 
volume was never less than 4 < in * MTieroaa at Leiden, however, the normal 
volume 18 me,asured in the piezometer itself (for which purpose the piezometer 
has to bo removed from the compression vessel), the piezometer is here per- 
manently mounted, and the normal volume measured in a volumenometer, 
from which the gas is transferred to the piezometer The whole apparatus 
may convemently be considered under the fcdlowing headings - 

(а) Mixing apparatus 

(б) Volumenometer 
(c) Piezometer 

(rf) Pressum balance 
(e) Thermostat 

(а) Mixing Apparatus — This is a simple arrangement for making up mixtures 
of known composition The pri ssuro and temperature of each gas are measured 
at constant volume in a wati-r-jackctod bulb of about 1 1 capacity, and the 
gases are then dnven successively into a second bulb, of 2^ 1 capacity 

(б) Vdumenomter —In the volumenometer the normal volume of the simple 
gas or mixture is measured The apparatus is a copy, somewhat modified, of 
that m use at Leiden,* and is represented m fig 3 It consists essentially of 
a senes of three bulbs B, each of about ^ I capacity, connected by necks on 
which marks are etched , the volumes between the marks are known from pre- 
vious calibrations, os are also the volume between taps 1 and 2 and the top 
mark, and the volume between taps 2 and 3 The bulb-tube is connected 

• r/ • Pbyt Lab ,' Leldon, Commn No* 117 snd 137c, 
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through'an air-trap to a manometer M, and to a common mercury reservoir R 
Both the bulb tube and the manometer are surrounded by water jackets, 



Fio 3 — Volomenomoter 


through which a stream ol water flows from a thermostat The top of the 
manometer can lie connected either to a syphon barometer S or to a vacuum- 
pump, as may be desired 

The positions of the mercury menisci m the volumenometer are observed 
with a cathetometer, by the Soci5t4 Genevoise, reading to 0 02 ram Both 
volumenometer and cathetometer are mounted on a heavy slate slab, supported 
on a large concrete table and foundation, and are satisfactorily free from the 
effects of vibration. 
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(«) PieMtnetfT —The piezometer w baaed on the divided model employed at 
Leiden but differs from it in sev* ral respects In the first place, it should be 
explamed that a divided type waa used because the whole apparatus was 
designed and constructed prunanly with a view to use at low temperatures 
The disadvantages of the divided tyjie mentioned in § 2 are however ebminated 
by a volumetric calibration with gas instead of a direct cahbration with mercury 

fhe use of a divided pii /ometer la attended with several difficulties The 
volume of the small reservoir i an scarcely be determined with a greater accuracy 
than 1 ram ^ and therefore it should be at least 1 cm ’ If this volume is to be 
filled with a liquefied gas at low temperature the volume of the large reservoir 
of the piezometer must be about 11 It is hardly possible to maintain an even 
temperature over a greatir biigth of stim than 50 em and if the piezometer 
18 to have a useful pressure range of at least 1 or 4 1 the bore of the stem must 
hence be 4 mm or more Long and wearisome trials of sevi ral kinds of glass 
tubing completely confirmed the ixpcnenco of previous investigators as to the 
utter untrustworthmess of glass tubes when exposed to pressures above CO 
atmospheres no matter what the thickness of wall Tubing of the desired 
bote that had withstood tost pressures as high as 270 atmospheres on several 
successive days eventually burst at 90 atmospheres 

It was therefore necessary to construct the piezometer entirely of metal 
for there appeared to be no practicable method of securing a glass tube at both 
ends within a eomptessioii lyhndcr with a view to making observations by 
Araogat 8 method of elictrical contacts (m thi case of an undivided piezometer 
the glass tube has to be fastened only at ont end and that is quite feasible) 
Some new method of measiumg the position of the mercury had also to be 
devised, and it was suggested by Mr L W Codd of this laboratory that this 
might be effected by moasunng the resistanie of a fine platmum wire stretched 
down the centre of the sti m after an extensive senes of tests this device has 
boon adopted A relation betwi en the resistance of the wire and the volume 
included between the top of the stun an I the surface of the mercury was estab 
bshed by cumprossing a known volume of hydrogen mto the stem at a temixira 
tuxe ef 20° C and moasunng the resistance at several pressures the volume 
occupied by the hydrogen m each case being derived from a knowledge of the 
well establishod isotherm of that gas up to a pressure of 100 atmospheres 
It i4 of course only possible in this way to determine the position of the highest 
point of the mercury in the stem the height of the meniscus cannot be measured 
Gteeat accuracy in the volume detonnmations is hence not to be expected, but, 
for a long period, the actual results were much worse than waa anticipated, 
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diBorepanciea occumng to the extent of 2 per cent No reason for this could 
be found but fortunately these large errors suddenly disappeared of them 
selves and the results of the ist therms show that the mean error of observation 
18 now always less than 1 in 1 000 The resistance volume factor for the wire 
IS not entirely constant but the change over the whole of the senes of the present 
investigation was less than 1 m 600 

A section of the sted piezometer and the compression vessel (or pot ) 
into which it iH fastened is shown in fig 4 The stem S has s bore of 8 mm 



Fio 4 — Piexometer and Compression Vessel Inside (oQ n^t) Details of Insulation 

and a total length of 70 cm end it is mtegral with the collar C whereby it is 
secured m the pot P with the help of the split nut N the bote m ground true 
and highly polished A flange 0 which is also part of Uie stem acts as the 
base of the water jacket J The lower end of the stem forms a boss on to which 
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the large reservoir R, of about 900 cm * capacity, is screwed , R is closed by a 
cap Q, with a small opening in the centre The pot P is connected anth a second 
pot P', which acts as a reservoir for the mercury When pressure is applied 
on the air-mam, the mercury is forced from 1’' into P, and thus up into the 
piezometer A branch leads from the stocl capillary connecting P and V to 
the pressure-balance The general lay-out of the air connections is much the 
same as at Leiden,* with the exception that the closed hydrogen manometer 
IS here replaced by the pressure-balance 
After pressure has been apphed with the help of compressed air. tap 1 is 
closed, thereby cutting off F and the air connections, and eommiimcation with 
the pressure-balance is established exclusively by hquids through tap 2 The 
final adjustment of the pressure is earned out by the regulation of the weights 
on the balance and with the help of the oil pump connettwi to it 
The upper end of the fine platinum wire (about 0 O') mm in diameter) in 
tho stem is welded to a short length of thicker wire whith, in its turn, is brazed 
on to a piece of brass wire The latter is screwed into the lower end of a steel 
cone F, as shown in fig 4 and this is insulated by a conical ivory ring E from 
the steel collar D, which is secured by a nut to the screwed top of the stem 
This method of insulation was adopted by Kobnstamm and Walstra,t and has 
proved very satisfactory The lower end of the stem wire is welded to one end 
of a small spiral of thicker platmiira wire, the other end of which is secured by 
a piece of ebonite wedged across the bottom of the stem , m this way the wire 
IS kept as taut as is consistent with safety, and is ordinarily insulated from the 
stem, eleetneal contact being made only when the confining mercury is com- 
pressed into the latter Double leads from the upper end of tho cone F and 
from the outside of the stem form the electrical connections between the stem 
wire and tho diflerential galvanometer, resistance-box, and commutator used 
in measuring the resistance by Kohlrausch’s method of overlapping shunts t 
The stem wire has a resistance of about 1 ohm/cm , and I cm on the galvano- 
meter scale corresponds to about 0 006 ohms 
The screwed boss B, affixed near the top of the stem, allows of the attachment 
of a steel capillary (with a bom of 0 5 mm ), this divides near the piezometer, 
one arm leading through a steel tap to the volumenometer, and the other arm 
to the small reservoir The latter is a brass cylinder of about 1 cm * capacity, 
to which the steel capillary is attached by means of a nut and collar It is 

• Cf ' Phys Lsb Lnideii, Conunn No B7*, Plate I 
t ‘ Proo Roy Acad , Amstenlam,’ vol 18, p 822 (1914) 
i Kohlrausch, ‘ I-chrbaoh der Prsktisehen Pbysik,’ 13th edn., p 427 
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required for work at low temperaturee, and, in the present research, may be 
regarded more or less as dead space 

(d) Pressure-balance —The pressure-balance was supplied by Schafier and 
Budenberg, and the ofioctive croes-seetion of the differential piston was deter- 
mined by the Physisch Technische Beichsaustalt, Berlin Between 40 and 240 
atmospheres, the difference between this cross-section and the area given by the 
makers was found to be less than 1 in 2,000 — a very satisfactory result As 
originally supplied, the balance was worked by hand, but an oscillating 
mechanism, similar to that desenbed by Hollmm,* was constructed and fitted 
to the balance m this laboratory The change from oil to mercury m the 
transmission from the pressure balaiue to the piezometer is made in a short 
vertical length of i-inch hydraulic steel tubmg. into which two insulated elec- 
tri( al contacts arc fitted , the mercury meniscus is always kept between these 
contacts 

(e) ThennnsUil The thermostat, which delivers a stream of water to the 
several water-jackets and thence to waste, is a copy of the one described by 
Schalkwijk (loc ) In the determmatian of the isotherms at 20° C it was 
not found possible to maintain the stem of the piezometer exactly at that 
temperature, owing to the very large vanations in the room temperature— the 
laboratory is really most unsuitable for such measurements so that there was 
httle object m effecting any exact regulation of the thermostat 

The isotherms at O'’ C were determmod by packing the stem of the piezometer 
in shavings of icc made from distilled water The volume of gas at 0° C was 
always considerably greater than that at room temperature, so that the objec- 
tions raised m §2 against the Leiden determination of the hydrogen isotherm 
at 0° P apply m much less degree 

§ 6 Preparation of Oases 

Hydrogen was taken from a commercial cylinder of the gas, passed over hot 
copper and through silica gel mamtained at the temperature of liquid air, and 
stored in a glass gas-holder over inorouiy Traces of nitrogen may have been 
left m the hydrogen, but it will be seen later that the presence of even a few 
per oent of nitrogen hardly affects the course of the isotherm 

Nitrogen was prepared bv the action of sodmm mtnte on ammonium sulphate 
m the presence of potassium dichromate The gas was passed through a 
solution of chromic acid m strong sulphuno acid and over red-hot copper, 
dned, liquefied, and allowed to evaporate into a small steel cylinder Its 
• ’ Z d. Vm deut lag vol. 67, part 8 (1923) 
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punty was tested by a vapour pressure detertnination At ~ 19S 75° C, 
with only a drop of liquid in the experimental bulb, the vapour pressure was 
found to be 70 39 cm , after condensation of an additional ^ 1 of gas, 
the pressure was 76 40 tm but the temperature was then 0 01° higher 
According to the formula given by Cath,* the vapour pressure at ~ 195 73° C 
should be 78 62 cm , whilst the difference in pressure corresponding to a 
difference of 0 01° is 0 08 cm The punty of the gas thus left nothing to be 
desired 

Apart from the mdividual gases, three mixtures, containing respectively 
75 per cent , 60 per cent , and 26 per cent of hydrogen, were investigated 

§ 6 If mis and Empirtcal Equations 

Before reproducing the results, it is necessary to discuss the units adopted in 
exprossmg them It has been thought best to retain the units introduced by 
Amagat, for these are in use at Jjoiden and are particularly convenient for 
practical purposes The unit of pressure (p) is the international atmosphere, 
and the unit of volume (t’^) is the normal volume, or the \<)liirac occupied by 
the quantity of gas taken at 0° (' under a pressure of one atmosphere These 
umta are also m use at Amsterdam 

At Berbu the unit of pressure is the pressure exerted by a column of mercury 
1 m in length under standard conditions, and the normal volume is measured 
at that pressure The Boston imil of pressure is the atmosphere, and the unit 
of volume is the specific volume Neither of these two systems is more r.itional 
than Amagat's system, and th< y do not appear to be so convenient 

The expression of the isotbenns m the form of equations also requires con- 
sideration The Leiden isotherms arc based cm the empirical equation of state 
estabbsbed by Kanierlingb Onnes,f and accordingly take the form of a develop- 
ment of the product jn\ in terms of powers of IjVj, { == dj, t c , 
pvj, - A* )- B*(/* -1- CV*- + , 

where A*, B,i, Cji are constants (higher terms than cf** need not be considered 
hero) For practical purposes this is not a very convenient form, and the 
Berlin mode of expression will therefore be adopted, pv„ being developed m 
powers of p, » e , 

JWa ^ A, -f B,p + C,p* 

The subscript p is used to distinguish the constants from the constants Ag, Bg, 
Cb, appcatiDg in the Berlin equations, and referred to the Berlin units 
* ‘ Thys Lab Leiden, Comnm No 162d 
t ' Phys Lab ,’ Leiden, Oonunn. No 71 
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Isotherms determined at Boston are expressed in the form of an equation 
of state developed theoretically by Keyes This equation involves the assump- 
tion that the pressure vanes linearly with the temperature at oonataut volume — 
an assumption which is ( ommou to many proposed equations of state, but is 
only valid over a limihHl range ♦ Moreover, the equation is of an unsuitable 
form for pur|K)ses of computation 


§ 7 Expmmrntnl Data 

The results obtained in the measurement of the isotherms at 0° and 20° C 
of hydrogen, nitrogen, and the three mixtures, are reproduced m Tables I-X 
Both the observed and the calculated values of are shown for each value of 
the pressure, whilst the last column contains the difference between the two 
The calculated values ace the values given by the equations, which were denved 
from the observed values by the method of least mean squares, and are repro- 
duced later on Below each table is given the computed mean error of 
observ atioii 


Table I -Isotherms of Hj at 0° C 



* CJ Penning, loe cit .snd K s m e riui ghOnnessndKseioin, ‘Phjfi Lab„’ Leiden, Oommu 
Suppl No 23, 1 42 
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Table II — laotherm of 75 per cent Hi — 25 pet cent Nj at 0° C 


Table III — laothenn of W per unt — 50 pet cent Xi at 0’ ( 


Table IV Igotherm of 25 pot c< nt IIj — 75 pet cent Nj at 0° C 


Ueui error of olnerretlon 
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Table VII — laotiierm ol 76 per cent H, — 25 per cent N, at 20° C 




1790 

I86S 
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Table X — Isothonn of Nj at 20° C 



Uuo error of obtmeUoB « ± 0 00088 


58 Obmvatvmal Equatiom 

The Taloes of the constants A,. D,, C, m the equations tepresentuig the 
isotherms are contsmed m Table XI In the denvation of these equations the 
value of (A,)g— t « , A, at 0° C — is found from the relation 

l = (A,), + (B,), + (C,)o, 
whilst the value of (A,),g is given by the expression 
{A,)„=(A,),x(l + 20r), 

where 0036618, B, and C, are then evaluated by the method of least 
mean squares 
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Table XI -Values of A, B, and C, 


78 par cent U, 38 
pw oent N. 

80 per oent. H, SO 
pu cant. N, 

38 p« ooiit. H, - 78 


00963 

00001 


07387 

07360 


07337 

07370 


0 0110 
0 4961 


0 1388 
0 3798 


3 334 

0 069 


The ottrves repreaenting the equations and the mdividoal points ate plotted 
mflgs 5 and 6 

1 9 bouroes and, Magnitudes of Errors 

The etrors involved in the determination of pressure and temperature were 
almost oertainlf negligible m comparison nth the errors aocompanjing the 
volume measorementa The temperatures were read on thermometers 
graduated in tenths of a degree (1 om = 1°) which had been checked against 
a standard thermometer It is improbable that errors m temperature would 
exoeed 1/20“ or 0 02 per cent in the values of pr* 

The pressure balance is well known to be a most reliable and accurate instru 
ment and as already stated the effective cross section of the piston between 
pressures of 40 and 240 atmospheres does not differ by more than 0 00 per 
cent from the stated actual cross section Probably the most uncertam 
measurement m connection with the pressure is that of the difference m level 
between the mercury m the stem of the piezometer and m the tube where the 
junction with the oil of the balance is made Thu may amount to 2 cm or 
to more than 0 1 per cent at pressures lower than 80 atmospheres At higher 
pressures with which we are chiefly concerned the error would be of htUe 
consequence 

The total error involved m the volume measurements is not easy to estimate 
It may be divided into two parts vu the error of the normal volume (constant 

2 P 2 
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throughout each aenea of meaavuemento) and the error of the atem vcJume 
(occupied by the gas under the measured pressure). The normal volume was 
detennmed before and after each aenes, and the accuracy of each determination 
was such that only the error consequent on any difference between the two 
values need be considered The mean value was used m the computation, and 
the greatest difference between the mean and either individual value was 
0 04 per tent 

The error of the atem volume may be due to one or more of three causes * 
droplets of mercury may cling to the wire or to the walls of the stem , the shape 
of the memscus may differ considerably from the average shape, or the 
resistance of the wire may alter It is scarcely possible to separate the effects 
of the first two causes, but the fact that the mean error of observation for a 
aenes was generally about 0 06 per cent shows that they cannot have amounted 
to very much The meniscus might vary | mm in height, which would lead 
to an error of 1 m 300 on the smallest volume measured, but the reeulto appear 
to show that the vanation cannot have been nearly so large 
Determinations of the resistance-volume factor of the stem wire at the 
beginning and at the end of this investigation indicated that this faoU» had 
changed by 1 in 600 It is reasonable to suppose that the change was gradual, 
and It may equably he apportioned between the 14 senes measured 
Taking all probable errors mto account, the accuracy of determmation of the 
isotherms may be put at 1 in 1,000 

} 10 Ducuetton RetuUt 

(o) Individual Gam —The equation for the isotherm of hydrogen at 0® C , 
as found by Holbom (loc cU ), is 

(pc), = 0 99918 -f 0 8209 X lO'* j>b -f 0 3745 X lO"* p,*. 

When converted into our umts, this reads 

p«x =■ 0 99938 + 0 6240 X 10"* p + 0 2163 X lO"* f, 
and this agrees very closely with our equation, as will appear from Table XII, 
wherem ore given the — values at 60, 100, and 200 atmospheres, denved 
from our equation (W), and from the Berlin one (B) , the Berlin value for 200 
atmospheres is enclosed in brackets, because die Berhn isotherm really extends 
only to 100 atmospheres 
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Table XII 



Tbe Leiden equation for the uotherm of hydrogen at 20“ C (due to Schalkwijk, 
toe cU)ie 

pvj, = 1 07268 + 0 6671 X lO”* + 0 983 x lO"* dj, 
or, in our form, 

poj, = 1 07258 f 0 6361 X lO"* p + 0 206 X 10-* / 

The Amsterdam equation ui given by Kohnstamm and Walstra (loc cU ) m the 
form 

jw* = 1 07268 + 0 6763 X 10“* d* + 0 882 X 10" * d** + higher terms , 
and this becomes, in our units, 

pe* = l 07268 + 0 6467 X 10-»j)+0 161 X lO"*?* 

Table XIII contains the pv^ values given by our equation and by the Leiden 
(L), the Amsterdam (A), and the interpolated Berlin equation , the agreement 
with the Amsterdam equation is not very good 

Table XIII 

P pr. (W) I p v^ (L) I pr^ (A) pi.^ (B) 

80 I 1083 1 1019 1 1081 1 1081 

100 1 1384 (1 1383) 1 1389 1 1383 

300 1 3088 (1 2079) 1 9084 (I 3066) 

Holborn and Otto's equation (loc nt ) for the isotherm of mtrogen at 0“ C is 
(Pv)b = 1 00060 - 0 6072 X 10 »pB + 6 406 X 10 “ pa* 

On conversion into our units, we obtain 

pvj, = 1 00046 - 0 4614 x 10"* p + 3 122 X IQ-'p* 

The Leiden equation (Kamerlmgh Onnos and van Utk, loe oil ) reads 

pt)A -= 1 00041 -0 4102 X 10“* dA + 2 066 X lO"* d**, 
or 

pt)A = 1 00041 -0 4101 X 10-*p + l 898 X 10“' p* 
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Aa stated by Smith and Taylor (too at ), the equation of state for nitrogen is 
given by 


Smith and Taylor themselves reduce this equation to one developed in powers 
of 1 /Oai but, smce they neglect all terms of higher order than 1 the reduced 
equation represents a very rough appronmation to the onginsl one By 
plotting their results (converted to the usual units) on a smtable scale, and 
selectmg the values of pvx thus found for p = 100 and p = 200 atmospheres, 
It is possible to obtain a standard equation leading to values of pv^ which do 
not differ from those calculated from Smith and Taylor’s equation by more 
than 1 m 1 ,000 up to 200 atmospheres In this way we find, at 0“ C , 
pvj, = 1 0006 - 0 6910 X 10-» y> + 3 67 x 10 ' ‘p* 

This difiers considerably from the other equations, and it appears from Table 
XTV that our values agree reasonably well with the Berlm and Leiden values, 
but that the Boston results (denved directly from Smith and Taylor’s original 
equation) are much lower As was pomted out in § S, there is every reason to 
suspect the punty of the gas used at Boston, and this suspicion is apparently 
confirmed by the numenoally larger Bp and C, values obtained, thus indicating 
the presence of a gas of comparatively high boiling-point 


Table XIV 


p 

(W) 

P’t (B«) 

je-A (Bo.) 

1 r’t. 

ao 

0 9840 

0 98S2 

0 9798 

0 9846 

100 

0 8842 

0 9886 

0 9782 

(0 9784) 

200 

1 0848 

(1 0831) 

1 0292 

(0 9943) 


The Leiden equation for the isotherm of mtrogen at 2U° C is 
pvj, ^ 1 07370 - 0 2625 X lO"* d a + 2 600 X 10““ oIa*, 


pvx = 1 07370 - 0 2446 x 10-»p +2 lU X 10-*p* 

It IS possible to mteipolate an equation from the Berhn isotherms at 0°, 60°, and 
100°, and this is given by 

pvx =* 1 '07367 - 0 2622 x ]0-*p + 2 688 + 10-«p* 

The agreement between both these equations tmd ours over the ranges covered 
IS good, aa may be seen from Table XV 
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Fia 9 — Expaniiion Coefll«it bU 


Summary 

j 1 The object of this research is stated 

S 2 The most accurate determination of the isotherm of hydrogen at 0° t 
is tliat efiected by Holbom but this extended only to 100 atmospheres 
SohaUcwijk s measurement of the isotherm at 20‘’ C up to 60 atmospheres is 
probably the most exact determination of the kind erer made Kofanstamm 
and Walstra extended this isotherm to 1 000 atmospheres but for several 
reasons their results are not so accurate 

§ 1 The determmations of the isotherm of mtrogen at 0° (. both by Kamer 
lingh Onnes and van Uric up to 60 atmospheres, and by Holborn and Otto 
up to 100 atmospheres are rouble but the measurements by Smith and 
Taylor are open to senous objection The isotherm at 20° C has been directly 
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meaaured only by Kajmerlingh Onoes and van Urk, up to a preaeure of 60 
atmoapherea 

{ 4 A deacnption la given of tbe apparatua employed in thia inveatigataon 
with special reference to the steel pieeometer, details of which are aomewhat 
novel 

S 5 The ongm and punty of the gases used la diacuaeed 

{ 6 The units of pressure and volume adopted are the mtemational atmo- 
sphere and tbe normal volume Isotherma are expressed by developing 
in powers of p 

{ 7 Tabica of the expenmentai data obtained for the individual gases and 
three mixtures at 0° and 20“ C are reproduced 

{ 8 A table of the values of the constants in the equations for the several 
isotherms is given 

$ 0 Sources of errors and their magnitudes are discussed The final accuracy 
may be estimated at 1 in 1,000 

§ 10 The expenmentai results are compared with those obtained m previous 
investigations It is shown that there is no justification for assummg the 
pox values for a mixture to be a bnear function of the composition, at least 
vdien the critical temperatures of the component gases are widely diflerent 

For the design of tbe apparatus and the techmque employed m this research 
I am indebted almost entirely to Prof H KamerhDgbOnnes,mwho6e laboratory 
I had the great good fortune to work for a year Tbe glass-blower of this 
laboratory (Mr H J Welbergen) constructed all the rather compbeatod glass 
work, and the fine mechanic (Mr J Pont) was responsible for the construction 
and assembly of all the instruments (other than those of standard pattern) and 
fine metal work To my assistants (Hlessrs H Ryder and J C Johnson) 
I owe my thanks for their help m the experimental observations and m the 
oomputationB Finally, I am most grateful to Capt F A Freeth, F R S , for 
his continual help and encouragement throughout the whole period of con- 
struction and determination 
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The MdbxUty of Ions in Air Part III — Air Containing 
Organic Vapours 

By Proi A M Ty»daij. and L. B Philups 
(Communicated by Prof A P Chattock, F R 8 — Received April 6, 1926 ) 

The data on mobility of gaeeou* lone available at preeent have not led to 
a utisfaotoiy quantitative theory of ionic struoture because of the largo number 
of vanablos necesaanly entering mto the formulse deduced The wntere feel 
that the most fruitful Ime of experimental attack is to carry out a senes of 
different expenments under conditions chosen so that one or more of these 
variables may be regarded, at any rate approximately, as unchanged throughout 
the senes The work herem desonbed is an attempt in that direction and deals 
with the mobility of ions in air containmg the vapours of a senes of closely 
related organic substanoes 

It IS well known that the presence of water vapour m air causes a reduction 
in the mobility of the negative ions The eflect has recently been studied m 
detail from small traces up to saturation by one of the wnters (A M T ) and 
Mr G C Gnndley • Other vapours ate also known to be similarly effective 
Thus Rutherfordt showed that alcohol and ether vapour lower the mobility 
of negative ions m air Prubram^ found that venous saturated orgamc vapours 
affect both positive mid negative mobilities, though quantitatively his method 
18 not free from objection WeUisoh§ found that 10 mm of alcohol or acetone 
intooduced into air at atmoephenc pressure caused a redaction in both mobiUties, 
but that 6 mm of ethyl bromide or iodide bad no effect 
These results with orgamc vapours are of considerable interest, butthe informa- 
tion given by such isolated observations is too mcomplete to throw much light 
upon the problem of the mechanism of the process For this reason the present 
wntere have exanuned the effect of certain vapours in detail Those specially 
selected were the lower members of the normal aliphatic alcohol senes, 
chloroform and carbon tetrachlonde Isolated observations have also been 
made m saturated propyl iodide, i8o*amyl alcohol and two hydrocarbons, 
octane and decane 

* TyndaU and Qrlndley, •' Mobility of Ions in Air, Part I ” (* Roy 8oo P.oo ’ A 
voi U0,p.»41(]926)) 
t • PhU Mag ,’ vol 2, p 219 (1901). 
i ‘ Wien Akad Sitab Ua, vd 118, pp 381 and 1419 (1909) 

J ‘Itoy Soe Proo ,’ A, vol 82. p 600(1900) 



578 


A. M. Tyndall and L R PhiiUps. 

The method adopted was that given m Part I (toe mt)Ui which refoenoe 
must be made for details Briefly the method depends upon the production 
of ions by a senes of flashes of a-rays and then subjection to an alternating 
field of a special kind The conditions are so arranged that when the current 
arriving at an electrometer u plotted with frequency of alternating field a curve 
with a sharp peak is obtained, the position of which gives an accurate measure- 
ment of the mobihty 

Bxpenmental DeUnlt. 

The method was used as a comparative one The current-hequenoy curves 
were obtamed in dry air contaimng vapour, and m dry air alone The peak 
frequencies were compared and the mobihty in the alcchol mixture calculated 
from the value m dry air alone, known from the previous paper 
Since only relative values were necessary certain simplifications in the 
apparatus were poesible The mobihty box was reconstructed with a fixed 
distance between the plates and of dimensions more suitable for the introduction 
of hqmds without opening the box The gauze method of eliminating the 
effect of induction on the electrometer was used 
The box was of | inch brass and of external dimensions 10 & inches 
10 5 inches by 2 0 mches The roof of the box had a central hole, 1 5 inches 
diameter and served as the guard ring for the electrometer plate A short 
vertical tube 3 0 inches long and projeotmg upwards from this hole was soldered 
to the toot, and was closed at its top end by an ebonite and sulphur plug This 
plug supported and insulated the rod from the electrometer plate, which 
nearly filled the hole The induction gauze was supported and insulated 
from the roof by four ebomte blocks It was made of zmo drilled with 
inch holes and was gapped round its edges between two square pieces of 
inch alummium The distance between the gauze and the electrometer 
plate was 1 cm and between the two electrodes 6 cm. 

Having dried the box and the air m it by sweeping a current of dry air through 
It for some bouts, the liquid givmg tAe vapour under test had to be introduced 
into the box without opening it For this purpose a glass funnel which passed 
through a hole m the roof was filled with the bquid in question Inside the 
box and underneath the funnel was a metal tray which could be filled with the 
hquid by opening the stopcock of the funnel After about one hour it waa 
assumed that the vapour inside Hie box was at the saturated value appnqpnate 
to the particular liquid used It u unlikely that any error due to this assump- 
tion had any senous effect on the nature of the results obtained 
The mvestigation of the vapour over a rang^ of concentrations presents 
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certun difiicultiei Aii satnnted with vaponi nuty be diluted with diy air 
and then introduced into the box , but if there u any abaorption of the vapour 
by the walls and plates the concentration may have entirely changed before 
the mobihty measurements are completed Equilibrium with the walls might 
be secured by making up a large volume and passing it slowly through the 
box , but this IS moonvement These difficulties may be avoided by finding 
some organic solvent the vapour of which has no appreciable efiect on the 
mobility of air ions Aniline and qumolme, as high boiling-pomt hquids with 
low vapour pressure and with no chemical action on the liquids under investiga- 
tion, were tried, and of these the latter was found to satisfy this test A senes 
of solutions of known molecular conoentrations of a given alcohol or other 
hqmd were therefore made m qumolme for insertion in the mobihty apparatus 
Care was taken to insure that the chemicals were as pure and as dry as possible 
For a quantitative study it is necessary to know the vapour pressure of these 
eolutions No definite measurements appear to have been made of the vapour 
pressures of organic substances m non-volatile solvents, but in the present case 
there does not seem to be any reason to anticipate constant boiling point 
mixtures, and we may therefore expect the vapour pressure of the substance to 
be roughly proportional to its percentage molecular concentration, the vapour 
pressure of qmnohne being taken to be negligibly small As a rough test, how- 
ever, some measurements of the vapour pressures of several methyl alcohol 
solutions m qmnohne were made with a static vapour pressure apparatus 
The experiments were somewhat crude but the results were in reasonable 
agreement with this view The vapour pressures given later in the paper are, 
therefore, calculated on the assumption of proportionahty to percentage mole- 
cular concentration m qumolme, but if it ever becomes necessary the values 
can be checked by refined vapour pressure measurements 
The procedure was then as follows The mobihty was taken m dry air , 
a weak solution of a given hqmd was then poured m, and after about one hour 
the mobihty was retaken The box was then opened at both ends, the tray of 
hqmd taken out and ordmary room air blown totough the apparatus to remove 
the vapour After cieamng, tho tray was reinserted ready for the next solution, 
the box was closed and dry air blown through it for several hours Testa showed 
that It was possible in this way to regain the original value of mobility obtamed 
before the vapour was present The prooedaie was then repeated for other 
solutions m order of mcreasmg concentration up to saturation 
Before passing on to the solutions of another hqmd it was very important 
to remove all traces of the vapour previously used This was not always easy 
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because the last ooncectration employed was the piue bqmd and some con- 
densation may have oocmred on the walls In several cases it was necessary to 
take the apparatus down and heat the box in front an electno radiator in 
a stream of air The investigation of the solutions of a given liquid was never 
started until, with pure qmnoline m the tray, the peak frequency was practically 
that given ongmally in dry air 

Rauks 

The results in the senes of alcohols are shown most convemently m graphical 
form Figs 1 and 2 show the variation of mobihty of negative and positive 
ions respectively m air (at room temperature and pressure) with partial pressure 
of added vapour The curves relate to the first five normal alcohids of the 



W=. Water P - a-Ptopyi Aloohel. 

M •> Methyl AloohoL B » Akiohol, 

B«Btliyl Alcohol A - s-Amyl AloohoL 
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senes and to oct^ alcohol (one point only marked + and lying practically 
on the curve for amyl alcohol) In fig 1 the results for water vapour 
obtamed in the previous paper are also insetted for companson 



10 20 30 

Vapour Pressure (mm 

Jlo 2— Posmra loss 
Refowos letten the Mune M in flg 1 


Measurements have been msde over the whole range up to and including 
saturated vapour of pure liquid though the scale does not permit of the 
mclnsion m the graph of the values for the h ghest pressures of methyl alcohol 
The curves in all cases show that a drop in mobility occurs with rue of vapour 
pressure In the case of negative ions there are two stnkmg features (1) the 
steep gradient at low concentration (2) the mcrease m tbu gradient as one 
proceeds up the alcohol senes from methyl alcohol to octyl alcohid For 
instance m amyl alcohol the curve is so steep that the vapour at one miUunetio 
pressure reduces the mobility of negative ions from 2 16 to 0 93 
The vapour pressure of octyl alcohol at room temperature u not known but 
from Ramsay and Young s relationship and other data for homologous sub 
stances it may be estimated to be of the coder of 0 3 mm Thu reduces the 
mobility of negatives from 2 16 to 1 60 
In the case of positive ions the imtial steep gradient u far less marked There 
is, however a general drop m mobility with rue of vapour pressure and the 
several alcohols follow the same sequence 
At the same time caution most be observed m using the positive results 
It u now w^ known that more than one type of pcuitave ion is possible in air 
and nn^ measurements have been made in vapours with ions f different ages 
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we cannot say definitely what waa being meeanied Fig. 3 shows a typical 
pair of peaks selected frMn many obtamed for positive and negative mns, this 



Fu, 3 — Tmou. Fasas 

O •> Negatir* Ions. x PositiT* Ions 

particulax one being for propyl alcohol of vapour pressnie 6 45 mm The spreads 
of the two onrves are comparable with one another, suggesting that the majority 
of the positive ions are of one kmd The hfe of these tons waa about 0 05 sec 
For methyl alcohol and also ethyl alcohol at low concentration the expen- 
mental pomts show irregular deviations from the smoothed graph This may 
be due to an occasional trace of water vapour creeping in inadvertently 
Fig 4 shows the results of ohlorofotm and carbon tetrachloride, the scale 
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those for alcohols, bat the two positive curves appear to have no ini^ drop 
and approximately coincide. 

For special reasons single measurements at saturation pressure in air have 
been taken for iso-amjl alcohol, propyl iodide, ootuie, decane, and for the 
mixed saturated pressures of amyl alcohol and water The significance of the 
results relative to those for the alcohols will be discussed later Table I is 
a summary of all the data obtained 

In passing it may be noted that at saturation the mobihties of negative ions 
for the first four alcohols only differ by a few per cent , although the preesuree 
range from 3 nuns, to 76'S nuns We are not able to state whether or not tins 
u more than a coincidence. 

2 Q 
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DttoMtum of BtiulU, 

The sudden drop m the mobility of negative ions in ui owing to small traces 
of alcohol and oUier organic vapours is difiBoolt to explain except on the 
snppontaon of a duster theory Loeb* has recently shown that curves of exactly 
the same type are obtained in hydrochloric aod-au mixtures, and hw attributed 
the effect to a labile duster of HCl mdecules (xmoentrated in the noghbourhood 
of the ion owing to the high dielectric constant of this gas. 

In discussing the results it u neoeassry to examine the relative importance 

* ‘ Ftoo. Net. Aesd. Sd ' (Wsehiagtoa) (Jamsiy, 106). 
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of the vMioue factors which determine the mobility of a cluster ion * As a 
prehmmary we may consider the natire and formation of a cluster If the 
wmdt required to separate to infinity a neutral molecule and an ion which are 
at a distance r from one another is W(r) then according to Boltxmann s theorem 
the probabihty that a neutral molecule shall be found lu an element of volumt 
at this diataace is [roportional to where I is the usual Boltzmann 

constant and T the temperature 

The degree of aggregation round the ion will depend on the afiimty between 
the ion and the neutral molecule and this in turn will depend upon the 
magmtude of (1) any permanent electric doublet that the molecule may possess 
(2) an induced electric doublet due to the relative displacement of its electronic 
and nuclear charges m the field of the ion Due to (1) the function W(r) falls 
off according to the inverse square law an 1 due to (2) accordmg to the m\ erso 
fourth power law L\ en when W is large for small values of r (say 2 or 3 A) 
it rapidly dimimshos at greater listances particularly if the molecules un Icr 
consideration have no jermsnent momwit Whether therefore we rcgarl 
the cluster as labile (as Loeb does) or not there does not appear to be any stroi g 
evidence fur supposing that it is cqmvalent statistically to a la) er more than on 
molecule thick For simplicity then ne shall assume the molecules to be held 
m one layer m virtual c( utact with the ion le in eqnihbnum under the 
joint action of their mutual repulsive and attractive forces 

We can now enumerate the factors deteruuniug the mobility of an ion In tl e 
simplest case these are at least four m number — 

(1) The density of the gas (p) In most of the substances examined this 

may be taken to be constant throughout at any rate at the lower 
concentrations 

(2) The distanoe between the centres of a molecule and a cluster at 
oollioion (c) For instance m T angevin s treatmentf this enters as a 
tenn proportional to l/o* 

(3) The mass of the ion (M) and molecule (m) Agam m Langevm a formula 

these enter as a term which for any folly formed cluster 

approximates to unity That this u probable is shown by several 
observations among the above resnlts For instance the negative 
curve for chloroform (mol wt 120) Ues whoUy above that for propyl 

* We wish to aokaowlsdae with thanks ths Mp wa have (aiasd thniagh a dlsonnion 
«( tUs ssotton with Dr teoiianlJisMs. 

t Vhr an analysis sf Langertasthwiy mUmi FUl Hag. vd 1 p. 139(1924) 

2 9 2 
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alcohol (mol wt 60), and above the gnater part of that for ethyl alcohol 
(mol wt 42) Secondly, sataiated propyl iodide (mol wt 163) gives 
a negative mobility 0 8 which u higher than 0 74 obtained for saturated 
propyl alcohol (mol wt 60) at Ao^the vapour pressure This argument 
is not conclusive because the other &ctors may be different, but it may 
clearly be said that the mass factor is not a dommating one 
(4) A term which for convenience we will call the clustermg coefficient 
“ C,” and which will depend upon the combmed magnitudes of the 
permanent and induced doublets in the molecule 
Following upon earher work by Debye, J J Thomson and Cans, C P Smyth* 
has calculated the electric moment of the permanent doublet for a large number 
of substances The numbers he obtamod for the substances dealt with m thia 
paper arc given m Table II 

Table II 



The values of the induoed moment m umt field have been calculated for 
oertam atoms and molecules by Bom and Hei8enb«g,t Fajans and Joos { 
For instance, the former give to HCl the value 2 ’6 X 10~“ The problem is 
a oompbeated one, but on certam assumptions we can deduce the relative 
orders of magmtude of the two moments Taking the case of the alcohols 
we will assume (1) that the permanent and inditoed moments are located m the 
OH group and approximately at the tame distance from the ion treated as a 
pmnt charge , (2) that the proportionality of induoed moment to the average 
field still holds in the mtense divergent field near the ton (this cannot be strictly 
true) , (S) that the induced moment m the OH group for iidiioh no data are 
available u not likely to be very different from that m HG Taking therefore 
the value 2 X 10"’* for the permanent moment and 2 6 X 10"** for the induced 
• aP.Smytlw'PhU 4S,p.849(lMS)i ‘JA-WtoL 46,11.2161 (lW4),s*o 

t 'Zelt.f.Phylik.*Tol 28, p. 388 (1624) 
t Phy*.’ voL 23, p. 1 (1924). 
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moment m umt field we find Umt the ratio of the force /, exerted upon an electron 
by the permanent douUet to that /< exerted by the induced doublet at a dietanoe 
of f A M given by/,//; = r*/6 

When r u of the order of a few Angetrdm umta the forooe are then of the 
eame order of magmtude 

One might argue that thu detailed treatment might be dupenaed with and 
that we might take the known valuee of dieleotno constant as a measure of the 
olustenng coefficient But apart from the fact that the dielectric constant 
data are only known for the weak fields of ordinary laboratory practice whereas 
we are oonsidenug intense fields it appears to us that the resultant moment 
may depend upon the sign of the ion dealt with 

If we consider the alcohol molecule to be of the cham type shown lor the 
highez BoUd members by X rays, its structure may be expected to be of the 


form— 


iii 


u 


c- 

A 


If we now regard the permanent doublet as arising from a positive charge 
on the hydrogen and a negative on the oxygen of the OH group this end of the 
molecule will be attracted and on the avenge will present itself to a negative 
ion The mduoed moment will act in thf same direction and the resultant 
force on the molocule will be due to the sum of the two The force however 
between a positive ion and a nmlarly onerUaled molecule will be due to the 
difference between them Some re onentation of the molecule will therefore 
take place with a resultant reduction in C for a positive ion Though 
this taken alone does not explam all the facts it may account for the smaller 
drop m mobihty of the positive ions which the curves show • 

Considering now these four factors (p o M and C) for the particular case of 
the several alcohol mixtures we see that we may take p as a constant and die 
mass tenn as umty The important factors are therefore a and C In general 
unless the ebster is fully formed of alcohol molecules a will depend upon C 

From Smyth s figures for the permanent moment and on general grounds 

* Sfnes tUa paper has been prepared a copy of the Journal d tbs Franklin Inatltute 
MarehflMO haa oome to hand, in whiohLoebdiaonaaea the effect edpennanant and indnoed 
dt peltt, andin partimiUradraiMMan intoraeting qodltaUva expUnation sf thedlflereiiae 
b atweeo poeiliTe and negative gaieoui mobUMee In tSme of the Ujdily divaegent ffeldi 
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ire should expect that C weold not vaty vety much in pasting bom a short 
chain, CH,OH, to a long chain, CHa(CH,)40H If then we regard C at 
approximately constant for the senes, we are left with o at the factor deter- 
mining the relative mobilities tbroogh the senes. Now, sinoe a will increate 
the mobility will therefore drop as the length of the chain moreases This » 
precisely what is observed m the case of the font lower aloofads The following 
table shows the mobilities m air containing alcohol vapours all at the same 
partial pressure, 2 nuns 


Aloohol Tspeor MoUBty 



The value for the negative ion m amyl alcohol, the last of the senes, at ita 
saturation value 2 mm , is approximately the same as that of butyl alcohol, but 
the general argument is not necessarily invahdated for the following reasons — 

(1) It 18 doubtfal how far the value irf the vapour preeaure of this aloohol 
obtiuned m the year 1882 can be regarded as aoourato, since at that time 
the technique of removing small amounts of impurity waa not fully 
developed 

(2) The value of each mobibty has not reached a limit of approximately 
constant slope We are not therefore justified m the assumption made 
above, that the cluster la entirely made up of alcohol molecnles In the 
case of octyl alcohol for instance, at the sstaration isessure (abont 
0 3 mm ), the point obtained le still on the very steep portion of the 
curve at a mobility of 1 GO. 

Clearly no quantitative treatmssit le peenble at this stage , but it is safe 
to aay that the early steep slope and ita subsequent falhng-ofi, and the relative 
shapee ot the carves as one aicende the senes, are in agreement with the view 
that, due to their greater total eleotnc moment, aloohol moleonke rapidly 
replace air molecules m the duster as the oonoentration of aloidiol inereaee* ; 
and that the relative efiecte of the eeveial members of the series depend mainly 
upon the rdative values of o lor the clutter so formed 

When we past from one snbstaiice to another which la ootm the same homo- 
logous soies the proUem n m<m conqihcated, aa wesball ui goieral ohuge both 
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C Mid o In oertaui c&aes, however qunktative recults mty be deduced For 
uutence, if we pass from a normal alcohol to a normal hydrocarbon by tiie 
subsbtutxm of a hydrogen atom for the OH group at the end of the oham we 
may expect a marked reduction in C Thus Smyth s figures give no 
permanent moment in hydrocarbons and there is reason to think that the 
induced moment is also small The experimental results shown in Table 1 
for octane and decane are in marked agreement with this view Thus 10 mm 
vapour pressure of the long chain molecules of octane only reduces the mobility 
(d the negative ions to 1 81 as compared with 0 8 for 10 ram of propyl alcohol 
with a molecule of roughly half the length Decane at saturation has still 
less effect (1 96) though the difference between the two hydrocarbons may be 
mainly due to the difference in their vapour pressures 

Again according to Smyth substituting iodine for the OH group in propyl 
alcohol should decrease the permanent electric moment 1 f this is an important 
part of C propyl iodide should have less eStet on mobility than propyl alcohol 
assuming the molecular (bmensions to be roughly the same for both This is 
again m accordance with expenment smee a pressure of 30 mms pressure of 
propyl iodide does not reduce the mobihty so much as 14 mms of the oorres 
{Kmding alcohol 

Ffrially an mteresting comparison may be made between chloroform (CHClj) 
and carbontetrachlonde ((Cl^) Smyths estimates of permanent moment 
are 1 26 and 0 48 respectively and other things equal we should therefore 
expect the latter to have less effect than the former on mobility In agreement 
with thia view fig 4 shows the negative curve for carbontetrachlonde lying 
wholly above that for chloroform in spite of the fact that carbootetarachlonde 
must have a somewhat bigger molecule The reason for the oouKodeoee of the 
two positive curves and the apparent abeeiice of any initial drop is however 
not clear but as mentioned above much more information is required about the 
positive ions before the results for them can be properly analysed 

UvetHrei of tw Vapoun 

While the foregoing is entirely consistent with the cluster theory we have 
lodiced tor some test which would he still more strongly in its favour In our 
qpimon this has been obtained m a senes of measnremeiito we have made in au 
oontauung (1) water only (2) amyl oloohiJ only , and (3) the vapours mixed 
Iteference to the previous data for these two vapours separatrfy shbws that 
2 mm pressure of amyl alcohol reduoce the moUb^ from 2 16 to 0 88, while 
14 nmie of water only reduces It to 1 60 Readings were taken first with a tray 
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of aloohol m the box, the ur being diy, and then vith a tray of water inserted as 
well Thu procedure was alternated sevend times The seta of readings for 
nr^lave lona are shown in fig 5 (A for aloohid, and B for alcohol and water), 



«0 200 100 
Frequency 

Fio S 


the zero for the ordinates being vaned for each pan for clearness The mean 
value of the peak frequency giyes the mobility in each case The curves show 
beyond doubt that the mobihty u greater m the mixed vapour than it is in the 
alcohol (done, the mean values being 0 90 and 1*14 respectively 
Now tins result is in entire agreement with the cluster theory The 
probalnhty of a molecule of amyl aloohol finding itself m virtual contact with the 
ion » a function of where W, is the work done in separating them to 
infimty The probabihty in the case of a water molecule u similarly 
From the data for electric moments given above we may assume that W« and 
W* are at least of the same order of magmtnde If, therefore, water vapour 
u introduced into the air-aloohol mixture, then for statistioal equilibnum 
some of tihe aloohol molecules will be replaced by water moleonies Since, 
however, the water molecules are smaller than the long chain aloohol molecules, 
the statulaotd effect is a reduction in the effective diameter of the cluster and 
consequently a rise m mobihty Thu u precisely what u Observed expen* 
mentally 
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/Summary 

Measuremeato of the mobility of lona have been made m au containing organic 
v^pouie over a range of ooncentralion extending up to uturation In every 
case a reduction in mobibty u produced by the addition of vapour though the 
amount depends upon the constitution of the vapour and the sign of the ion 
The gradient of the mobibty vapour pressure curve for the n^ative ion is m 
general steep at low oonoentratious but falls off later In the cose of the 
homologous senes of normal abphatic alcohols the steepness mcreases as one 
ascends the senes, the effect of the higher alcohols being very sinking Similar 
efleots have been observed for the positive icfo, but the initial drop in mobibty 
IS much less marked Experiments with ions of different ages are necessary 
however before the results with pomtive ions can be properly analysed The 
influence of chloroform and of carbontetraohlonde vapours has also been 
studied in detail and isolated observatioas made at saturation in propyl iodide 
and m the long cham hydrocarbons, octane and decane 
The factors entenng into the cluster theory of gaseous lomc structure are 
examined with special reference to these results It u suggested that the 
relative effects of the vanous vapours depend upon (1) a “ clusteniig coefficient ” 
determined by the oombmed effect of any permanent eleotno moment and an 
induced electric moment m the neutral molecule , (2) the " effective diameter ” 
of tie cluster Of the twelve vapours examined, every one gives results con 
sistent with this view In fact it seems impossible to eiplam the results without 
resource to some form of cluster theory This is confirmed by the fact that the 
effect of adding saturated water vapour to a saturated amyl aloohol-air mixture 
is to roue the mobihty Owmg to the replacement of some alcohol molecules 
by water molecules m the cluster this result follows as a natural consequence 
from the theory as formulated 

Our thanks are due to Mr 6 C Qniidley for assistance given at vanous 
stages of the investigation, and to the Colston Beseaich Society of the rniversity 
of Bristol for a grant in aid 
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On the Drag of an Aerofoil for Two-Dimensional Flow. 

By A Faob, a R C 8c , and L J Jones, of the Aerodynamics Department, 
National Physical Laboratory 

(CominuDicatod by H Lamb, F R 8 — Received Apnl 12, 1926 ) 
Introduaton 

(1) According to modem aerofoil theory, the drag of an aerofoil of finite 
span IB compounded of two parts, one a profile drag aaaociated with the shape 
and attitude of the aection, and the other an induced drag connected with the 
variation of lift along the span The magmtude of this induced drag can be 
determined when the forces acting on the aerofoil are known As the span 
increases, the profile drag per unit length approaches a limiting value, whereas 
the induced drag becomes relatively smaller, because of the more uniform 
distribution of lift, and would disappear completely if the span were infinite. 
The present paper* deals exclusively with the profile drag of an aerofoil of 
infinite span, or, m other words, the drag for two'diroensional fiow 
L W Bryant and D H WiUiamst have ahown from exploratuoni of velocity 
in the wake of an aerofoil mounted between the walls of a wind tunnel, that the 
flow around the central part of the aerofoil, at a sufficient distance from the 
walls, IS, for all practical purposes, two-dimensional In an Appendix to the 
above paper, Prof Q I Taylor shows that there is good reason to beheve, on 
theoretical grounds, that the drag of an aerofoil can be determined witii good 
accuracy from observation of total head losses m the wake, provided that these 
observations arc taken in a region where the velocity distuibancee ate relatively 
small, that is, at a sufficient distance behind the aerofoil The present investiga- 
tion has been undertaken to examme experimentally this method of measuring 
drag, and also to throw li^t, in a genend manner, on some charaotenstjcs of 
the wake The experiments were made on an aerofoil of O-S foot chord 
mounted in a 4-foot wind tunnel, with small clearances between die tips and 
the tnnnel walls (0 15 inches) Preliminary observations of total head showed 
that the wake was nmform along the spim, except in the neighbourhood of the 

* The work dewnibed Is thk paper wee osiiled ont in the Aerodynsisioe DepertsMst 
(4 the Natlensl Physloal Isborat^, and pemlidon to eommsnleato the remUs was 
Undly granted fay the Asrouattoal RcMarch OonuaHtoe. 

t “An Inrtetlastion «< the Row c4 Air amund an AerofoU <4 Infinite Spaa." 'Phil. 
Trans. Itoy Soo Sertea A, voL 226. 
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walli where it opened out appreciably To estabheh the fact that the drag 
could be determined from the total head losaes obeerratione for 0° incidence — 
were taken in the wake at eeveral eectiona chiefly near the aerofoil tips The 
drag of the entire aerofoil was then estimated from the integral along the span 
of the losses at each section This vaine of the drag was found to be in close 
agreement with that measured directly on a balance and it was concluded that 
the drag for two dimensional flow could be estimated with good accuracy from 
the measurements of the total head losses m the wake behind the median 
section 

Observations of the normal components of the pressure around the median 
section of the aerofoil have been made and it has been estimated that in the 
neighbourhood of muumum drag they account for about 80 per cent of the 
total drag For this particular aerofoil therefore the surface tractions 
contribute about 20 per cent of the total drag 
Included in the paper is a comparison between the drag for tn > dimensional 
flow predicts 1 by the Prandtl theory from force measurements on an aerofoil 
of rectangular plan form the ratio of span to chord being 6 1 and that 

estimated from the total head losses m the wake the agreement is close except 
at large incidences where the discrepancy is of the order of 10 per cent 
Fmally observations of pressure and velocity taken in the wake at some 
distance behind the aerofoil (0 68 chord) show that most of the total bead 
losses can be accounted for by a decrease of veiooity and that the prenuie does 
not difkr appreciably from that measured in the surrounding stream 

Drag ettxmatrd from the total head loatee »n (he wake 
(2) Prof Taylor* has shown from comoderationt of momentum that if D 
be the drag per unit span of an aerofoil in two-dunensional flow iJien 

D=-Jh J d* + pj(w«v + ^*-^*. 

where the integration is taken around a closed contour enolosuig the aerofoil 
and 

H = total head, 
p = density of fluid 

2 and m = the direction cosines of the normal to the element da of the 
contour 

u and V S components of the velocity relative to the undisturbed wind 
(The axis of x » in the direction of the undisturbed wind,) 

• hoc ea 
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At a tofficieat distance from the aerofoil, the second expression contains 
onljr second order terms of the small quantities u and r, so that D | H ds 

approximately, when the integration is taken along a line passing through 
the wake at right angles to the undisturbed wind direction 
(3) To test this theoretical expression for the drag, experiments were made 
with an aerofoil of a 0 5 foot chord mounted, with small clearances (0 16 inch), 
between the walls of a 4-(oot wind tunnel The shape of the aerofoil section 
18 ^own in fig I The speed of the undisturbed wind was 60 feet per second 



The observations of total head were made with a small instniment smtable 
for use in a two dimensional flow The head of this instrument was composed 
of three small tubes mounted in the same plane, with the side tubes at 60” 
to the central tube The total head was measured at the central tube, which 
was pointed mto the direction of the relative wmd by rotating the instrument 
until the pressures in the outside tubes were equal 
Explorations of total-head losses were made in the wake of the median 
section, at distances 0 68 and 1 53 chords behind the trailmg edge, and with 
the aerofoil at mcidences —8 06”, —4 06”, —0 06”, 3 96°, 7 96” and 14 96” 
These results are given in figs 2 and 3, where values of the total bead losses, 
expressed as absolute coefficients plotted against *, » e , the 

normal distance measured, m chords, from a line drawn through the trailing 
edge parallel to the undisturbed wind direction, The positive direction of z is 
measured sway from the under-surface of the aerofoil 
The curves of figs 2 and 3 need little explanation , they show that the wake 
has a mimmum extent m the neighbourhood of minimum drag (about 0”), and 
that It opens out with the passage downstream Values of the mtegral of the 
total-head losses m the wake, t e — H)dz, estimated from the areas 

of these curves are given in Table I 
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The two eenes of values of i|(Ho — H) ifc are seen to be in fairly satis- 
factory agreoraent , also, the small differences do not appear to follow any 
aystematu variation with incidence, the value at 0 68 chord being sometimus 
greater and sometimes less than that at 1 63 chords The results indicate, 
therefore, that the flow at theee two distances behind the aerofoil is com- 
paratively steady 

(4) It IS now necessary to see whether the average values of |(Ho — H) dt, 

where s is measured in chords, give with satisfactory accuracy, the drag co- 
efficients, it),* for two-dimensional flow For this purpose, an exploration of 
total-head loeses along the entire span of the aerofoil has been made, and the 
drag estimated from these observations compared with that measured directly 
on a balance In these expenmenia, the aerofoil was mounted horuontally 
in the centre of the wind tunnel at an uundence of 0 14°, with clearances at the 
walls of about 0 025 chord The explorataona of total-head losses were made 
in planes parallel to the tunnel wall, at distances from the aerofoil tip (y,), 
measured in chords of 0 10, 0'30, 0 46, 0 96 and 4 0 (median seotiou) 

Preliminary measurements behmd an aerofoil tap showed that the wake 
was modified by the influence of the wall, and in such a manner that the losses 
of total-head increased continuously with the distance downstream. It was 
therefore necessary to take the observations m this region dose to the aerofoil, 
and to estimate the losses from the difference between readings taken near the 
leading and trailing edges These results, althoogh uncertain, ate oonudeted 
to be soffieiottly accurate for the present purpose. 

* Tbs aD»<Hmsnslonsl ooelBoient bo b obtslnsd by divldliig tbs drag per lutt leogUi 
by tbs pcodoot of tbs dsority, tbs oboid sod tbs e^usie of tbs wind apsei). 
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Th« obMTvations of the totol-head lowe* are gtren m tig 4 These curves 
show that the wake opens out conMderabljr towards the tip Values of 



Flos 4 and S — Total Head Losaca Id the Wake oi AerotoU Tip 


^|(Ho— estimated from the areas of the diagrams in fig 4, are 
plotted m fig 5 The curve down through these pomts shows that the v alue 
of — H) (fa 18 practically uniform from the centre part of the span 

(0 0132 approxunately) to about 0 8 chord from the tip , and then moreasee, 
at first slowly and afterwards very rapidly, towards the tip The average 
value of ^ I (Ho —H) (fa for the entire aerofoil was found to bo 0 0192 

(6) The direct measurements of drag, fot mcidences ranging from —7° to 
13”, were made in the usual manner, with the aerofoil suppwted honsontally 
on wires These results have been plotted in fig 0, and a dotted hue drawn 
through the pomts Inoluded m the same figure u a line drawn through the 
values of |(Ho — H)(fc, measured at the median section A oompanson 

between these two curves shows that the magmtude of the tip effect mcreases 
with inoidence, and so with hft At an incidence of 0 14”, the measured ifrag 
ooeffiment is seen to be 0 0186, a value which is m dose agreement with diat 
estimated from the integral along the span of the total-head losses m the wake 
(0 0192). 



598 


A, Fage and L. J. Jonee. 


(6) The conolueiOBs to be drawn from the experimeuU of aeotuma 4 and 5 
are, therefore, that the flow over the central part of the aerofoil it oloedj two* 



(limennonal, and also that the value of the drag coefficient, can be eeti- 
mated with good accoraoj from the int^al of total-head loeeee in the wake, 
given by j|Ho - H) dz, where x u measured in terms of the chord. 

It will be noticed that attention haa been oonflned, in the above expeiunents, 
to two-dimensional flow below the cntical angle, t e , the inoidenoe where the 
hft coefficient haa a maximum value The reas<m for this limitation m the 
scope of the investigation is that the present method of measurement of total- 
head losses would be unsuitable for the flow m the neighbourhood of, and 
ibove, the cntical angle 


Drag due to the normal eomponenU of pretture, 

(7) Sinoe tiie reeultaut pressure at any pomt on an aerofcnl in a viaoouB fluid, 
such as air, does not act normal to the surface, xre may ngfod the drag as 
compounded of two parte, one due to the normal components of preasuie and 
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the otht r to the atufocc tracboue To determine the magnitudes of those two 
parts, expenmonts have been made to measure the normal components of 
pressure around the me<lian section of the aerofoil The contribution of these 
pressures towards the drag was then deternunod from an integration taken 
around the contour of the aerofoil set I ion The reniflindcr of the drag is the 
part due to surfaee tractions 

In these experiments, the aerofoil was mounted MTtirally on a turntable 
fixed to the floor of the tunnel, and to allow a close estimate of the drag, a large 
number of pressure ohserxationa were taken To obtain accuracy of shape and 
to perirut a large iiuiubt.r of holes at the iioae, the central part of the aerofoil 
-span about 8 inchts was tut from coat alumiuium The remainder of the 
aerofoil was shapeil from wihmI Close spacing of the holes at the nose was 
arranged by staggering them m three parallel rows, the two outer rows being 
ilisplacoil about 0 02 thord from the median section The holes in each row 
were spaced about 0 024 (hold apart, so that the observations at the nose 
were taken at distances around the section of about 0 008 chord The holes 
at the nose, 24 in number, were drilled through the solid alumimum and con- 
nected with an imitr passage niniung parallel to the span, and whin the 
pressure was not being measured they were plugged with plasticine The 
remainder of the holes were bored m a separate tube let in flush with the surfate 
and H ere covered with thin paper discs glued to the surface The total number 
of obson ations taken around the section was 39, of which 20 were on the upper 
surface The normal component of pressure was measured on a 26-inch 
rhattoek Tiltmg Gauge, against the pressure of the undisturtaxl wind The 
observations were taken at a wind speed of (M) feet per second at incidences 
ranging in steps of 2° from —8 0ft’ to 19 96° 

(8) The values of the drag coeflficient, ii>, were estimated m the standard 
manner from the pressure observations At the outset, the coeflfieients of the 
forces parallel to and normal to the thord. A, and k„ were determmod from the 
areas of the diagrams obtained when the pressure (Xjofficients were plotted on 
bases representing the maximum thickness and the chord respectively The 
values of Ad were then determmed from the algebraic sum of the components 
of A-, and A, in the undisturbed wind direction, » e , from {k, sm « — A, cos «), 
where « is the angle of mndence It was found that was often small com- 
pared with cither A, sm « or A, cos a The values of Ad are therefore more 
uncertain than those of either A, or l„ although, fortunately, only slightly 
so in the neighbourhood of minimum drag The number of pressure observa- 
bons taken around the seidium was found to be sufficient to define fairly cleariy 
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the »hap« of the pressure diagrams, and it is considered that any uncertainty 
due to this cause docs not exceed 2 pet cent If this be the case, the uncertainty 
m the values of ij, will not exceed 6 per cent , at incitlences below 4° At higher 
incidences the uncertamty will probably be greater and may bo as high as 
10 or 15 per cent in the neighbourhood of the critical angle The value of ko 
estimated from the pressure observations, and also from the total-head losses, 
are plotted in fig 6, and curves are drawn evenly through each set of points 
It 18 seen that in the region of minimum drag the normal components of pressure 
nr count for about 80 per ci nt of the drag 


Dnig line to Surface Tractions 

(9) Except near the stall, where both sets of expenmental observations arc 
uncertain, thire is a marly lonstant difference between the full lines of fig 0 
This difference representH the drag coefficient due to surface tractions and 
has an average value of 0 0030 m the ncighboiuhood of minimum drag 
iSurfaci tractions contnbute, therefore, about 20 per cent of the minimum 
drag 

It follows, smee the penmeter of the aerofoil section can be taken, with 
sufficient accuracy, as equal to twice the chord, that the average intensity, per 
unit area, of the drag components of the surface tractions is equal to 0 001 Spt* 
It 18 of mtercst to compare this value with that for a flat plate, at rero incidence, 
in a uniform wind The comparison is, of course, not valid on physical grounds, 
because owing i hiefly to the curvature and largo velocity gradient at the nose, 
the conditions of flow are different A sounder companson, but one not possible 
with the present method of measurement, would be between the value for ii flat 
plate and the average intensity, per nmt area, of the surface tractions on the 
aerofoil, instead of the drag componente of these forces For the purpose of 
companson, the value of the surface fnction measured by Dr T. E Stanton* 
and Miss D Marshall on a long flat plate of width 0 6 feet and length 16 feet 
will be taken These experiments show that when account is taken of the 
lateral disturbed motion along the edge of the plate, the intensity of surface 
fnction IB consUnt along the plate and equal to 0 00188 pv* at a wind speed 
of 30 feet per second The average mtensity of the drag component* 
of the surface tractions on this aerofoil la therefore of the same order of 
magnitude as that of the surface fnction on a flat plate (actually 20 per 
cent lew) 


“ On ths Efleot of liength on the Skin Ftiodon of Mat Surfao**.’’ ‘ Trans. I N A.’ 
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Predwtton on the PranM Theory 

(10) In an carbor paper,* which contains an account of experiments made on 
an aerofoil of identical section, it is shown that the drag for two-dimensional 
flow predictwl on the Prandtl theory from pressure measurements at the 
median section of a rMtangular aerofoil having a finite span is m close agree- 
ment with that measureil at the median section of an aerofoil mounted between 
the ivalls of a 7 foot uind tunnel A similar comparison will non be made 
for force measurements on the aerofoil The lift and drag ooefficients measured 
on the rectangular aerofoil (span - fl chords) have been taken from the earlier 
paper and arc given m Tnbb II beloa f’orreitions (0 43Ki,)“ on luci 
denco and 0 ()084Ki," on drag - have to be applied to these values, to allow for 
the interference of the tunnel walls The i haractcnstica for two-dimensioual 
flow are then dedwid from these corrected observations by subtraitmg 


Table H 



HeotaiiKU 

Ar A^^rofoil 

Drag CoaA< lent. 

D, 


Span 

6 thuriU 

tort 

<ro dimensional 

low 


Lilt 







( ucnif lent 

Experimental 

Prandtl 

Theory 

Ratio 


(1 040 

0 0374 1 

0 0542 

0 0348 

1 02 

- 3 

0 153 

<1 0246 

0 0185 

0 0181 

0 08 


0 268 

0 0225 1 

0 0137 

0 0132 

0 06 

3 

0 382 I 

0 0284 1 

0 0135 

0 0130 

0 M 

8 

0 4»4 

0 0382 1 

0 0153 

0 0160 

1 08 

g 

0 693 ' 

0 0508 

0 0189 

0 0208 

1 07 

12 

0 682 1 

0 IMMIH 1 

0 0252 

0 0283 

1 12 


(7 "33 Kj,)” from the Incidence and 0 1 12 Kj.* from the drag f These pre- 
dicted values of Ijy are given in Table II The values in the adjacent column 
headed “ Experimental " are those estimated from the total-head losses and 
have been taken from the appropriate curve of fig 6 The agreement between 
the two senes of values is close, except at high inradenoes, where the accuracy 
of measurement, in both coses, is somewhat uncertam It appears them 

* “ The FredioUon on the Pnndtl Theori of the Uft aad Drag lot lafintte Span from 
latMuremeiiU on AercfelU of Unite Span” Bv A. Phge and H L. Nixon. ‘RftH, 
No SOS, AoroneuUosl lUeenroh Committee ’ 
t Approsimste values For full details of this ealooUthm, au ' R AM., 903, loc. rtl 

2 R 2 
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that except near the critical angle the prediction on the Prandtl theory of 
the drag for two-dimonnonal flow la quite reliable Although the present 
paper u only concerned with drag it la of Interest to mention that the lift for 
two dimensional flow can also be estimated with fairly satisfactory accuracy 
from force meagureraents on a rectangular aerofoil of fimte span * 

The Velocity and Presi m Diayratne 

(II) Some intereBtuig features of the wake are illustrated m tig 7 where 
( iirves of velocity and of j ressurc are given for the section 0 68 chord behind 



> 10 7 — \ elooitj sod Pressure ui the Seettea of the Wake 0 68 Chord behind Trailing Edge 
the trailing edge The values of the pressure were not measured directly but 
have been estimated from the measurements of total head and of velocity 
The diagrams of velocity resemble m shape those of total head and indicate a 
pronounced drop of velocity at the centre of the wake The m inimum v eloaty 
does not change appreciably as the incidence increases from —8” to +8° and 
has an average value of about 80 per cent of the undisturbed velocity The 
pressure diagrams show that there is no systemaUo variation of pressure across 
the wake and also that the average value does not differ appreciably from that 
in the surrounding stream It would appear therefore that at this distance 
behind the aerofoil nearly all the total head losses arise from the slowing u{v 
of the woke 


Of R andM «03 
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The sketchee given m iig 8 show for the iilctdencen —8“ *nd +8° the opening 
out of the wake as it flows downstream It was estimated from a few tentative 
observations taken just forward of the trailing edge that at H 8® incidence 
nearly all the total bead losws m the waki were assodated with tht flow over 



-OOI 

Pig urga orv Contour lit\g« gi ve values of (H ~l'\} 


0t»8* 
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the upper surface At 8 iiKulcnce the reverse was the case and the losses 
in the stream coming off the upper surface were only a very small fraction 
of the total 

(12) In conclusion the writers wish to acknowledge Ihcit indebtedness to 
Dr H Lamb FBS for valuable suggistions made in regard to the arrange 
raent of the paper 
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The Lota qf Enerffy tn Metal PUUea of Finite Thickneit, due to 
Eddy Ouri'ents Produced hy AUtuncUmg Magnetic Fields 
By Prof E W Mabchant, D Sc , and J L MillicR, B Kng 
(rommunicated by Sir K Rntherfonl,— Roomvnd April 20, 1926 ) 
IntroduHion 

The induction of eddy currents in metal plates which are subjected to alter 
Mating magnetic fields has been disi ussed by Clerk-Maiwell,* J J Thomsont 
and many others When an alternating magnetic field is produced normal to 
the surface of a metal plate, eddy currents are induced at the surface of the plate, 
which gradually penetrate its interior, the < iirrent dying away as it penetrates 
more deeply into the metal 

The diffusion of the currents into the plate depends upon the self-mductiuii 
and resistance of the paths along which they flow, and can be calculated by the 
same kind of formula os la used for determining the conduction of heat through 
a metal slab 

When examining the energy loss due to eddy currents m metal plates of 
varying thicknesses, it was noticed that the total loss of energy due to these 
currents was, m some cases greater in thin plates than it was m thicker plates 

In onler to observe whether the phenomenon was affected by varying flux 
distribution across the plate, cods of different shape were constructed, giving 
magnetic fields of different form A somewhat similar phenomenon has been 
observed by J J Thomsont with high-frequency currents He showed that if a 
high-frequency current was passed round two coils and the strength of the 
current olMervcd by the glow produced in an electrodelesa bulb placed inside 
one of them, that a core of solid copper placed in the other did not appreciably 
reduce the glow in the bulb, whereas a piece of glass tubing of the same sise 
coated with Dutch metal or with a film of silver deposited on it checked the 
discharge considerably He has shown that thoto is a certain thickness for 
which the beat produced is a maximum 

Appwratua Used 

In these experiments the eneigy loss in the metal plate was measured by 
determining the increase in effective resistance of an mductive cud (called the 
* • Eleotrioity uni Mognetliin,' vol 2, p 306 
t ‘ Recent Reeearchee is Rleotiicity and Magnetism,' p )23 
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explonug coil) whin brought near to the plate The arrangement of the cin int 
used IB shown m fig 1 The proportional arm* CB, CA of the Wheatstone 



Bridgi neri mm induitiM. n-snitancie of Luiekn wiri and 1 hi thinl arm 
coil DA was a cod i xnitly similar to the exploring coil Bl) both ui rcMstancc 
and inductance Both ooiU win madt of constant wsistanci Hunka who 
wound on wooden bobbins 

The brulgt was supplied with u iistaiit friqutiity jd cycle alkinatmg i urrenl 
at constant voltage by ini ans of a four pole alternator i onncitod across ( D 

A galvanonieti r is cmiiiectul bitwein A and B the connection between it 
and the bridge living maib through a t wo part commutator dn\ en synt hnmmisl) 
by an extcimicm of tin shaft of thi •vltcrnator 

The commutator coiwistcil of two wmi-circnlar copper discs mounted on in 
cboniti cylinder whu h was fixcsl to tht alternator shaft The brushi s wi it if 
the roller type and were made of thin flexible copper discs The use of this 
commutator and brush gear greatly rcduceil thermo dec tnc effects and contact 
resistance vanatioiis 

By rocking the brush gear nnind the lummutator a position can be found 
when the rcctihed cunciit is in phase with the impreascsl voltage when in thm 
position and with 111 arly ( ipial Ti sistanecs III all the bridge arms itcanbi shown 
that the gtilvanometi r current is given by 

Ht,gR 

'' It, (R, t «,)- 

where 

B 19 the pressiiri apphi d to the bridge in \olt» 
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B, IS the resistance of each of the proportional (non inductive) arms of the 
bridge 

Bj IS the resistance of the exploring coil and is equal to Rj 
R, 18 the resistance of the galvanometer circuit 
8R IS the change in effective resistance of the exploring coil 
^^lth the bnishea in this position thtri is no appreciable galvanonieter 
deflection if the iiiduotaiict of one of the bridge arras is altered 
To determmi the change in effeitive resistance R of the ixpluruig coil 
corresponding with the curreut flowing through the galvanometer exjien 
mentally a resistance of known magnitude was msertid m senes with thi 
exploring coil This resistance eould be switched out of cireiiit by short 
eircuiting it with a metal strap across two mercury oonUets The current 
flowing through the gahanometcr when the resistanci was inserted agreed 
within limits of expcnraental eiror with that determined by the formula given 
above 

brpenmental Rmiku 

A large number of ex[H rimi ntal results have been obtained with elifli rent 
foils some of wlmh are shown in Table I Curves showing the change in 

fable I 



thicknesses art shown in fig 2 

It will bo noticed that there is maximum resistance change when the copjiet 
plate IS 0 6 cm thick 

A similar curve is given for aino plates, but the raaximiun is not so marked 
and ocouis with a plate about 1 cm thick 
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•witli a copper plate 0 5 cm thick ami with a rmc plate about 1 cm thick 
the curves cross showing that with plates of about 1 cm thickness the energy 
loss with the lower conductivity plates is greater than with plates of greater 
conductivity Particulars of the cods used m these expenmei ts ere given in 
Table II 



E W Merchant and J L Miller 


Table II 

I Vr«n Nainbfruf I KrsIstMin' Induoteuve 
I Uiunttpr I l■\cn j ohms | in 10 ' bmrjr 



rht thape r f the flux turves for toils 4. and B art given m fig 4 The curve 
for coil B has ht en plotted by moans of a new integral found by Prof Proudman * 
which gives th( i slue of the field at an} |M>int 



Kio 4 Maitmtic i^eld lu lo (oil R ollaitMsIfnni j AJ,(X)e 


These nsults wtre verified by means of an estimation of thi. shape of the 
flux curve made from fig 18 \ol 2, m Clerk Maxwell s Jilectntity and 
Magnetum ’ for the held duo to a single turn A similar i urvo is shown for 
( oil A and it will bo soon that these curves correspond roughly with the Bessel 
funotioii (hstnbiition assumed m the theory 


'*re Appindia p 014 
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Matrkmatioal Thbory 
(trttenU hquUtoM 

Using oyhn Incal polar CO ordinates r 0 z, let the oorrespouding tonipooeniH 
of electnc and magnetu forro biXY/anlaPy respectively Then the 
fundamental ele tr< magnetic equations for the metal are 



while (or the air 4 t <i is to be replaced by K3 3< In these equations a is the 
specific resistance f thi metal K the speiihc inluctive capacity of the air 
p the magnetic p> rnieability and t is the time 
Suppose that the fnld is symraetrKsI about the — axis so that 3/90 =• 0 
and also that the magnetic force lies in planes through the z axis so that 
P = 0 Complex periodic vectors will be used in which the time only enters 
through the fa< tor c**' an 1 only the real jiarta ire to bo interprete 1 Then 
for the metal equation (1) gives 

X 0 1 


7^ F k ^ f 

/ 0 I J 

while for the air 4 tc/<j is to be rp[ la< 1 by <uK Fliminating y x from (2) 
the following is obtainc 1 — 

'S- 

a iolution of whK h is 

Y = JoMa-‘{As T- Be*-' «+*■<-'•} (4) 

for all values of the constants * A B Tg ( ) denoting the Bessel s function 
of zno order 

The oorrespomUng expression for the air is 

y - To («) e^ {Ae + Bs*^ « } (6) 
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Now for such vslues of z and « as wo aro to consider r«v'(K|i) may be 
neglected so that wave efieots m the air need not be considered 

Undisturbed Fteld D te to the L ml 

Suppose that there is a single turn of wire in the ft rm of a circle of radius a in 
the plane * — 0 ind carrying a current us*"* Then on the axis of the coil • 
wh te r - 0 



lit It* [ * (7) 

for > U where Jj denotes the Bessel s f incti n t f the first order ft than 
follows from C^) that both n and off the axis 

( J^snJj ((to) a " lo (*r) due (8) 

F r a 1 articular value of x the most important value of * is that which makes 
(*a) e~" a maximum Now this occurs when 

JsM iji(an) (9) 

and it will b« seen that for small values of t the most inipc rtant value of s is 
iboiit 2 4/n while for r — « th( most important value of k is about 1 i(a 
In the following one particular value of k will bf used tbi ugh integral 
formiil* for general results can bt deduced immediately 

i leld as IMsturbed by Platre 

Suppose the plant ( f the coil is given by s - rf and that in the abnenoe 
of the plate the field woiil I 1m gi\ tn by 

Y - IIs-' -J (nr) (10) 

for * > — d H being a constant 

Let the faces of the plati be given by Z (> 7 ^ h and the disturbed field 
by 

7 ( 11 ) 

for rf < r 0 

y= To('fr)t*"' {A* •••'irra ^ At”’'****} ( 12 ) 

♦ See Apiiendix 
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fOTO<*<A, 

where k (13) 

- Jo(«r)e-C.-' (14) 

lor 2 > A H' A A L being constants 
At both faces of the plate, y and &y/Sr must be continuous so that 

H H A + A 

H 11 _ v/(l T iA)(A A) 

V/(1 + *i) {Ae At**^' •*'} _ Ca •* 

and from thuM. the following is dcducc<l 

-lA ainh sAVd + xk) , 

(3 + »<) smh Kh v'(l +ik) 1-3 V(l -1- »*) cosh -tA ^(l -f ik) ^ ' 




In the plant of the coil the ofioct of the plate is to multiply the magnetic flux 
by 

. H , 


Effictne RestsUmce 

Let the resistance and self inductance of the coil be K and L respectively 
so that the current w corresponding to an e m ( is given by 

(R-t-iwLln-E*'-* (19) 


in the absence of the plate 
must be replaced by 


To allow for the presence of the plate the equation 
.<u(l >--)L)«-Ea“‘ (30) 


if 


{(R-f B)-|-.<o(L f L)}« = Ean.' (31) 


W ^ 

H L »«L 


(32) 


where R' and V are real R' and L are the changes in the effective resutance 
and seU-inductAnce of the coil. 
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Now Uke 

(X + »v)-2V(H- lit) 

where X, v are real, so that 

JX* - v^{l + /*) + 1, Jv* = V(‘ f it®) - 1 
From (17) and (22) it can be shown that 

^ ^ {2 cosh XifA -h X <«nh X«A — 2 cos wh + v sm tich) (23) 

where 

D ^ X*(l 4 iX-) cosh Kick + X* sinh X«A 

(- v*(l - Jv-) cos vfh - V* Bin vrA (24) 
It will be seen that (21) is a funetion of k and xh only 

Thick Plates 

On taking sh large, the pnniipal part of (23) is 



which IS a function of k only 

For small values of k the function (25) takes the form of ik, while for large 
values of k it becomes 

VW ( 2 «) 

The function (X ~ 2) /A reaches a maximum value of 0 3 when X — 4 110, 
and thw fact elucidates the difference between figs 2 and 3 

Vanalumi with Thseknets of Plats 
Taking first the limiting case when it 0, from (23) it follows 

and R' steadily increases with sh towards its limiting value. Taking next the 
limiting case when A -> <» , from (23) 


except when xh \/(2A) is very small, whoi (27) must be replaced by 

!“+m’ 


51 s»s = /| 2\ sinh ah -r am icA 

Lcj* * cosh *A VW — cos *A VS 


( 27 ) 
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This reaches a maximum value of 0 707 when W* y/ ijk Thus it will be 
noticed that the change in effective reaistance for plates of increasing thickness 
rapidly reaches a maximum and then decreases towards the limiting iidue 
for thick plates Also wt see that the ratio of the maximum B' to the 
limiting R is i V/ 

( mnpanmn mth EspenmeiUa 

Inthopxpenments (1. — 10 “henrvtni Forcoppero 1 0 10 ‘ohmera 

»d_10(>rs<H so that 

iBii' _ > 5 cm ’ 

Assuming that o for zinc is four tunes that for copper it mav be seen from 
(Id) that for each k A for zme will be a quarter that for copper 

From (25) the two values of k are found which gi\e the ratio of loliuiin 5 
of Table 1 and these are gnen in Table III The remaining tolimins of Table 
III are based on the equations (13) and (26) 


Table Iff 



It will be seen that the efiective values e>f k obtained are of the order of those 
mdicated by equation (9), abw that an increase in the distance o{ the coil from 
the plate reduces the value of « as the theory indicates 
It IS easy to see however that the calculated valuea of R /Lio will be too 
large For on account of the factor c ^ in the formula for this quantity 
the ra^ of important values of « m L will be greater than that in R , but 
the use of an effective a may be expected to agree with expenments as regards 
ratios of effects 

The mathematical theory given has been worked out by Prof Proudman, 
F R S , to whom the authors are \ery greatly indebted for bis interest m the 
expenments 
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Appendix 


Cakulalxon of the Flux Curve due to the Singte-layer Coil 
The magnetic field due to a single turn, carrying a current t, at any point 
along ita axis is given by 


- 3!E“’ = 

- - 


where t is the C G S current through the coil 



Now 

hence 

and 

It IS shown 


If 




(«* I- 


e-**KoJ»'(rt)* 

p 610 that the value of y at any point (r *) 
-= — 2«i |* leoJ,' (»a) t~"Je («r) fit 

— nail (<co)e'“Jo (*r) dr 


«a = X 

Y - ^ Wt 


To get the shape of the flux curve due to a single turn at a given distance 
It 18 necessary to evaluate 

£xJ,(X)a''Jo(j)</X , 

for several values of r 

To find the flux curve for a flat coll of 10 turns, the flux curve for four turns, 
the innermost, the third, the sixth and the outer turn was calculated, and 
by summing these curves, an approximate field form waa determined 8eo 

fifl 4(B). 
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On the Nature of Atmospherics — II. 

By E V Appleton, M \ , D So , R A Watsok Watt, B So , F In*t P , and 
J F llEEi., \ M I R E 

(Communicated b> Sir Henry Jackiion, F K S —Received Apul 23, 1926 ) 
(I’ulilwhwl by pctmimion at the Radio Reaoarch Board ) 

I -IiUroducltoH 

In a previoua paper* we gave a preliminary account of an experimental 
method of determining the mtenaity and duration of those naturally ucLurring 
electric waves known as atmoaphenis The methml consisted m examining, 
by means of a sensitive lathode ray oscillograph, the potential variations 
developwi across n condenser or resistance included in a dami>ed antenna, 
the time constant of whuh was small compared with the duration of the 
atmosphenc pulse A summary of the chief charactenetics of the hrst six 
hundred atmospheru s investigated by this method was also given, but, as the 
work was ob\ imisly of a prchniinary iiat ure, the detailed discussion of the results 
was not considered prohtable at such an larly stage and was accordingly post- 
poned Since that time the observations have been systematically lontinuod, 
and many alterations and improvements have been made in the experimental 
apparatus which tend to make the oscillographic trace a still more faithful 
representation of the electm held changes In particular, the development 
and use of n new form of oscillogroph time base, which la both linear and uni- 
directional, has eliminated the distortion and ambiguity as to time-sense which 
was assoiiated with the use of the simple harmomc time base of the earlier 
experuncuts Also, as the apparatus for the delmoation of atmospheric wave- 
forms 18 now more or less in its final form, and as the circuit ultimately developed 
is somewhat complicated, a senes of station testa has been devised which enable 
the observer rapidly to ascertain at any moment if the aerial and internal 
insulation is satisfactory and the required quality of amplification is being 
mamtameil 

The oscillographic observations have been supplemented by simultaneous 
and independent determinations of the measurable senu-permanent changes 
of the earth’s electnc field which have been found to be associated with a small 
percentage of atmospherics It may be noted that the possibility of such net 
*'Boy Soo rroo.,’A,v<d lOS^p. 8i(lM3). 
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changes of field was purposely excluded from our first account of the 
method * 

The nature of the alterations and the supplementary observations mentioned 
above may perhaps best be understood when the problem is viewed from a stand- 
point diflenng slightly from that adopted m the first paper Following the 
procedure of wireless telegraphy we there regarded the action of an atmospheru 
on an antenna as the introduction of a transient electromotive force m the 
system, the imtial and final values of the electromotive force being zero Such 
a simple assumption is undoubtedly valid for a great majonty of atmospherics 
m Great Bntam during the winter months We may, however, more generally 
regard an atmosphenc as a rapid alteration of the earth’s electno field, the final 
value of the field not noeesaanly being the same as the imtial value This 
enables us to include the small but interesting rlassf of atmospherics mentioned 
above, the consideration of which was excluded from the earlier communication 
8urh a method of viewing the problem is physically more transparent than is 
the usual procedure of wireless telegraphy, and leads more directly to a proper 
realization of the possibibties and Imutations of the methods use<l 

IT of User/ 

Let us consider the effect of a rapid variation of the earth’s eleetnc field on 
an exposed conductor, of concentrated capacity Co, which is situated at a height 
A and earth-connected through a resistance R (see fig 1 ) 



Fio 1 Fro t 


* hoc. eit, p 88, tootoole. 

t The origtoal obtoraticau were made in the winter montbi d 1922-S During the 
•umitM* aontiw of 18S3 and 10S4 the inoreaeed freqnenoy of looat thandentorms hoe made 
this olam ooiretpondJngly more important, and partioular attention has been pcid to it 
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Let us suppose that the system is non-oscillatory, and that the time constant 
C«B » made so small that the charge on the exposed conductor follows, without 
appreciable lag, the eleotnc field vanation, in which case the potential of the 
conductor does not depart sensibly from its normal sero value Let the 
potential V at height h be hf{t) where t is the time and /(<) the electric field, and 
let the charge on the exposed conductor at any instant be Q We then have 

^ + V = g + A/W=0 (1) 

Jfiirther, the potential i» de\ eloped across the ends of tlie resistance R is 
given by 

_ R ^ _ RC, ^ hBCof' (0 (2) 

As it 18 possible to examine the transient potential changes across R by means 
of a cathode-ray oscillograph, us previously described, it is thus possible to 
investigate the rate of change of the earth’s electric field It may further be 
noticed that this method is equally valid for atmospherics of local and of distant 
origin For atmospherics of distant origin the imtial and final values of V are 
sensibly the same so that the resultant quantity of electricity passing through R 
is zero On the other hand, if the atmospheno is duo to a near bghtnmg flash 
there will be a measurable nett transport of electricity up or down the earth 
connection dependiog on the sign of the resultant change of field When the 
potential changes across the resistance R are examined, using the umform 
tune base to be described, the oscillographic trace gives us a record of the rate 

of change of the potential gradient e i as a function of the timet It is 

obvious, from w hat has been said immediately above, that for atmosphencs of 
distant origin the area* bounded by the trace will be zero, while for atmospherics 
due to near lightning flashes the area of the curve will not be zero, and will give 
os information regarding the sign and niogmtude of the resultant transport of 
electricity through the resistance R and therefore of the net change of the earth s 
field. 

Since the changes of the earth’s field to be studied are relatively small, it is 
necessary to use an exposed conductor of large dimenaions which it is iraposeible 
to insulate perfectly The ideal conductor for this purpose would be a large 
aphere or sphencal cage raised by a shielded lead to a great height, but as the 

* Allowing for the difference in sign between the areM above and beW the axis of (. 
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large capacity neceuary for the detection of small Held changes demands a 
radius of prohibitive sire, a large acnal with a long horizontal portion has been 
used instead The capacity of the acnal aas 2 77 X 10~* farads, being thus 
equivalent to that of a sphere of over 23 metres radius The effective height 
of the aenal was 16 metres • When a resistance R of 2,000 ohms was used a 
deflection of 1 mm on the screen of the oscillograph, used without ampbfier, 
corresponded to a rate of change of field of about 10* volts per metre per second 
^Vhen the linear voltage amplifier was used this sensitivity was ini reused 18 
times with one stage of amphfication, and 300 times with two stages 

If the potentials developed across a condenser inserted in the aenal (see 
fig 2) are examined, the resistance R being large enough to keep the circuit non- 
oacillatory, it is possible to investigate directly the variation of the field itself 
instead of the rate of chauge But a certain amount of caution is necesssary 
in interpreting the results for cases in which the initial and final values of the 
field are not the same 

The matter is complicated by the fact that the aenal insulation cannot be 
made perfect and that for the correct operation of the tnode ampbfier the 
resistance between pomts a and b (which are connected respectively to the gnd 
and filament of the input tnodo of the amplifier) must not be too large The 
effect of imperfect insulation between the aenal and earth and between the 
plates of the condenser C is represented diagrammatically by the high resistance 
p in fig 2 

Let us ponsidcr the effect on this system of a rapid change of the earth’s 
electno held Before the change the exposed conductor retains a bound 
charge Qo consistent with the normal potential at a height A, the unbound charge 
leaking away and the system being at zero potential H Vo is the normal 
potential at the height A then 

(3) 

Now let us suppose that the vertical electrical held undergoes a change of 
magnitude /(<) The potential at a height A will be increased by A/(f). This 
will bring about a separation of charge Q m the aenal system since the connection 
IS metallic, and, if the time constant of the circuit la sufficiently small, the 
separation of charge will be proportional to the change of potential We may, 
as a first approximation, neglect the effect, dunng this change, of the 
resistance p. 


Watt 4 Applston, (ec. cit , p 03 
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The expression of the fact that the potentials of C'o and C are still identical 
18 that 

+ (4) 

or subtracting (^), that 

V(0 - a -1 (5) 

t-i to 

Let the potential across the plates of (', uhich is evamiiied oscillographicatly, 
be V Then 


/(O - j (7) 

WethusBCi that, bj theiiseofuhat may be described as a toudensiri>oteiitiU' 
meter, we may, by measuring r, deterinine a known fraction of the potential 
gradient changes But c» rtam coiuhtioDB must be fulblled in order that the 
potential variation across should be representative of the field change In 
the first place, as previously mentioned, the system must bu uou-oscillatory 
and the timi’ constant of the whole system must be small compared with the 
duration of the held change Secondly, the time oonstaut C) p must be large 
compared with the duration of the field change The second condition is the 
one more difficult tomaintHin m practice, and a more detailed reference will he 
made to it later 

Let us now consider the effect of an atmosphenc disturbauce involving a 
semi-permanent change of the held when the condenser method (see fig H) 
IS used It 18 sec n that the resultant induced charge on the exposed conductor 
or aerial is different before and after the disturbance From (fi) wc may deduce 
that for a net increase of held strength [E] the charge is dimimshed by [Q], 
where 

*IE] = %^IQ] (8) 

At the end of the chsturbnnce this charge disappears by leakage through the 
resutanoe p and in a time determined by the time constant (Co + f'l) p 4Ve 
thus see that an exponential osciUcvgraphic trace of long duration (t e , of the 
order of S(Ca + C,) p seconds) is to be expected as the result of a net change 
of field. These traces ace observed in actual practice and special mention of 



620 R V Appleton. R. A. W Watt and J F Herd 

them Will be made later We need only note here that it the maximum potential 
change indicated by the beginning of the exponential trace in v, the net change 
of the elec tno field f K] is given by 



Two other methods of nieasunng these small semi permanent changes of 
electnc field have been used These methods havt not involved the use of the 
oseillograph and consist In measuring the charge [Q] passing to earth as a 
result of the disturbance In each case esjuation (8) is applicable 

\8 an example of the sensitivity of the assembly when used for the deter- 
mination of the changes of the electric field, the case in which Cj/Co is unity 
may betaken as typical In this case, with one stage of amplification, a deflection 
of 1 mm on the oscillograph screen corresponds to a field change of 0 0074 volts 
per metre 

III —^Delmls )/ Atmonpheno Wave-form Apparalfu 

Ab mentioned above, the exposed conductor used lor measurements of 
E and dEjdl variations was an L aenal with a long honsontal portion of 600 
metres and an effective height of 15 metres The capacity Cg of this aenal waa 
2 77 X 10"** farads The maintenance of s high aenal insulation resistance 
waa frequently a matter of difficulty, but was finally solved by the use of special 
stilphur-niiged insulators * These were m the form of rods of IJ-inch ebonite 
with two wide drying flanges. The leading-m insulator was m the form of a tall 
ebonite tube with three drying petticoats, the whole being further protected by 
a metal cone With these modifications the aenal insulation resistance was 
always mamtained at a value high compared with the 10 megohms leak The 
insulation test is desenbod later 

The internal oiicuit consists of the amphfier, oscillograph, time base apparatus, 
switching systems and testing devices As the final assembly developed has 
become somewhat complicated, it will bo most (onvement to desenbe this 
bnefly in sections . 

In fig. (3) are shown the essential connections of the aenal, amplifier and 
oscillograph with the incomplete connections to the hnear tirae-base oscillator 
and testing devices 

The resistance Bf was such as to be just greater than that required for cntioal 
damping, as calcnlated for the value of the residoal inductance in the circuit. 

• <7 C T R WUsod.'PWl Turns. 8oo,'A,v«^ 2il.p 76(1920). 

t'The resistanocs R and R, vers both anti indwitively and antt-oapaeitatively wound 
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In this way the jwssibility of free oerillation was prevented and yet the renponse 
of the ayatem to rapid changes made as faithful as possible The value of CJtV 
was usually a small integer 



Fio 3 


The Hmtch Sj provides fseilitns for joining the arapliher input alternativi ly 
across the condenser C, (for raeaHureinent of E) or across the rcsiatancc R (for 
measurement of dKjdl) Smee there was m the latter case a possibility of 
the formation of an oseilletory circuit by the acnal grid-filament capacity and 
earth, a damping resistance of 4 OOU (1 was inserted m the grid lead 
By moans of the switch 8* the potential developed across the ooudenset C'l 
(E method), or the resistance R (ifE/dC method), ran bo transferred with amplift- 
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cation (switch to “ Amplifier ’ ) or without amplification (switch to “ Direct ”) 
to the plates of the oscillograph producing vertical deflection These plates 
can also be (Lsronnected from the observiDg system (switch to “ iSinnsoul ”) 
and connoi tod to a sinusoidal oscillator for calibration of the time-base With 
the switi h Si to “ Amplifier ” one or twostnges of amplification can be mtcoduceil 
by means of the swiU h 8j 

The skeleton amplifier eonnections in the two cases are shown in fig 4 




Fra 4 

It will be seen that in the laee of single stage amplification the connections 
are those of the conventional arrangement of resistance battery coupling, a 
battery of 1 70 volts being employed to neutralise the steady voltage drop across 
the 0‘ 1 megohm resistance in the anode oircmt of the tnode With two stages, 
this battery w similarly used to neutralise this potential for apphoation to the 
second gnd, with fine adjustment on the potentiometer P, The amphfier 
battery is then tapped at a suitable place, as shown, to neutralise the voltage 
drop across the second anode, an economy of one neutoaliting battery bnng 
theediy efli'cted With one stage of amplification the magnification was 18, 





A'atwre of Aimonphenos, 


623 


w hile with two Htagca this was increaseil to 300 The Ostillograph used was of 
the Western Electric Company type ami worked \'ery well A tube specially 
made up by that company, with a screen of zinc silirate kindly supplied by 
Sir Herbert Jackson, was found to be much superior in response to transient 
deflections of short duration to the tubes supplied commercially To increase 
the brilliance and duration of visible fluorescence on the osiillograph screen 
(on which depends the jiossihility of seeing atmosphern wavi -forms nnd 
particularly of cltlmeatniR the ripples which are often superposed on the main 
wave-form) the tubes were often onr-nin with ancxle potentials (5tt0 volts) 
fonsnlerably hifchcr than the normal value (300-400 volts) In such cases, 
since focussing i ould not be efloctecl satisfactorily by the adjustment of hlament 
current os usual a coi) was arranged with its axis coincident with the electron 
beam By aiijustmg a stiady eiinent through the coil and its position with 
rospcit to the tubi, magnetii “focussing” was utilised The distortion of 
the sereeu image due to the helical path of the electrons in the axial magnetic 
field was negligibly slight 

As mentioned in section II the maintenance of a high time-constant for the 
C, p cireuit 18 essential, bcjth for the portrayal of ordinary atmospherics and for 
the recognition of net field changes The maintenance of this concbtion has 
hei n facilitated by the use of Western Electric Company triodcs (type 102 1) W ) 
w hieh have been used throughout for amplification purposes \ITicu the raps 
of these tubes are rimovisl it is possibli to maintain a grid impedonee of the 
order of 40 to 00 imgohms, so that, since the inserted parallel resistance across 
( ' , IS 1 0 megohms, t he v alue ol p is H megohms The value of the time constant 
(I'll + I’l) P* has thus not bcni less than 20,000 iiiicro-seconds The effect of 
a net rhauge of field is then to produce across (', an exponential fall of potential 
w hich falls to 1 /loo of its initial v alue in about 1 /lO second Such a potential 
change produces an oscillographic trace with a duration equal to that of a large 
number of sweeps of the iiiduatmg spot, and is thus easily recognised 

It IS noteworthy that the interposition of one stage of amplifiration is also 
very important in removnng from the terminals of the condenser C'l the shunting 
effect of the relatively low resistance oseUlograpb thus mamtaimng a higher 
‘ value of time constant 

We now turn to the parts of the circiut which for convenience have been 
omitted from fig 3. 

In the earlier experiments on the delineation of wave-form a simple harmome 
tamo base of frequency 100-15,600 per second was used This was obtained 
• The mcrthcxl ol Uwting this time constant Is detorlbed below 
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by connecting to the plates of the ostiHograph producing honsontal deflw tious 
the ternunals of a coil electro magnetically coupled to the circuit of an oscillating 
tnode Although the oscillographio trace of an atmospheric obtameil with such 
a base could be corrected for the distortion due to the non-umform motion 
of the indicating spot, the rather serious ambigmty as to the correct tiran-senso 
still remained Thus it was not possible (except by using magnetic leakage to 
open the base to a narrow ellipse in which the sense of rotation was determinate) 
to decide whether to interpret the oscillographic trace indicating the sequence 
of electric held changes from left to right or ive versa Both of these diffii ulties 
and inconveniences have been satisfactorily removed by the development of 
a special type of tncxle oscillator* such that, when the potential changes from it 
are apphed to the oscillograph plates, the cathode-ray spot moves uniformly 
from left to right over a suitable range m a dehmte and controllable time, 
returning to zero almost instantaneously Using such a time base there is no 
ambiguity as to the sequence of event* m the atmosphenc, since only the left 
to Tight transit of the spot is visible The circuit used for supplying the required 
voltage changes is shown in fig 5, where the connections (oa') with the mam 
oiTCVUt (sec Ug 3) are also depicted 

The inductances Lj and L, consist of two flat spiral coils coupled in such a 
way as to cause the tnode circuit to generate oscillations of high frequency 
No additional rapacities arc connected across these coils, but the natural 
capacities complete the oscillating circmts which have a frequency of about 
one million cycles per second In the gnd circuit of this oscillator is connected 
the condenser C in parallel with a tnode of the dull emitter type (Marconi- 
Osram) used os a diode With suitable adjustments of currents and appiieij 
potentials such an oscullator can be made to generate v ery bnef trams of osciUa- 
luons alternately ivitb umform periods of quiescence f 

Dunng the short tram of oscillations the gnd side of the oondonser C is 
rapidly charged up negatively so that the cathode ray spot m effect travels 
almost instantaneously from right to left The osciilations then ceaae, and the 
condenser C is discharged at a uniform rate through the saturated diode D, 
in a time determined by the constants of C and D, causing the spot to travel 
umformly from left to-nght dunng the quiescent ponod of the oscillator The 
abort tram of oscillations then begins again and the whole process Is repeated 

To make the nght to left journey of the spot exceedingly rapid the natural 

* British No S363M (Application dated 1 1th Kubruwy, 1934) 

t A more detailed account of this oacillator, which la an interesting exsmplu of a non- 
llooor vibrator, is iglvon in Appendix 1 to the paper “ On the Nature of Atmospherios— Ilf ” 
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frequency of the oeciUatory cirouite m kept high and the uapaoity of condeusir 0 
kept ia low as possible (e g , less than 0 01 p F) The control of the rate of 
uniiurm discharge of the condenser is most conveniently effected by controlling 
the filament current of the diode 1) The maximum voltage acquired by the 



gnd side of the condenser C, and thus the amplitude of the niovenu ut of tht 
cathode ray spot, is most easily controlled by regulatmg the filament current 
k&d the anode potential of the tnodo Potential changes of 8 to 15 volts 
OOTresptmding to amphtudes of 8 to 16 mm time-base are commonly used 





626 E. V Appleton, R. A. W. Watt and J. F. Herd 

Tho linearity of the time-base u fairly obvious from the uniformity of the 
intensity of the trace in the absence of atmospherics, but a more satisfactory 
cheek is obtamctl by causing the trace to move rapidly across the screen m a 
vertical direction by deflecting the electron beam with a moving magnet 
A senes of parallel straight lines with no trace of “ backstroke ” is obtained 
With the arrangement (Ustnbed it was found that the linearity of the Icft-to- 
right movement of thi cathode-ray spot could be improved by the inwrtion 
of an anoilt battery, as at B, in older completely to saturate the diode As 
this battery acts effectivelv m senea with the resistance of the oscillograph 
between the platis «»' (of the ordir of 2 megohms) it should be of considerable 
voltage, eq, 7!) to 100 volts The inatrunieiit now in use gives priuticall> 
complete linearity over the whole of its working range 

The frequenc> of the ( ondenser discharges, and therefore th< time of transit 
of the cathode ray spot along the base line is in practice best determined by’ 
applying, via the eonneitioii bb' (see fig 3 with awiteh to "Sinusoid”) a 
simple harmouii voltage of known frequemy to the plates mm', producing 
vertical displacement of the elcctrouK beam With simple freqiienc y relations 
lielween the two voltages a stationary pattern is obtained, from which the 
frequency of the condenser discharges may very easily he deduced 
In addition to providing a rapid means of frequemy adjustment and cali- 
bration, this test readily reveals the achievement of the optimum conditions of 
linearity ami of short duration of the return stroke This latter condition is 
usually found when the oscillator filament w at its maximum working bnghtness 
Certain difficulties of observation occur in practice* These arise from the very 
iinumial tj’pc of aerial cirriiit as judged from a radiotelegraphic point of view 
The aerial, being necessarily apenodic, is bable to signal interference from 
near-by transmitting stations The high resistance, however, permits very 
little interference from the vanoim British and Continental highly powered 
stations, none of which is very near the observing station, and the only inter- 
ference cxpcnenced has been of quite local origin 
Trouble has also been expeneiioed, both at Aldershot and m the course of 
Hiuular obseivations at a station m Kgypt, duo to leakage current from alter- 
nating mams entering th( aerial svstem from the earth, and givong nse to quite 
sensible voltages across Cj * 

It may not be superfluous to add that frequent observations were made with 
a telephone interposed m the anode circuit of the amphfler, and that no unage 
ever appeared on the screen dunng these tests inthout a corresponding Bouad 
beifig heard m the telephonee. Moreover, simultaneous observataons os the 
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oscillograph circuit and on a normal radiotelegraphic receiver showed romplete 
i^preement between the incidence of images on the oecillographic screen and 
sounds in the telephones of the reciiver 

IV —Tealituf Arrangements 

The arrangement of the test circuit is shown in hg 6 This apparatus is 
arranged to give two distinct types of impulse in the aenal tirciut With the 



double jKile two-way switch to the right-hand position, the condenser of 0 33 p K 
18, by movement of the tapping key shown, charged and discharged through a 
ooil of 0 1 Henry, a resistance R, (vonable up to 2,000 Q) and the small 
resistance R, m the aerial circmt (vanable up to aOO ft) By this means a short 
transient electromotive force, from an oscillation of moderate damping down 
to a highly damped and completely apenodic impulse, can be introduced into 
the aenal ciw uit via the small coupling resistance Bj. It is thus possible to 
simulate the shape, voltage and duration of many of the observed radiation 
types of atraosphencs descnbetl and illustrated later in this paper The com- 
panaon of the screen image with that calculated from the constants of the test 
impulse thus provided a means of testing if all circuita were in working condition 
9 ot purposes of actual observation, the resistance Rj was reduced to zero, end 
test apparatus disconnected from it. 
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With the switch to the left-hand poaition, facihties are available for the 
reproduction, in the aerial circuit, of the conditions experienced when an impulse 
of the net change type is received For this purpose B, should have an infinite 
or very high i alue, so that, when the tapping key is open, the steady voltage 
of the teat circuit battery is applied in the aenal circuit Closing the key short 
circuits the battery from the aenal circmt (the battery being protected by the 
guard resistance K^, thus giving an aenal discharge of the net change type 
already discussed This test not only proves very useful in demonstrating the 
fidohty of the circuits for the dehneation of this type of discharge, but, in 
addition, is a very convenient routine test of insulation, more particularly of 
the less controllable insolatiou resistance of the aenal circuit On account of 
the steady current flowing up or down the aenal due to natural causes, it is 
frequently impossible or unreliable to measure its insulation by any of the usual 
methods of direct current test, while any fall in the value of this resistance has 
thcefiect of an additional leakage path across the condenser C„ with a consequent 
reduction of the time constant (Co + Ci) p 

The test circmt has also been appked m a similar manner to another external 
aenal having mutual electrostatic capacity with the aenal system used for these 
observations Employed for the generation of impulses of the net change type, 
this gave a very ngoious reproduction of the natural conditions existing with 
this type of field change, and proved the accuracy of the observing apparatus 
in revealing silch discharges of both electncal signs Used for the simulation 
of radiation field changes of \ arying ampfatude, it was also elective m revealing 
the fidelity with which the observing system responded, within the known 
limits of the ampLfier This was particularly useful m showing that a transient 
voltage, making the gnd positive with respect to the filament by an amount 
exceeding the threshold value* (3 6 volts above normal) at which gnd current 
commenoed, produced cumulative rectification in the gnd circmt and gave 
nse to a spunoue impulse liable to be mistaken for a field of tbe net change 
type 

In addition to these tests, direct current measunug instruments (not shown 
in fig 3) can be inserted at vanous places to venfy tbe maintenance of standard 
amplifier conditions 

Another useful test » the renfication of the nomencal valne of amplification 


* We have more reoently found it desirsble to Inoresse this threshold value very con- 
siderably by uring a Mode with a very tow amplUkatlon factor (L S, Sa) in the pralluiiMry 
stage of the anplifler 
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and tbe absence of dutortiun in amplitude or phase at all frequencies within 
the limits of comparability with the atmosphencs to be observed 



This was done by the arrangement shown m fig 7 

An oscillator (of from 5o to l(),0(Kt cycles) is connected to a resistance Ikix 
of very low time constant tapped in two vanable sections, one }oined directly 
to the osciUc^aph plates producing honrontal deflection, and the other, through 
the amplifier, the output of which is to be measured, to the plates producing 
vertical deflection The resistances are then adjusted until tbe resultant Une 
is tilted at 40° to either axis, wbeiue it is known that the two pairs of plates 
are each being actuated byeo-plmail harmonic voltages of equal Value It then 
follows that the amplification due to the tnode stage is given directly by the 
ratio R»/R. This anangement has the advantage of being independent of 
variation of oscillator output with frequency, since such variation affects each 
component equally 

Tested m this manner over a range of fiO to 10,000 cycles, the single-stage 
amphfier, used for all quantitative measurements in these observations, has 
been shown to have a net amplification over this range equal to that at zero 
frequency, with an entire absence of measurable phase distortion 
The complete agreement between the ampUfication at zero and at high 
audible frequencies permits a sirnpk scale to be marked on the tube screen, 
relating the amplifier input voltage (e g , from the potentiometer P, of fig 3) 
to the screen deflection The accuracy of this calibration and the constancy of 
umpMoation ratio are thus simply and rapidly tested 
Prom the satisfaetory results of the tests desonbed above made on artificial 
fttmoSphenoB, it is fairly certain that clectnc field changes ate faithfully tepre* 
seated oa the oscillograph srreen with the normal working circmt. It is, 
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however, of interest to note here the reeults of some comparative teste made with 
the normal circuit and with another citcuit which should give complete fidelity. 
Let us consider an oscillatory circmt as illustrated in fig 8, where Lo and AL# 



are inductances, Ko and Afto resistances and ('<> and (,'o/k are capacities, 
k being a constant Suppose a variable electromotive force ^(t) is introduced 
in the coil Lo Then, if <j is the charge on either condenser, we have 

(10) 


Suppose now that we are able to examine oecillographically the potential v 
between the points A and B In this case we have 



In other words with a smtably balanced circuit, the free circuUliuu of 
electncity (oscillatory or exponential), resulting from any impulse, produces 
no potential difference between the two pomts A and B, so that the temporal 
vanation of the impressed electromotive force is registered with complete 
fidehty. It is couvement to take k as umty, so that in such a case 




2 


(12) 


Applying this result to our problem it » clear that Co, Ro and Lo may represent 
the outside effective aenal capacity, leaistance and inductance respectively, 
while iLo, *Ro and Co/l may represent the aimilar quantities completing the 
aenal circuit m the indoor assembly The oscillograph may be connected via 
the gnd cuemt of the amplifier to pouts A and B. 

Many coknparative teats were made uamg thu omeut and also the normal 
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vwkiQg circuit (which oorreeponda to o owe m which iLo and l:Bo are zero), 
«tfid no diflcrence could be detected in the typei of atmoepheno impulses 
delineeted in the two caaee 

In relation to the general accuracy of the measurement of duration by 
delineating the electric force E on the oacillograph screen, it should be remarked 
that frequent observations in which dE/df and not E was delineated, though 
not yielding many detailed drawings of form, gave close agreement with the 
nimnal method in the mean durations of disturbances 

V — Programme of Obtervatroru 

1 Period of Observatum — The preliminary results reported m the previous 
paper were obtamed during the penod November 22nd, 1922, to February 12th, 
1923, and pnncipally between January 27th and February 12th, 1923, when 
690 wave forms were delineated The resnlts now to be discussed fall into four 
groups, the first being that of the first paper, the second containing 1,200 
observations on smusoidal bases during the penod February 14tb to March 
29th, 1923, the third containing the first group of observatioDs, 749 m number, 
obtained with the hnear tune base, between April 20th and June 14th, 1923 
In June and July, 1923, special attention was given to work with the ospillary 
electrometer, while the fourth and mam group of oscillographic observations, 
6,813 m number, covers the penod August 22nd to November 13th, 1923 

In view of the facts that the observations in the fourth penod so greatly 
outnumber Uioee m the earlier penods. that they have the advantages of 
disonmmatioa provided by the hnear time base, and that they were taken by a 
single observw under relatively constant conditioiis and with a fixed pro- 
' gramme, the detailed discussion of results will be concerned almost exclusively 
with this group, the smaller and earlier groups being utihsed for comparison 
only, save m the extraction of grand means for peak field strength and duration 

2 Programme of itb 8ene» —In the fourth series of observations, the work 
was done to a systematio time-table, at fixed hours, equal quarter-hour periods 
beutg idlotted to observations on five standard tune bases, m order to give equal 
weighting to all durations It need hardly be pomted out that the nature of 
the images obtamed on the oscillograph screen lendets it impossible to dehneate 
forms departing greatly in durataon from the base penod m use at the moment, 
so that a wide range of base penods must be employed if fair samphng is to be 
attamed. The time of observation was from 2,000 to 2,116 d M T , divided 
into quarter hours allotted respectively to basw of 11,760, 7,820, 3,910, 1,960, 
and 1,000 microseconds. The stmidsids of time were a senes of tuning forks of 
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oonespondiog frequency (85, 128, 256, 512 and 1,000 cycles per second), the noto 
given by the linear oeciUstor being at drst, compared aurally with that of the 
appropriate fork, while, later, oomparuon was made oscillographically with the 
output of an audio-frequency sinusoid osnllator cahbrated against the forks 

It must be admitted that this adoption of a mainly harmonic senes of bases, 
convenient as it is from an operational standpoint, was unfortunate, sinoe, m 
combination with the inevitable selection of forma of duration comparable with 
the base m use at the moment, it introduces a spurious penodiaty into the 
observed durations, which renders unfruitful any attempt to detect true 
penodicities, which would be of very great mtorest m relation to the, mechanism 
of the discharge It will be necessary, therefore, in further work in this 
direction, to adopt random time bases chocked against a oonUnuously calibrated 
oscillator 

VI — Dtfinthont owd Lifmtt 

1 General —The minimum field strength detectable with normal operating 
constants and single-stage amplification, with which all the detenmnatioiis 
of the senes were made, is of the order of 4 millivolts pet metre. The dehnition 
of " duration ” imphcd’by this experimental limit is thus " that penod dunng 
which the field change due to the duchaige exceeds 4 nulbvolte per metre ” 
The entenon of apenodicity is, sundatly, the absence of any reversed field 
change exceeding 4 millivolts per metre In considering meao values, it should 
be recollected that the mean field strength emerging from the statistical reduc- 
tion will be reduced, on one hand, by the fact that field changes exceeding 
0 6 volts per metre carry the indicating spot ofi the screen when a umt capacity 
ratio is in use The occurrenoe of many such changes m any one penod was 
met by change of couiding capacity, bat isolated large discharges would escape 
measurement and the statistical mean will be slightly too low on this account 
On the other band, there is a Mlatively large number of disturbances, the field 
strength of which lies above that produced by average radmtelegrapluo signals, 
but below the limit of 4 miUivcdts per metre , the neglect of such disturbances 
will nose the computed mean value The opposing sense of these departures, 
and the infrequency of large disturbances, justify t^e presentation of the 
computed means as fairly representative of that range of atmoephenoa whose 
peak fidd dionges exceed 1 or 2 milhvolts pet metre 

3. Mam Olainfieatwn —As m the preceding paper, the disturbances are 
gtor^ m two mam types, governed by the criterion of apenodicity ^peofled, 
and called the Aperiodic, or A type, and the Quasipenodio, or Q tyjie, iwpeo* 
iively. Those members of th« mam types «hioh fie uioouited with a dtscbezge 
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governed by the tune constant of the gnd oirouit, and so appear to have a 
sensible elootrostalit term, are prefixed S P , an 8 P A thus being a sonsibly 
aperiodic atmosphenc with an apparent somi-peruianeut field chaise 

The convention as to sign is, as m the prcreding paper, that the positive sign 
IB allotted to discharges the absolute peak voltage of which is such as to make 
the aenal terminal of the coiiphng condenser positive with respect to earth 
The sign of the discharge is taken as that of its greatest peak, irrespective of 
the incidence m time of that peak relative to any secondary peaks 
3 Sub-da»nficatton and Ckaradenulte Ratu » — The main types are sub- 
divided according to two ontena, firstly according to the “ rounded ” or 
“ peaked ’’ character discussed m the earlier paper, and secondly, according to 
the relative duration of the growth and decay periods in the ajienodic type, and 
to the sequence of opposite peaks in the quatapcnodic type A disturbance is 
classed as ‘‘ rounded ” if lU slopes are, on the whole, convex outwards, » p , if 
the greatest rate of change of field occurs near the *ero line, end conversely the 
“ peaked ” class has its slopes concave outwards, the greatest rate of change 
being near the point of maximum departure from the quaai-steady field strength 
The unambiguous determmation of temporal relations by means of the 
unidirectional time-base also allows of a fuller investigation of the three charac 
tenstic ratios introduced m the oarher discussion 
Pop the aperiodic type, the “ Slope Ratio ” may now be defined as the ratio 
of the duration of the decay period to that of the growth period, t « , the ratio 
of the tune interval between the maximum field change and the succceiling 
return to sero to the interval between the departure from zero and the attain- 
ment of maximum field change Thus the slope ratio will be unity for a 
symmetncal peak, less than unity for a discharge in which the (early) penod 
of growth to maximum exceeds the (later) penod of decay to zero, and con- 
versely The sign of the slope ratio is that of the peak concerned 
For the quasipenodic type, the Peak ratio is defined as the amphtude ratio of 
the earher departure to the next following departure of opposite sign (It is 
oonvoment, though loose, to call these departures " half-oyolee,” and this will be 
done throughout the discussion, with the reservation that a stnctly oycho 
character is likely to be very rare in these disturbaocee) The sign of the peak 
ratio is that of the earlier half-cycle, a quaaipcnodio discharge with N half- 
oycles will have N — 1 peak ratios alternating m sign A peak ratio exceeds 
unity when the balf-oyole which is earlier m time u greater in amphtude than 
its socoessor 

The “ Cyde Ratio ” for quanpenodios u defined as the ratio of the duration 

2 T 2 
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of the eadier half oyole to that of its saooeasor, the sign being that of the earlier 
half oyole 

The quantities involved and the oonventions adopted having been specified, 
the results of the statistiosl reduction may now be detailed 

VII —ExpermetUal RetuiU 

1 PrdimiBary — The first senes, recorded m the previous paper, yielded 
values of the pnnoipal constants which were as shown in the first Ime of Table I, 
to be discussed later in this paper The presence m the A — class of many 
discharges the durataon of which was known to be incorrectly represented by the 
osdllogrspluo deflection (discharges which are for convenience referred to in 
discussion as S P A s) vitiated the mean duration for that claaa, which beoomea 
2,066 microseconds (m place of 4,625 microseconds) when the fallacious 
" durations ” of 8 PA 's are eliminated from the senes 


Table I 
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Table I —eontmued 



A + 

A - 

A 

QH- 

Q± 

- 

Q 

1,920 

2,770 

0,030 

3,240 

ToUl 

1 

» 

i 

1,47 S 

1, S 10 

8.070 

a,ois 

3,0 e 8 

a ,37 S 

8.888 

3.668 

1,980 

3,010 

3,310 

8,340 

2,070 

3.640 

0,080 

8,480 

1,980 

3,480 

0,870 

8.400 

1,800 

2,800 

0 440 
8,680 

1,980 

3,170 

3,890 

2,480 

*,oso 

2,600 

3,310 

3,430 

3,400 

8,240 

3,125 

2,610 


The coneaponding results of the second senes are tabulated in hne 2 of 
Table I Here 8 P A 's of both signs were present, and their removal from the 
means produces a satisfactory agreement between the mean durations for the 
apenodic classes m the two sene* The values for duration of A + were 1,475 
and 1,510 microseconds respectively, of A — 2,065 and 2,375 microseconds 
The Q classes, however, show an increase of mean duration amounting to between 
25 and 60 per cent 

This mcrease w even more marked in third senes, the mean durations of which 
(Ime 3) are all two or three times as great as m the preceding senes Wo shall 
revert to these difiorencos, and their relation to the results of the larger fourth 
senes (Ime 4) at a later point m the disoussion 

The pnnoiples of sub-elassification get out in Vf having been appbed to the 
indmduab of this fourth and mam senes. Table II exhibits the results of the 
allocation according to types, and the mean and modal values of the two 
pnnoipal parameters, duration and peak field strength, (or each type Table 
Ilia shows the numenoal distnbution according to the typo of asymmetry 
present, while Table Ills shows the relations of the prmnpal paiametors to the 
“ rounded ” or " peaked " character of the wave form, and to the order of 
inoidenoe of the half-cycles 

Some of tiie salient features of those tables, and of the analysis on which 
they ate based, will now be discussed For convenience, values for Senes 4 
Ijavo also been re-grouped mto two tables, IV and V, corresponding respectively 
to Tables I and II of the previous communication. 
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2 The Apenodus Type — Oi the 6,674 atmoephence observed m senca 4, 
4,361 were spcnodio in This number included 243 ducbarges, the apparent 

duration of which exceeded 10,000 mioroeeconds This duration has been 
adopted as the boundary between npenodics A of normal type and those, 
S P A in which the duration of the oscillographic deflection was governed by 
the time constant of the gnd circuit This limit has been adopted on two 
grounds In the first instance, a bmit of 30,000 microseconds was adopted as 
being that set by the mean time oonatant of the gnd circuit On the drawing 
of tliG frequency curve for apenodic discharges with a slow quasi-erponential 
decay, a well-marked minimum ordinate was found at 9,000 microseconds, 
succeeded by a secondary nse beyond 10,000 microseconds This was accepted 
as indioating that the discharges exceeding 10 000 nuoroseconds m duration 
belong to a different class, probably 8 P A 's observed at times when the gnd 
circuit time constant was temporarily below normal The limit was therefore 
readjusted to 10,000 microseconds The actual choice of limit is not of pnme 
importance, the change from 30,000 microseconds to 10,000 microseconds 
resulting in a transfer of 71 discharges to the 8 P A class (previously containing 
72 discharges of apparent duration between 0 03 and 0 07 seconds, and 100 
exceeding 0 07 seconds), and reducing the mean duration of the “ normal ” 
class from 2,r»56 to 2,240 microseconds The true limit, vanablo on account 
of variations of insulation resistance with weather conditions, hes between 
the two discussed There is no doubt that discharges with a true duration 
over 10,000 microseconds occur, observations on the potential diffeiencca 
produced across the aenal dampmg resistance with the condenser removed from 
the circuit (dE/dt method) having shown true durations, of sensibly continuous 
discharges, up to 20,000 microseconds 

The mean peak field change in the SPA class amounted to 0 32 volts per 
metre This is a roughly api>ioximate value only, smeo small senu-pemianent 
changes are difficult to observe and interpret, bemg readily confused with the 
displacements due to slowly varying “ aenhl current,’’ and since the extreme 
excuruoti IB difficult to observe in the case of latger deflections The order oi 
magnitude is, however, in accordance wiUi the interpretation placed on the 
8 PA class 

Coming to the ‘ normal ” apenodic type, containing aperiodic discharges 
without any apparent electrostatic terms, the total number observed reached 
4,108, of which 2,664, or 66 per cent , had positive sign, 1^64 being negative. 

The “ mean ” apenodic atmosphono had a peak field strength of 77 miUivdts 
per metre, and a duration of 2,246 microseconds. The mean values for positive 
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apenodios wen 76 miUi volts pec metre and 2,015 microseconds, for negatives 

80 millivolts per metre and 2,665 microseconds The most frequently ocournng 
field strength in each class was 56 millivolts pet metre lor the positives and 
60 millivolts per metre for the negatives, the most frequently occurring 
duration 1,750 microseconds for positives, 1,600 microseconds for negatives 

The mean slope ratio for all normal apenodics, irrespective of sign, was 1 9h, 
» « , the decay period occupied practically two-thirds of the total duration of 
the discharge. The slope ratio was notably greater for negative disturbances 
than for positives, the respective values being 2 21 and 1 79 

Of the determinable forms 1,380 (63 pet cent ) of the positive and 521 (37 
per cent ) of the negative apenodics were sjrmmetncal , 412 (16 per cent ) of 
the positives and 241 (17 per cent ) of the negatives had a slope ratio less than 
umty 

Of the total number of normal apenodics, 2,360, or 57 per cent , a ere of the 
“ rounded ” form, while 1,667, or 41 per cent , were “ peaked,” the xemsimng 

81 (2 per cent ) being of an intermediate type, usually so strongly nppled as to 
prevent allotment m this classification The positive apenodics were approxi- 
mately evenly divided amongst the two dosses, 1,426 (54 per cent ) being 
rounded, 1,199 (45 per cent ) peaked. The negatives compnsed 934 (64 pet 
cent ) rounded and 468 (32 pet cent ) peaked The mean peak field strength 
of the peaked class was 109 millivolts per metre, that of the rounded class 
63 milhvolts per metre, a ratio of 2 06 The mean durations were 2,366 micro- 
eooonds for rounded and 2,065 microseconds for peaked forms 

The mean slope ratio of the rounded class was 1 3, 50 per cent of this class 
being strictly symmetrical, while the peaked class had a slope ratio of 2 5, with 
48 per cent symmetneal 

3 The QuasipenodK Type— The number of qnasipenodio disturbantes 
obeeived was 1,323, or 24 per cent of the total number of normal field changes 
Of these, 683 (or 62 per cent.) were of predominantly positive sign, 290 (22 per 
cent ) negative, and 360 (26 per cent ) had equal and opposite peaks The mean 
quasipenodio atraospheno of the senes hod a peak field strength of 139 milli- 
Volts per metre, and a duration of 3,240 imorosecondt. The mean values for 
the positive class were 115 milhvolts per metre and 3,480 nucroeecouds, for the 
negative 125 milhvolts per metre and 3,680 imcroscoonda, and for the Q ± class 
197 milhvolts per metre and 2,400 mioroseoonds 

The half-cycle of greater amplitude noimaHy, but by no means mvariablv, 
preceded the smaller half-cycles. Of the completely determmable Q forms, 
60 per cent, had their maximum half-cyde first, the percentage bomg higher 
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for negatives (87 per cent ) than for positive* (78 pe* cent ). In 6 per cent of 
the total (m 7 per cent of the Q + dasa, 4 per cent, of the Q — class), the 
half-cyole of greatest ampbtude was both preceded and fallowed by smaller 
half-cycles 

The majority of disturbances of the I) class consisted of a large peaked half- 
cycle associated with a smaller rounded half-cycle, such forms oonstitutrog 
59 per cent of all quasipenodics whose peak ratio differed from unity The 
next most numerous class, constituting 21 per cent of the total, had both half- 
cycles rounded, while in 10 per cent of the total both half-cycles were peaked 
In the Q ± class, 96 per cent had the half-cycles of equal amphtnde peaked, 
only 6 per cent being rounded 

Forma in which the pruicipal hsdf-cycle was peaked formed 76 per cent of 
the total, 72 per cent of these bemg positive and 28 per cent negative, rounded 
forms, 22 per cent, of the total, were divided into 66 per cent, positive and 36 
percent negative 

The mean peak ratio amounted to 4 3 m the case of positive qoasipenodio 
(4 8 for peaked and 2 6 for rounded) and to 3 6 (4 0 for peaked and 2 '6 for 
rounded) m tho case of negatives 

The mean cycle ratio similarly was 1 • 1 in the ease of positive quasipenotlics 
(I 0 for peaked and 1 6 for rounded) and 1 3 (1 1 for peaked and ] 7 for 
rounded) in the case of n^stives 

4 The Rd<dwn* of the Types— The pimcipal constants of the “ normal ’’ 
forms, after exclusion of S P.A ’s from the jfour senes, are collected in Table I, 
and their differences will call for some remark the last bne of Table I gives 
grand means, comprising the results of nearly 8,000 individual measurements, 
of the pnncipal constants. Those may be taken as based on an adequate 
number of samples, and thus as being fairly typical of Bntish autumnal 
atmosphencB 

It will be noted that the moan dutationi ere greater in lie second smes than 
in the first, much greater m the thud, and m the fourth series assume values 
mtermediate between those of the seoimd and third series. Thu u probably, to 
some considerable extent, due to seasonal vanations, but there can be little 
doubt that a mam cause u insufficient care, m the eariur senes, in ensonag 
even samiffing The efiect of choice of time base on the mean duration observed 
ia weO shown by the analysu of senes 4 The mean number of atmosphenOa 
observed per quMter-hour on each time base, and the mean duration of the 
atmospherics observed on each base, were as diown — 
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Time baB&— 

Fieqneacy 88 128 266 612 1,000 ~ 

Duration 11,760 7,820 3,910 1,950 1,000 |ie 

Number pet quarter-bour 38 36 30 23 26* 

Mean duration . 3,400 2,810 1,980 1,680 1,260 |X8 

Thus the mean duration tends towards comparability with that of the time 
base used, though the slownese of the vanation with base is a sufficient mdica- 
tion that m this senes the range of bases used was adequate But the neglect 
of the lowffl frequencies m the first senes certainly gave far too much weight to 
the relatively infrequent short duration discharges Thu was realised to some 
extent m the second senes, and on the introduction of the Imear time base a 
deliberate effort was made, m senes 3, to redress the balance by concentrating 
attention <»i bases of the order of 0 01 and 0 02 seconds Thu, m part, at 
least, accounts for the great mereaae in meair duration in the short series 3 
The unwtighted average of these three early senes u m satisfactory agreement 
with that of the well-balanced senes 4 On the whole the mean durations will 
now be somewhat too low, owing to the erroneous inclusion of some “ normal '* 
discharges of long duration in the S.P A. class. 

The most promment feature of the durations, m all senes, was the greater 
mean duration of quasipenodic as opposed to apenodio discharges, the excess 
Moounting to 36 per cent of the mean duraticm of the A type on the Qtand 
Mean. The greater duration of the negative apenodios as against poutives 
was also prominent m all series, and amounts to 29 per cent of the A + duration 
on the Grand Mean There was no oorteepondmg divergence amongst the Q's , 
the only marked feature of their durations was tho rdative brevity of the Q ± 
class, which was prominent only m senes 4, where it arose from the high relative 
frequency of the sub-olass consistiiig simply of two equal and oppoute " peaked ” 
half-waves, eadi of shoct duration. 

The next most prominent divergence amongst the senes u in the relative 
nnmenoal frequwoy of ooourrenoe of the vanous typea. Senes 1 showed a 
great preponderance of A — over A +, but thu prepondotanoe decreased and 
finally reversed as observations continued No explanation other than seasonal 
vatiaticm, and inadequate lamplmg in the bnef senes 1, presents itself The 
same may be said of a change from approximate numencal cquahty of A’s 
and ()’b m senes 1 to a 3 to 1 preponderance of A’s in senes 4, snd m the grand 
totals. These divergences were noted on their appearance dunng the actual 

* The baSs of IXKW ss was not osad dtlring the leaa dJatnibed Utter half of this period. 
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obtjoivations of aenes ‘2 and 3 , the obserreni were thua early aware of thu 
tendency to diverge from the relations of senes 1, and were consequently careful 
to guard against unconscious selective preforennee A farther noteworthy 
feature of the relative frequency of oocmrenco of A’s and Q’s was that the Q’s 
were relatively infrequent in discharges of short duration Thus the ratio of 
number of apenodics to number of quasiperiodios observed on the standard 
bases were as under — • 

Base 11,700 7,820 3,010 1,950 1,000 [jui 

Ratio ^ 17 24 45 00 80 

Tbis variation is, of course, simply another aspect of the fact that the mean 
duration of the Q was oonsiderably greater than that of the A 

No very profound modifications in the order of relative field strength occur in 
passing from senes 1 to senes 4 , the omission of the essenbslly strong S P A *b 
from the A — mean in the final senes reduoMi that moan to close agreement with 
that for the A 4 - class, and the Q d: olass nses to a leading position as regards 
mean field strength 

To Btunroanse, we had the sensibly apenodio discharge appearing nearly three 
times as frequently as the quasipenodio, and the positive discharge, both 
amongst apenodics and quasipenodica, occurring half as frequently agam as the 
negative The quasipenodio discharge, with its mean peak field strength of 
0 156 volts per metre, had almost precisely twice the amplitude of the aperiodic, 
with its 0 • 076 volts per metre The negatire discharge of both types was some 
20 to 30 per cent greater m amplitude than the corresponding positive The 
negative apenodio had a mean duration exceeding that of the positive by a 
percentage (28 pet cent ) which, on the whole mass of data, is comparable with 
its percentage amplitude excess (20 per oent ) The positive quasipenodio had 
a duration very slightly in excess of the negative , the mean quasipenodio had a 
duration a third greater than had the mean apenodio 

The mean masmum field strength of peaked apenodKs was 2 06 tunes that 
of rounded apenodics , the corresponding ratio for quasipenodios was 2 06. 

The most frequently oooumng individual form of attoospheno was a sym- 
metnoal “ rounded ” positive aperiodic, a form assumed by 14 per cent, all 
atmosphoios of senes 4 Eleven per cent, were symmetrical “ peaked ’’ 
positive apaaodus, 9 per cent, were peaked positive spenodios wiUi a dee^ 
period 3^ tbua as long as the growiA period, while 7^ per oent were quasi* 
penodics with a peaked positive hatf-oyole foj|lowed by a rounded hali'«yole 
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o{ alraart identical dotation but of one-fourth the amplitude Rounded 
apcnodios, of both sifpis, with decay periods twice as long as the growth period, 
symmetrical rounded negaUvo aperiodios, and peaked negative apenodica with 
slow decay (five times the growth penod), each contributed about 6 per cent of 
the distribution, while the only notable class with a growth penod exceeding the 
decay penod was that of the rounded positive apeaiodics with a slope ratio of 
which formed !i per cent of the total distnbution 
Of the quasipenodics, 9 per cent had three or more haU-c^des , ^ per cent 
had tour hidf-cyelea 

0 Sdahont teferred (a Sign — It is convemeut to collect lu a single paragraph 
the oharactenatics which depend particularly on the sign of the prmcipal field 
change, even although this involves repetition 

It may be desuable, m the first instance, to dismiss the quantifies which are 
not conspicuously dependent on sign There is no marked ptefetenoo, amongst 
the A’s, for a steep slope of increasing positiveness, the number having such a 
slope being 1,074, aa against l,05i, with the slope of increasing negaUveness the 
ste^r So also in quasipenodics the number in which the first half-cyc le is 
positive 18 666, as against 004, in which the first half-cycle is negative 
The relative numbers of positive apenodios to negative apenodics are as 
1 8 to 1 ; tot quasipenodics (omitting the Q ± class) this ratio is 2 4 to 1 
The mean peak voltage of negative apenocfics is 1 06 that of the positives , for 
quasipenodics the ratio is I 09 The mean duration of negative apenodics is 
1 32 that of positives , for quasipenodics the ratio is 1 05 
The mean negative apenodic is much less symmetncal than the mean positive, 
63 per cent of positives bemg symmetncal, while only 37 per cent of negatives 
are so The mean slope ratio for negatives is 2 1 , that for positives is 1 6 
In general it may be stated that a disturbance with negative termination is 
of greater duration than the correapondmg form with reversed sign This is 
true in respect of doraUoni and slope ratios in apenodics, and also m respect 
of duiationsfin quanpenodios 

6. Sdatwu r^ened to Form — Deahng similarly and summanly with relations 
in which the form of the wave is mvolved, it will be seen that amongst the 
apenodics the number of rounded forms is m the ratao oil '4 to 1 to peaked 
forms , the corresponding ratio for quasspenodica is the very smaU one of 0 23 
Thsmewip^ik field sbrength for peaked apenodics u 2 06 tunes that for 
lotmded apenodios, the oonespondmg rs^o for quasipenodics is 2 06 The 
OMii dscation for rounded apmodice u 1 * U times tiiat for peaked , the oorre- 
qiKnding ratio for quanpenodics la 1 -44. 
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Amongst qvuuapenodica tiie first half-ojole is peaked m 73 per cent oi cases. 

Tke numerical ratio of peaked to ronnded forms u greater for negative ^an 
for positive signs, both in the case of aperiodics (I 99tol 19) and quasqieriodics 
(0 38to0 28) 

7 Vn$t Durattont —It u oi interest to investigate the relative mean durations 
of the mdividual " half-cycle ” forms which appear, m varying combmations, 
amongst the quasipenodic discharges. Thus, a quasipenodic discharge con- 
sisting of a half-cycle of large amphtude, which may be rounded or peaked, 
associated with one or more smaller half-cycles of one form or the other, the 
question arises whether a large peaked half-cycle, for example, retains a charac- 
tenstio duration independent of ita associatimis A further question of 
importance is whether this characteristic duration, if it exists, is comparable 
with the duratson of the so-called “ aperiodic ” discharge of similar general form 

The mean values of durations have accordingly been computed for each 
dass, and the results are exhibited in Table VI It will at once be seen that 
the vanoua forms of half-cycle do possess oharacterutic constants of duration 
which are comparatively insensitive to their associations, In descending order 
of mean duration the eight forms of half-oyole fall into the following sequence, 
vu , large rounded negative, large rounded positive, small ronndsd poutiYe, 
small rounded negative, large peaked positive, small peaked negatave, large 
peaked negative, small peaked pontive, or aymhohcally, the order of demcasuig 
mean duration IS 

R -, R -f-, f +, f P -f, p P -, p -f , 
the mean duration of R — bemg twice that of p -f . Withm the individual 
groups, however, it will be seen that the duration of r — , for example, vanca 
frpm a mimmum of 1,480 when it occurs m form Q -f- 1 (see Table 11) to a 
maximum of 2,200 in form Q — m, a ratio of only i 0 between maximum and 
minimum. The other tyjnoal half-cycles show a similar oonautenoy in duration, 
whatever the form of quasipenodic disturbance in which they occur The peak 
field strength values, which might, a prwrs, have been expected to show much less 
regulanty, are in fact eoaroely mfenor to the duration values m this respect, 
P -b having a mean peak value lying between 119 and 176 me/m, P — 110 to 
166 mv/m, R — 76 to 83 mv/m, with exceptions m olasset too small to be fair 
samples, and R -f 67 to 90 me/m. Again, the standard deviationa follow the 
mean values, but are even more steadily charactenstio of the half-oyde and 
insensitive to cucumstiuices 

The relation between the nominal^ apenodio disturbance and the haU-cyoIe 
of the quanpenodio may be seen from TaUe Vn m which line “ Q ” rqieata 
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Table VII. 



the mean durations found for the principal half-oyoles, while line " A ” contains 
the mean dutatwM of all apenodios of rounded and peaked form respectively, 
according to ngn It will bo seen that except in the negative peaked class the 
moan duration of the aperiodic u of the same order as that of the prmoipal 
half-cycle of wmilsr form in the quaapenodic, the agreement being very oloae 
indeed in the case of the rounded form 

The ongin of the difference in the case of the peaked forms is obscure, but it 
IB aooentnated m the case of the Q db class, in which, as has been noted, the total 
durations of peaked forms are exceptionally small, while the rounded forms are 
oomparable m duration with the asymmetno forms In respect of peak field 
strengths the relations between aperiodics and qussipenodios already referred 
to on p 644 should be noted in theu besnng on the “ half-cycle ” relations 
here discussed. 

8 The Fine Structure Atmorphence — It was remarked in the preliminary 
paper that in some 7 per cent of the forms then delmeated, " npplea,” the 
amphtude of which reached 10 per cent of the fundamental amplitude, had been 
observed It was, from the begmning, clear that the fins structure of the atmos- 
pheno, of which these ripples were the extreme oases, was of fundamental 
importance m relation to mterferent propnties, and the results of further 
observations m this direction are, therefore, specially important 

Two methods ate available for the study of fine structure — firstly, thedelmeation 
of such structure as can be detected in the ourvMi of field change on the standard 
oapaorty-coupled ououit when tune bases short pmod are used, and secondly, 
the special exanunation of rate of change of field by the reastanoe-coupled 
mrouit which gives curves the ordinates of which are proportioiial to SSijdt, 
The latter method will obviouely give oemllogtams m which the amphtude of the 
fine detail it much enhanced relatavely to the fundamental, and, m fact, it is 
found extremely difficult to make use of the “ i&jdt ” ououit in practice, owing 
tothe extreme complexity of the osaDograms obtamed. This is pairtieulady 
unfortunate m view of the extreme siinpiieity hf the oirouits mvolved in the 
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** iEldi " method, and of the very direct apphcabDity of dR/dt as a measure of 
laterfereut properties Much can be done immediately towards the study 
of fine structure by this method by increase of resolving power even at the 
expense of loss of sensitivity, and special expenmenta are now being undertaken 
with oeoiUographs dseigned for increased buUiancy of fluorescence, so that the 
limiting speed of translation of spot for dear visibihty may be raised 

Reverting to the direct study by the “ E ” method, it was found that, of the 
1,210 atmospherics m senes 4 which were observed on time bases sufficiently 
rapid for resolution (t e , on bases of l.OSOps and 1,000 (is), 212, or 17 per cent , 
contained npples of penod under 600 pa and amphtude over 0 002 volts per 
metre The total number of measurable npples contained m these 212 forms 
amounted to 1,130, the most frequently oooumng npple penod was 100 ps, the 
mean penod 160 ps with a standard deviation from mean duration of about 
80 ps The shortest penod npple observed was 30 ps The greatest number 
of npples observed in one tram was 22, while the longest penod observed to be 
oontinaoasly occupied by npples of the magmtude specified was 3,100 ps 

The total field change constituting a npple u taken, for the purpose of this 
reduction, as the sum of the two opposite departures from the smoothed funda- 
mental curve, t e , as the npple, isolated from the slope of the fundamental 
The absolnte tnanwinm field change constituting an observed npple was 0 23 
viJts pet metre , the mean of the maximiun npples in each of the 212 trams was 
0 027 volt per metre 

The mean relative amphtude of npples, defined as the ratio of the maximum 
total field change oonstitutuig the npple, aa above defined, to the maximoin 
field change constituting the fundamental apenodm discharge or the funda- 
mental half-cycle on which the npples appear<>d, was agam of the order of 
10 per cent 

While the figures (ntod are typical of the worst oases of gross npple structure 
expenenoed in England m autumn, they are far from typical of the general fine 
structure of atmosphenos, whether m England or abroad For a fuller picture 
one must have recourse to measurements of i&jdt, and most ooiuider also typical 
oadUograms of E and dRjdt m tropical regions, where, portionlarly m dark hours, 
the fine struoture assumes great prommence, even on the “ B ” ostiUograms 
Some typical osoillogtams are reproduced as figs 9 to 11 Figs 9 and 10 show 
two random groups of untouched drawings from observationB at Khartoum on 
Apnl 18th, 1924, on the “ E ” cirouit with a tune base of 1,000 (jis Fig. 11 
shows a oorreaponding group for Apnl 27th, 1924, on the same circuit, with a 
time base of 2,000 ps. * 
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Summary 

1 The paper descnbes the development of work, reported in an earlier 
oommumoation, on the oaoillographic examination of the charaotenstioe of 
atmoepheno electno diaturbanoea of abort duration The method now mvolvea 
the uae of a oathode-raj oacillograph with a tune-baae which is both uniform 
m scale and unambiguous as to time-senae The apparatus and methods 
described indnde a senes of station-tests for checking the performance of the 
assemblj The basis of the methods used is re-discussod 

2 Statistical analyses of approziinately 8,000 mdividual drawings of atmoa- 
pheno wave forms are tabulated and summarised A more detailed sub- 
dasudoation is based on the improved discnminstion afforded by the 
unambiguous tune-base Bennbiy apenodic discharges were three times u 
numerous as were quampenodics , predominantly positive discharges were 
one-and-a-half tunes as numerous as were negatives The mean quasipenodio 
had a peak held strength of 0 166 e/m, the apenodic 0 07b e/m The negative 
discharges of both types were stronger by 20 pet cent to 30 per cent than the 
positives The mean quasipenodio had a duration 3,125 |xs, 30 per cent 
greater than that of the mean apenodic 

The most frequently occurring form of atmosphenc was a symmetneal 
rounded positive apenodic, forming 14 per cent of the whole distnbution The 
most frequent quasipenodio, forming 7^ per cent of the distnbution, had a 
peaked positive half-cyclo followed by a single rounded negative half-cycle 

3 Examination of the fine structure of atmoephencs shows a frequent 
“ npple penod ” of the order of 100 |i8 Typical oscillograms of fine stnicture 
as observed m dark hours in the Tropics are reproduced 
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On the Nature cf Aunoepherict —III. 

By E V AFPUTOir, MA , D So , R. A Watson Watt, B So , F Inst P , and 
J F. Hsbd, A.11I £ B 

(Oommonioated bjr Sn Henry Jeokson, F.RB — Beoeived A.pnl 23, 1926 ) 
(PnbUtbed by permiaioD of tbs Radio Rsseanh Boant) 


I — Itdroiwtvm, 

The present paper oontannee Ihe soaonnt of investigations on the nature of 
atmosphenca given in papers I and II* of aunilar title As the aignment is 
essentially oontumoas from paper II to paper III, the numbering of equations, 
tables and figures has been made to run oontinuously from the former to the 
latter paper 

II Sem-Pemanent Field Change Determnahom 
As has been mentioned m the preceding paper, the cathode-ray osctUograph 
assembly may be used for the determination of the sign and magmtude of net 
ohangee of the earth’s eleotno field, and when thunderstorms were not far 
distant measurements of such changes were made at Aldershot and Hetwan 
by this method, which wiU be referred to as method A The magnitude of the 
field changes was oalculated with the aid of equation (9) 

These observations were supplemented by data obtamed using two other 
metiiods m which the sign and magnitude of the charge on ad exposed oondnotor, 
released by the destruction of the thundereloud moment, were measured by a 
capillary electrometer (method B) and by a stnng deotoimeter (metiiod C), 
The oapillaty electrometer waa of the type first desonbed by Prof C T B 
Wilsomt <uid used by him m detenmnatknu of the semi-permanent changes of 
field produoed at short distances from lightning discharges, and ocnuists of a 
small bubble of dilute sulphuno amd enclosed by mercury in a hodaontal 
capillary tube The displacement of the sulphuric aoid babble, which u 
observed by means of a miorosoope, u proportional to the quontUg of rieotncity 
paasmg through the electrometer. In tiie eleotrometer uaed the dk^aoement 
(ri tile maaiscua was 1 mm per S’ft X 10~*0oulomb whkh under magnifio*- 
tun gave 1 eye-pieoe division per 3-6 X 10'*0ouhunb. Thedectrometer thne 
meseured the charge (Q) passing down the aerial as a result of the field obange, 
* ‘Rey.fioaF^oo.,'AveL10S,^84(19n),slMl v<iLlIl,ss|)ra(19M). 

‘Roy Soo.PHie.,’ AteL9S,p.686(m6). 
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«nd iliiM fonntila (8) u applicable But dace the capaoitf of the capillary 
electrometer may be regarded aa infinite compared with Co tiie equation 
may be further sunphfied to 

(8a) 

from which the value of the net change of electric field [E] may be calculated 
In method (C) a etmng electrometer, kindly lent by Prof Sir Ernest Butherfoid, 
was used This had a aennUvity of about 30 to 60 divuions per vcdt, depending 
on the potential difierenoe between the plates In thu case formula (9) apphes 
again directly if C, is taken as the capacity of the electrometer and connecting 
leads 

Methods (A) and (B) were used at Aldershot, Helwan and Khartoum, while 
method (C) was used at Cambridge At Aldershot, Helwan and Khartoum 
aerial systems of large efioctive height and capacity were used as the exposed 
conductors, while at Cambridge, through the kmdness of Prof Wilson, we were 
able to use the aenal system, oonsistmg of an exposed elevated insulated sphere 
which he has used previously m bis researches* on the electncal field of thunder* 
storms. In all three methods it was estimated that field changes down to about 
0 ■ 1 vdt per metre were measurable, and thus the measurements may be regarded 
aa an extension of those made, at much shorter distances from thundercloud 
discharges, by Prof Wilson himself 

Although measurements of the sign ano magnitude of over 3,000 net changes 
ci fieldassooiated with thunderdouddischarges have been made, itis not proposed 
to oonsider here a detailed analysis of all the measurements, for the ezpenenca 
gamed m the prehmmaty measurements has led us to hope that a slightly 
inqirored technique, with facilities for photographic regutration, will give more 
rehable evidence for the oases of multiple discharges, which commonly occur, 
and which must be considered in a detailed analysis One result of the pre- 
liminary data u, however, qmte definite, and will be discussed below under 
the sub-heading (a) Some specimen groups are given under sub-heading (6) 

(a) Relatvoe Humbert of PotUwe and Negative Changes cf Electric Ftdd , — 
To establish a convention as to sign, the earth's normal fine weather gradient 
will he taken as a positive field Such a field tends to send a current of positive 
eleotnoity (the ordinary air-earth current) down an exposed conductor The 
dsstniction of a negative thundercloud meunent will therefore produce a positivs 
change of field and utoe vena Thus on the desbmotion of a negative thunder- 
cloud moment the positive bound ohuge on on exposed oonduotor will be 
* trasoo, ' Roy. See. ?Na,’ lee. eti. 
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telewed and pa«s to earth down the earth lead. Thui the liga of the charge 
pasting down an aenal is directly indioatsTe of the field change 
It has previously been found by Prof Wilscm* that the rapid field ohangea 
associated with lightning flashes show a prepimderance of positive changes over 
negative changes the ratio being about 1 56 to 1 When oui measuiementa 
were begun at greater distances from tbe discharge channel than thoee at whioh 
Wilson’s readings were made, there waa found an opposite preponderanoe, 
negatiNf field changes being 1 7 timeat as frequent as positive changea The 
relative number of positive and negative changes of field observed at the vanous 
stations and by the vanous methods are summansed below in Table VIII 


Table VIU 



experiments it was natural for us to consider what difference there could be 
between the conditions of our expmments and the conditions under which 
Prof Wilson’s measuTcmeiits, which indicated tbe opponte preponderance, 
were earned out The only difference that could be suggested was that of 
distance from the site of the discharge Prof Wilson’s observations were 
nsually made within the region of audible thunder at a distance under 26 km 
Our measurements were made usually just outside the region of audible 
thunder mainly at a distance of the order of 100-200 km. We thus most con- 
clude that the sign of the preponderant field ohangea reverses as the disUnoe 
from the discharge is increased 'The peunt is discussed in greater detail bdow 
(i) Speetmen Data of Smt~P«nrkutenl Ftdd Change ObeemOum* — It may 
be useful to soniinanse three specimen groups of data on net field changes, 

* ' PUL Ikons.,’ loe. oil 

t In a letter to ‘ VattiRi ’ (113, 1034, p. 837) this ntla was wToooooiIy givea as 400 to 1 
The tesulU obtatDSd ap to that date were vitiated by Insofloinit sampUng aod also a 
Wiadng flaw in the sppantos. 

I Only obtervatiaiis quantitatively Confirined by method B aie hers shown. 
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oompnauig (a) the aunUiiaiy of an afternoon's and of a whcde day's dect«oineter 
observations at Aldenhot, (^) the results of a single evening’s electrometer 
obaervaUons at Helwan, and (y) notes on results &om Khartoum 
(«) Alderthot, June 26, 1923 —Observations between 1640 and 1800 G M T 
showed 12 negative discharges, after which the electrometer bubble remained 
in its disploced position, and 4 positive discharges of this type Seven negative 
diBohaigee occurred in which the bubble moved in the reverse direction after 
a stationary period which was just sensible, no positive discharges of this type 
were noted In 23 negative discharges the bubble immediately returned, 
approximately to its origmal zero, 8 positive discharges were of this character 
Aldershot, July 7, 1923 Obecrvations between 0846 and 1746 are shown 
m Table IX, which includes also the data for June 26 above 
(P) JTefvwi, January 13, 1924 —The observations made simultaneoualy 
by methods " a ” and “ b ” between 1900 and 1946 Q M T , in which 88 net 
field changes, all of the same sign, were observed by both methods, are best 
summarised m fig 12, in which are plotted the computed field changes from the 
two methods 






Pio 12 

(y) KharUmm, Aprxl 23, 1924 —Observations 2016 ST (1816 GMT) to 
2430 S T (2230 GJl T } Three lightning centres were visible at start, A to 
NNW, B to NW, C to NB, later a fourth centre D appeared m NNE No 
thusdet was heard dunng this whole period. The centres were, therefore, 
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probably beyond 30 km , but withm 300 km The number and mean magnitude 
of the net field ohangee observed to be associated with fiaahee from each of theee 
centres, as reported by a second observer, were as undemoted, vis - 

Centre A, 12 positive, mean field change 0*136 v/m, 86 negative 0 062 v/m 
Centres, 2 positive, mean field change 0 048 v/m, 10 negative 0 036 v/m 
Centee C, 6 positive, mean field change 0 380 v/m, 181 negative 0 133 v/m 
Centre D, 7 positive, moan field change 0 062 v/m, 40 negative 0 103 v/m 

Totals observed, mcluding a number of observations before correlation with 
sources was begun, 37 positives of mean 0*163 v/m, 444 negatives of 0 106 v/m 
The most interesting features of the observations, however, were not the measure- 
ments of number and amplitude, but the visible characteristics in relation to the 
sign of the discharge Centre C was higher m angular elevation than the others, 
presumably on account of greater proximity , this is supported by the magnitude 
of the field changes Five out of the sue poeitive field changes from C were seen 
to be the result of discharges from cloud to earth, and no other discharges to 
earth from this centre were seen The sixth positive from C was of a magmtude 
(0 8 v/m) only twice equalled during the evening, once m a cloud to earth 
discharge from C, once m a discharge of doubtful type from A The other 
discharges from C were diffused more or less symmetrical glows described at 
Uie time of observation as resembling Veiy hghte In the case of centres 
A and D the positive field changes were charaotensod by the markedly greater 
durationa of the lUumi nation from the visible lightning This duration averaged 
some three seconds In fact, once this relation had been noticed, the second 
obeerver, who was unable to see the osoUlogTaph, was able in eveiy case and 
without error to state the sign of the field change from the appearance of the 
6a«b In the case of D, the elevation was too low to show the track of the 
diidiuges, but the positive field changes were oharaotensed by discharges of 
greater bnghtness as well as of longer durations, and were believed to be cloud 
to earth discharges 

On the evening of the 24th three centres were observed , K gave 2 negatives 
of 0 * 14 v/m mean, F 44 of 0 * 21 v/m, Q 12 of 0 36 v/m, while only one poeitive 
was observed during the whole eveuing, this was of 1 * 15 v/m, and onguutod 
in G, this flash being by far the brightest of the evening 

Oa the 26th four cmitres gave, H 36 negatives of 1 *0 v/m, L 37 negatives of 
2 6 v/m. M 22 of 2*0 v/m, 1 of 0*14 v/m. H gave 2 positives, one of 1 8 
v/m frmu a cloud to earth flash and one of 1 4 v/m type of flash unknown, 
iS gave 6 poatives, mean 2*2 v/m, four from cloud to earth flashes, and one 
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reacbing 3 2 v/m, an exceptionally bnlliant flaeh whoae path waa not traoed, but 
winch was deecnbed as giving a “ searchlight " effect 

A watch waa kept for evidenoe of “ trigger action,” but tiie terolta were 
scanty In one case C gave — 0 11 v/m f(dlowed instantly by + 0*8 v/m, and 
again —0 11 v/m followed 0*16 v/m, this latter bemg a cloud-earth flash. 

Source A gave — 0 04 v/m followed by -f 0* 10 v/m 

Source D gave a — 0 04 v/m fdlowed by -f 0 08 v/m, the latter a doud- 
earth flash In another instance — 0 04 v/m from a C disoharge was mstantiy 
followed by + 0 92 v/m from source A On one occasion diacharges of D, C 
and A, the latter of + 0 04 v/m, followed in such rapid sequence that they 
appeared to reeult one from the other 

Thu evidence seems consistently to show that a positive field change, t e , a 
net transfer of positive electricity down the serial, indicabng an increase of the 
normal gradient, is associated with a cloud to earth diaoharge, and that this 
type of diioharge is characterised by long duration and great bnllianoy Such 
disohuges seem also to be preceded, m some oases at least, by a negative field 
change of smaller amount Negative field ohanges in general are smaller m 
magmtude, and are associated with brief diffose glows, presumably npper an 
discharges 

Further visual observations from the Trojaos are of importance m this 
connection. It was first observed by ns at Aden, and again m the Indian 
Ocean, that the centre of lUummation m lightning flaahea underwent a displace- 
ment m azimuth sufficient to be oleariy dutmguished by visual observation 
It chanced that on these oocasions no determinations of the sign of the associated 
field changes oould oonvemently be made In the Khartoum obeervations, 
however, a watch was kept for this phenomenon It was found that, in the 
bbservatioiu of Apnl 23, almost all of the diffuse glows with which were asso- 
ciated negative field changes were displaced Eastward m azimoth within the 
duration of the glow, while at least six of the discharges associated with positive 
field changes were displaced Westward On a later evening, with storms to 
the Southward, sources of negative fi.eld changes were agam displaced Eastward, 
while on two occaaiona with stOTina m the West no azimuthal diiQilaoement 
was observed 

These obaervatioiis suggest the hypothesu that these displaoemmits are 
eleotro-dynamio in origin, and result from the aobtm of the earth’s magnetic 
field. It diis hypothesis be accepted, it would follow that the direction of 
oniTSnt flow in the disoharges pro^cing a negative field change is downward, 
while (hat in a dieohazga giving a positive fl^ change Is upward. 
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Summing up, there appears to be conmdeiable evidence to show that the 
typical discharge in these storms consisted of (a) a dovrnward discharge, m the 
upper air, of a positive charge, followed by (6) a downward discharge to earth 
of a native charge 

III —The Meleorologtcal Stwtrohment 

The general weather conditiona prevailing during the measurements of 
senes IV may be summarised m an extract from the Monthly Weather Report 
of the Meteorological Office for the year 192S, as Mows — 

“ A general detenoration occurred near the end of the month 

of August with severe gales even at some inland stations Dunng the 
early part of September fair, warm and sunny weather prevailed generally 
in the south, and an improvement also took place m the north and west 
Towards the end of the second week, however, the tracks of depressions 
lay further to the south and unsettled weather became general with 
occasional gales and thunderstorms Toward the end of the month an 
anticyclone over France spread northward, giving warm but somewhat 
misty weather October was obaractensed mainly by unsettled, 
boisteroua weather with south-westerly winds, often of gale force, 
frequent squalls and heavy rainfall The temperature was moderate 
There were, however, considerable bright pwioda, with the result that 
some parts of the country expenenoed an excess of sunahme as well as an 
excess of ram After a few mild days at the beginning of November the 
weather was cold . 

Pressure was below normal throughout these months, the mean isobars 
trending from W orWSW toE orBNE, while an almost unmterrupted 
■ncoession of depressions crossed the British Met, giving high winds, and 
pcedpitatKui considerably in excess of normal The Bntidi thundeiatorms, 
tile times of oocurrmoe of which were reported as falling m the evomng, have 
been examined in relation to the atmoepbenc distarbanoes received on each 
individual evening Such an examinaticm is neoessarily incomplete and one- 
sided, smee It neglects the efieots of continental thunderstorms which may be at 
much smaller distances than are storms reported ftemi British statkniB Thna 
the Shetiands ue approximate as far from the obsuving station as are Berlin, 
MatMilles and San Sebastian, so that the mstemralogy of much of Europe on(^t 
to hs examined equ^y with the Biitiah r^octs. Wth the exertion of one or 
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t«ro storms appeanng m the French Daily Weather Report, however, only 
Bntish storms have been considered 

It IS of interest, therefore, to note that in this bnuted sector, thunderstorms 
were reported on 26 of the 42 evenings of observation Tbe relation to theae 
storms of observed quasipenodio distnrbsnoes of amplitude exceeding 0 10 
v/m and net changes of field of apparent duration exceeding 0 03 seconds, 
may bo briefly summarised Of 171 such changes of field observed during the 
whole penod, only 16 occurred on evenings without reported thunder, 8 of the 
1 2 oooumng on one single ev ening (September 26) The remaining 7 discharges 
were distributed over five evenings Of 188 positive quanpenodics of the large 
amphtude specified, 27 occurred on eight evenings without reported thunder- 
storms, 16 on one such evening, 6 on another Of 106 large negative quasi- 
penodica, 28 appeared on everungs of no reported thunderstorms, while of 
242 large quasipenodics of the Q d; type 07 appeared on such evenings Next 
to the apparent net changes of held, therefore, the large positive quasipenodio 
atmospbeno appears to be the meet cloeely correlated with lightning withm a 
few hundred kilometres 


rV - -Ducutnum of Retuk> 

As mentioned previously, it was not considered profitable, m our preliminary 
account of these experiments m 1923, to discuss the possible sources of atmo- 
sphoncs in the bght of the data revealed by these expenments, and m the 
present paper it is proposed to remedy this omission to a certam extent But 
It tpust be stated at the outset that there are many pomta on which information 
IS still lacking, as must necessarily be the case in a type of wireless propagatiwi 
experiment in which the location of the transmitter is unknown We oan 
therefore only outlme m somewhat general terms the views to whudi we have 
been led. 

It was evident, when the first wave-form oscillograms were seen, tiiat the 
impulses were of quite diflerent nature from ordinary wirdess eigmJs, the wave- 
fotms of which (« g , from St Assise) were often visible for oompanaon on the 
oacillograph screen The maximum ampbtudes, sa is seen from the data in 
the tablee, are often of the order of 0 1 volt p«c metie, which u mow than a 
thousand times the field mtensity of an ordinary oommeteial wireless signal. 
On the other hand, the mean duration of many atmoephenoa was found to be 
suipnamgly long, e.g., 2,000 microseconds, which may be oompaied with the time 
periods of the order of 1 to 60 miooeeoonds which art in use oomnuacially 

Means for the determination of the sources ofsqoh distuxbanoea art only now 
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beewning araikble. ytxj atroag expam&ental evidmoe haa been adduced 
to Irikow tibat; bgbtmjDg diachatgea produce atmoepbenos which ate audible iu 
ahort-waye leoeiyeis at dietancea over 1,000 km * and m some oaaes exceeding 
8,000 km. The evidence here referred to ia the clone oomcidenoe in jdaoe and 
tune between aonroes of atmoapherios located by direction finding and the 
ooonrrenoe of obaerved lightning The expeiimentR of Baumler,t although 
the expenmontal oonditiona were not aufifimently ngoroua to make the reaulte 
abaolutely conoluaive, mdicate that the tune of mcidenoe of 60 per cent of the 
atmospherics recorded in Germany along with European tune signals agreed 
with the time of mcidenoe of atmosphonos recorded m Amenoa along with the 
same tune signals Such experiments apart from the limitation mentioned, 
argue normal ranges of reception of atmoephencs reaching 3,000 km These 
entirely mdependent methods of measurement thus assign mini mum reception 
ranges of the same order 

Direct visnal observation sufikied to show that the net field changes measured 
in the oooise of the present work were indeed due to lightning at no great 
distance, oertamly withm a few hundred kilometres It was also established 
that each net changes were aocompamed by the production in the oeollograph 
of images of the same type as those, frequency of mnoh smaller amphtode, 
given by ordinary atmospherics There u, then, no room for doubt that we 
must look to thunderstorms, up to very considerable distances, as important 
souroes of typical atmosphenos, and remprocaHy that the study of the wave- 
forms of atmospherics produced by thnndentorms will give us information 
relatmg to the temporal variation of the deotno moment of the thundoclond 
dnimg the fla^ &noe atmospheno wave-forma known to ongmate m simnl- 
taneoualy obaerved ligntmng flashes showed only one complete mam cycle, 
of fairly long duration, it was deu that lightning ia not, in general, as has 
usually been assomed, freely oaoillatory This result is m agreement with the 
reaulta of the experunental study of the effects of atmoaphoios on wireless 
receivers of different frequency, from which there is no evideoee of speotally 
marked response at any paitioular wave-length. 

It ia thecefore of mtorest to consider at the outset what eleotromagnetio 
•ffeots an to be expected by the disohaige of a thnndwdond with ohaiaotenstMS 
sttoh as may be deduced from Prof Wilson’s woric on the eleotxostatio fields 
of thnndentorms Let us ooniidet an ideal thuuderdond of quimtity Q tha 
oentn of which is at a hei|d>t A above the ground (see fig 13) 

* Wataon Wata * X Bey Aem Boo,’ voL p. n (IttB). 

t Baiiialw.’JatolwihdardMbt.'IM.ll.TeL.'Tol.SS.ii.ItiasS). 
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Suoe the ground may be ooundeted aa approximating to a perfect ocmdootef, 
tbe eieotzk moment of the thnnderoload syatem will be 2AQ. At any pout P 


Cx 




on the ground, distant f fromO, inhere r»A thevertioal electnoal field E at 
any tune will, if tbree-dimensional divergence of energy be aasumed, be giTca 
by* 


M j- * j.** 


(18) 


where the values of the quantities mvolving M are the retarded values obtaining 
at a time (( — r/o), o being the velocity of eleotromagnetio radiation. We may 
f(w oonvemenoe, refer to the three tenna on the right hud side of (IS) as the 
electrostatio, mdnotion ud radiation terma reapeotavely. From thia ezpreeaion 
It 16 clear that, at abort diatancea feom the diaohaige, the electroatatio tom. la 
the unportut one, but that at more dlatut pmnts, the radiation fidd pre- 
dommates The ontioal distance at which these terms are equal in magnitude 
depends on the nature of the discharge 

It IB clear that the imtial ud final values of the induction and radiation terma 
will be zero, so that the net change of the eleotno field wiU indicate the change 
of the eleotno thundercloud moment brou^t about by the disoharge Measure- 
ments of such net changes have been made by Prof l^ilson at short distances 
and by ourselves at greater distuces from lightning discharges, and ^e results 
taJuB together indicate that muy thundqroloudi oaonot be regarded as 
possessing a distge of one sign only, unoe the ngn of the eleotno field change k 
not the same at aU distuces. Further referuoe will be made to tins point 
below. Meuwbile, we diall consider uelectzio moment the sin^ sfeuoture 
dejucted in fig. 19. 

• ((f. nddudi, ‘ A XfestiN m 4*^ 
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It seenu fairly clear frotn the atmoepheno wave forms observed that the main 
duohargo causing the disturbance is not freely oeriUatory, though the npples 
frequently observed are posably due to nunc* oscillations The electrical 
system of the thundercloud and the discharge channel possesses capacity, 
ui4uotaiice, and resistance, and, if sufficiently accurate estimates of these 
quantities were available we might calculate approximately the quantity f(t) 
But mncdi more information is requuod before this can be done satisfactorily, 
nnce it is most likely that the resistance vanes considersblydunng the discharge * 

Let ns assiime, however, as a working hypothesu, that the eiectno moment 
of the thundercloud remains throughout the discharge of the same sign, the 
discharge therefore being aperiodic The current in the discharge channel 
(which determines the magrutude of the mdnotion term m (13)) will thus be 
unidireotional The rate of change of current (which determinee the magmtude 
of the radiatum term m (13)) will, however, change sign so that the radiation 
wave-form will consist of both a positive and a negative field change A 
physical interpretation of this is that we may regard one impulse as produced 
by the acceleration of the moving eiectno charge and the other as due to the 
retardation of the charge Now a typical atmoepheno wave-form which we have 
observed m association with lightnmg at no great distance is exactly of this 
ohai«ot«,aiid we are therefore led to examine more doeely the mterpretation 
of atmospheno wave forms as radiation fields looduced by distant apenodio 
disohaigee In particnlar we may inquire what type and magmtude of thundez- 
eloud meunent ohuige would produce radiation fields, at distances of 3,000 km , 
such ss we have observed 

If we neglect, ae we may at large distances the electrostatio and mductaon 
terms m oompanson with the radiation term we have from (13) the change 
of moment [M] dunng the penod of the atmoepheno 

[M]=oV[Jb(*)« (14) 

But for such low frequency changes ss wo are considering the atraosphenc 
ionised layer and the earth act as good oonduotors, and so make the dimmutaoo 
of deotno force with increase of distance slower than that assumed in the 
lEormula In fact, for two-dimensional divergence of energy between two good 
oosduotots the eiectno force would tend to vary as l/Vv and not as 1/r, as 
was first pasted out and experimentally supported by Eccles f But sinoe Uw 
* WsM and Appleton, loo.ai.,p M. 

t Beoles, * WiielsM Tekgrapby muI Tekqpbony,* London, p 16S (IS18) 

2x3 
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(Iischai;ge does not teke {deoe between the lonued leyer and the ground we 
maj not aeanme such a law of eleotno force attenuation f«t all dnrtaaoee from 
Uie source We may, however, aasume that a fair approximation to two- 
dimensional divergence takes place for distances which are greater than a 
certain distance r, which is a smalt multiple of the height of the layer. In 
accordance with recent estimates* of the height of the loniaed layer, we may 
reasonably take r, as 300 km , m which case the relation (14) must be altered to 

[M] = <,*V^jjK(*)* (IW 

To find the change of electno moment necessary to cause these impulsea we 
must therefore mt^pate E twice with respect to ( Such integrations hare 
been camod out graphically for the atmospheno which, from the examination 
referred to on p 662 is beheved to be typical of lightning at 300 km, and the 
results are illustrated in fig 14, where graphs repreaentang qnantitiea {oo- 



Wia 14 . 
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partional, on widely difleient scale*, to dXLjdi, and H are ibown at 

A, B and 0, ree^iectively 

It u seen that the curve of dH/dt u one ode of the axu representing a uni 
dueotioaal current discharge, while the change in M is in one directom only 
It IS interestuig to note that both the graphs representing dM/df and M strongly 
suggest that the discharge continues after the radiation field becomes too small 
to be measured on tbo oscillograph Thu u posable if the oontmuation of the 
electoio moment change were either very slow or linear 

The change of moment [M] which occurs during the penod m which the 
radiation field is of measurable amount can be computed from (14) and (15) 
The change of moment can also be oompated from the net change of field usmg 
the first term of (13) 

Thu has been done for the field changes found to bo characteristic of dutanoes 
of 1 00 300 and 600 km from the source and the results are shown in Table X 

lable X 

Moment cslonlsted fatun 
Net chnnse | Rsdutlon fieW 

100 kro • I >8 0 X 10" >1 1 X 10" 

300 1 1 X 10 > 1 « X 10*’ 

two * J X J0»« » S X 10*’ 

• Defl«tioa« 0# a el* lo»»t luBit only dedasible 

Thu very satisfactory agreement between the two methods of computation 
and with Prof Wilson s estimate (3 X 10** o s u , itself a lower limit) justifies 
the further use of the field strength dutance law of (16) to determine thi 
probable radiation field at 3 000 km The resulting value 0 06 v/m, u, m fact 
the meet frequently observed radiation field strength in the present senes 
Thus it u clearly established (a) that the destruction of thunderstorm moment 
neoessary to produce the electrostatic and “radiation” field changes 
measured at known distances up to 600 km from the source u of the same order 
as that measured by Prof Wikun and (i) that such a destruction of moment u 
ndEdent to produce at dutanoes of 3 000 km from the source radiation fields 
of toe magmtude most frequently measured in out observations, and that 
toe fielda from such souroee will be measurable, by the mothods desenbed, 
at distances over 10 000 km * 

* W* srs pMTtbraluly tndehled to Dr 0 (X Stmpsen foe most v 
otosswlton wito this part of the dliaitmiaiL 


rahisUs soggsftiom In 
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We now proceed to discnss the remits of the meseurements on sesu pennaaent 
fidd changes It has been shown that there is a preponderance of sign, m 
that negative changes of field are at least 1 7 times as frequent as poative 
changes also that this preponderance u opposite m sign to that found by 
Prof Wilscm who in measuremcata on 864 discharges found positive dischaiqies 
1 56 times as frequent as negative discharges It has been pomted out above 
that the only difference between Prof Wilson s measurements and ours has been 
the difference in the distances of the observing station from the discharge and 
thus we conclude that certain discharges must take place which produce a 
positive change of field near the discharge and a n^ative change at greater 
distances Considerable support for this view is to be found in Prof Wilson’s 
own measurements where it may be seen that the preponderance of sign found 
by him is not the same at all distances For example, m the readings made at 
distances less than 6 km the preponderance increases to s ratio of 4 to 1, 
whereas at greater distance {eg 5-80 km ) the ratio is only 1 6 to 1 

Using Prof Wdson s measurements alone it is natural to associate the pre 
pomleranoe of positive over negative field changes as indicating that thunder 
cloud discharges are more often the dtaohatge of clouds of negative moment 
than clouds of positive moment and in this way the results might be mter 
preted as a confirmation of Simpson's theory of thunderstorms according to 
which the air in a thunderdoud is chafed with negative electricity, the oorre 
sponding positive electricity having been brought to the ground in the fmm of 
rain But when our observations are taken mto account such a view hirdly 
seems tenable Smcc the sign of the field change is meet frequently positive 
at short distances and most frequently negative at greater dutanoes we must 
conclude that a thundercloud is ficequently if not always bi polar and, to 
account for the ngn of the field changes we must assume thst a frequently 
occurring type of thundercloud is one with the positive charge uppermost and 
the negative charge underneath the resultant moment being positive This 
disposition of the electnc charges is opposite to that mvolvcd m &mpson’s 
the<»y of heat thunderstorms according to iduoh the negatavdy charged air 
would be ntoated above the pomtively charged water drops 

It ought, however, to be mentioned that Simpson* has pdnted out that the 
breaking of drops is not the only wsy in which eleotncity u produced ih thunder 
storms, and tiiat the impact of loe partides (e g , b hail itarms) produces tUa 
«ieet Simpson has shown that, when drops btesh, the sir acquires a uefpttirB 


'PULMsg.,’l«ndan.80,l(m6)t Nstaj«,'baDdM, l)|,7S7(IM3k 
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ohwg« batth«t when (oe eepantes the mi becomes pootivdy ohuged Thus 
ik Mama pcsnUe that bi polar thunder clouds of both signs might occur 
Let us oonsidei the effect of a bi polar cloud of the type suggested by the 
field change observations Let fi be the height of the negative charge (— Q) 
and H the height of the positive charge (asstuned for simplicity to be 4- Q) 
asm fig 15 




The vertical eleotno force L due to such a system at a distance r allowing 
for the image effect of the ground is given by 


2QH 2QA 

VTTfr'-TTF 




(1+15** (T?6)* 
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It u clear that if data were availaUe for two of the three qnaatitieB H, k, 
and iJie other qnuititjr oonld be oaloolated A further lefetenoe to mioh a 
calculation u made below. 

We now turn to duouaa some evidence which appears stronf^y confirmatory 
of the conoluBiCHu stated above with regard to the disposition of the deotnc 
charges m many thunderclouds As has been previously mentioned, no 
attempt has been made to analyse the net-change of field determinations beyond 
establishing the preponderance of negative field changes when meaauremente 
are made at distant pomts from the discharge channels But two sets of 
observations having special bearing on the matter discussed immediately above 
may be mentioned The Khartoum observations cited m II (6) (y), appeu 
to mdicate that the bottom of the thundercloud was negativdy charged sinoe 
the discharge of the bottom of the cloud to ground resulted m the destruction 
of a negative moment They also indicate that when the discharge took place 
in or above the cloud a positive moment was destroyed Thus the evid«tos 
taken as a whole mdioatee a thunderatorm mechanism which elevatea the 
poative above the negative charge 

It has been previously shown that, in tke case of a bi-polar thundercloud tJie 
field Aould be zero at a oertoin critiosl distance r„ and many of the sets cd 
readings were exanuned to see if an estimate of this quantity oould be obtaued. 
In the majority of cases no doubt aimultaneoua ooourrenoe of several 
neighbouring storms makes it imposnble to pick out the discharges of any (me 
storm But on August 1, 1926, at 4 46 p m (G.M T ) measurements were 
made at Potters Bar on the discharges of what appeared to be a single thunder- 
(^ud. Here it was found that as the storm approached the changes of field were 
first small and negative These were fcdlowed by positive field changes which 
increased m magmtude and then decreased, finally changing to small negative 
ohoDgee agam. There can be bttle doubt that here we had on example of a 
bi-polar cloud, the electnc field of which reversed at a certam critical distance, 
which, from mtervols between the crashes as heard in a wmelesa set and the 
thunder, appeared to he about 8-10 lokmetzes 

The results discussed above •obvkmriy have a beanng on FioL 'Vl^lson’s 
theory of the mamtenonoe of the earth's charge. Aocordmg to this thsMy 
the earth's negative charge u maintamed (in ^te of the normal fine weathit 
air-earth Current of 1,000 amperes idiioh tends to neutrafiae it) by the aotina 
of thunderdouds w^nh send intmse negative lomzation currents to the ground. 
It has been shown above that a frequently oocniiing type of thunderoloud is that 
with the positive charge uppermost and negatit^ charge nndenuath, ediioh will 
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•cfr SB k luge sonioe of deotxomotive force tendiag to send pontive eleotnoity 
to the Qppet oonduotuig Uyer and negative to the ground Such transport of 
eleotn(at 7 la of the type required to account for the maintwance of the earth « 
ohaige according to thu theory 

During the wave form obaervatione it was frequently found that due to the 
presence of neighbouring thimdeiclouds or shower clouds an appreciable 
current was flowing m the aenal circuit producing an electromotive force 
aorcas the reeistanoa p (see fig 3) of sufficient magmtude to move the oscillo 
graph spot off the screen It was usually possible to bring the spot back to the 
rero poaition with the aid of the potentiometer Pj (see fig 3) but very often 
the potential across p could not be neutraheed with the potentiomoter battery 
of 20 volte, normally used It seems fairly clear that the phenomenon was due 
to the intense ionization currants which flow to the ground because of the brush 
discharges which sre produced at the surface of the aenal by intense potential 
gndienta due to charged clouds The ordw of magnitude of the field at the 
surface of the aenal wire may be estimated approxunately ns follows Let us 
cimsider an aenal of capacity €» of such a shape that the capacity is mainly 
due to the horizontal portion which is a wire of radius r length I and average 
height h Then iidVjdhis the undisturbed potential gradient the charge of 
unit length ; of the wire will be given approximately by the product of the 
capacity per umt length (Co/f) and the undisturbed potential at height 
h{h dV/itt) Thus 



Vow as a rough approximation we may consider thu charge as uniformly 
distnbuted over the surface of the wire so that the charge per umt area a is 
given by 

^ A ^ -L 

l dk 7m 


The deotno field E at the surface u thus given by 


E 


I 2»r<fA 


dk 


(18) 


The oiHistaat K therefore repieeents the number of tunee the normal earth • 
flski on flat ground u moreased at the surface of the acrfal In our ease we 
kf 0. mO (X)27 mfd n3000 oms and ha 000 metres ) a 10 metres 
raO »om 
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Therefore 

^ _ 2,600 X 2 X 1,600 _ 

■60:006x62 

We thus see that on a normal day, when the atmospheno gradient is 100 Toita 
per metre, tiie gradient at the surface of the aenal wire is 80,000 volts par metee,* 
which would tend to produce brushing It is then evident that if the verdoal 
potential gradient is increased in numenoal magmtude due to the presence of 
charged clouds vigorous brush-discharges may be expected to occur on a wiieleas 
aenal rcsultuig in comparatively lai^e current* in the aenal system In thu 
way currenta of 40 microamperes were very often measured. Both positive 
and negative currents down the aenal were observed, the change of sign often 
taking plaee within a minute or so 

Thanks arc due to the Department of Scientific and Industnal Besearoh, 
which, on the advice of its Radio Research Board, provided facihties for the 
work desonbed, and accorded permission to pubhsh the results We ate 
indebted to the Atmosphenos Committee of the Radio Research Board, and 
to two of Its members m particular, Prof C T R. Wilson and Dr G C Simpson, 
for therr mteiest and advice at ail stages of the work We gratefnlly recognise 
how much wo are indebted to Prot Wilson’s puUished work on ' Atmoephenc 
Klectnoity ’ for guidance m the mterpcetation of the experimental results 

Appendw / 

The tnode circuit shown in fig 6, and bnefly desonbed on pp 624-6, is of 
intrinsic mteiest as an example of a non-hnear assembly apart from its present 
use m the production of the special form of oscillograph tame-base utilised in 
these experiments As it was necessary to know the factors controDuig die 
oharaoteostics (e g , voltage amplitude, tune of “ backstroke,” etc ) of this base, 
a separate investigation was made to determine the factens influencing the 
penodio gnd-vcfltage changes m this system In this investigation (in whkh 
we had the vahiable assistanoe of Mr F A Bannister, of the Cavendidi Labom- 
tory) certain facta emerged which have enabled ns to oonstmot what appears 
to be an adequate account of the working of the oscillator 

The oucuit of fig 6 is redrawn in fig A where the diode, for smqihoity in 
exidaoatioB, has been ie{fiaoed by a simple resistance R 

It IS seen that, iqiart from the capacity C and resistmioe R the cnenit is a 
siiDj^e tnodsosoillatoi assembly with electroinagnetio reaction. If ths oonpUfig 
* TlwaotionofapesrfUekKalqMsrfftrgstahmiMiMsA 
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M between Lj »nd L i* of the correct sense and magnitude (depending on C, 
Li r and the tnode parameters) high frequency oscillations will start m the 



circuit L]( 1 in the usual way Such usullationa are still possible m the presence 
of C since its reactance is small at such high frequencies But if tiie reniitance 
R IS sufficiently large to effect a partial insulation of the gnd as m the present 
expenmenta the effect of tie gnd current on tie mean gnd potential must be 
Considered 

Let us suppose that due to the self excited osciilatiun a potential difference h 
exists at any instant atross the condenser C] Then it may be shown* that 
the gnd potential « (between gnd and hlament) is given by the relation 

^ r dt ' ' 

where the non hnear relation between the gnd current t and the gnd potential v 
la wntten as a first approximation 

» = »» H pv* (b) 

In the present case i is oscillatory so that 


An approxm ate solution of (A) m this case u 




+ tesrm of angular frequency 2u (o) 
* ApplHon and Taylor 'Free. Inst Rad Ei« vd IS; Ka 3, p IM 1M4) 
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■where 



We thus see that, as a result of the partial insiilatioii of the gnd, the mean grid 
potential i finally assumes a negative value* (given by the first term m the 
expression for «), detennmed by the amphtode of the oscillation, the renatanoe B 
and the gnd onirent oharaotenstios 

But m a self excited oscillator, such as ire are oonndenng, the amplitude of 
the oscillation is determined by the mean gnd potential so that as beoomes 
more negative the value of (a) alters The solution (C) is thwefoie not generally 
applicable The inadequate mathematics, due to the mtraotable nature of the 
general ncm Imear equations deeonbing the whole phenomenco, may, however, 
be supplemented by experimental results The relation between the amphtude 
of oscillation and mean gnd potential has therefore been detennmed m an 
experunent m wbch the mean gnd potential wsa vaned oontmuonsly by means 
of a potentiometer To detenmno the amphtude of osoillstion a detecting 
coil m senes with a crystal detector and sensitive galvanometer was weakly 
coupled to the coil Lj 

The relation between the galvanometer reading (which u proportaonal to 
the square of the osoillatoiy current) and the mean gnd potential is shown m 
fig B together with the ordinary gnd potential/anode-ourrent oharacteostio 
of the tnode 



It will be seen that when the mean gnd potential is aero an osodlatory 
amphtude indicated by the pinnt 3 obtains, but that as the mesa gdd potsotial 
beocanes nsgatwe the oemllataity amphtode passes throng the vahua Mieated 
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l>]r 0, K wad H When the mean gnd potential reaches the value of — 29 v<dt5 
the ownllatioa is no longer mamtained and the gnd potratial must now be 
reduced to — 7 8 volts before the osoUlation starts agam We thus get an 
osollation-hystetesu cycle, and it is on this that the peculiar action of the 
osoillatot depends Let us now consider what happens when the cycle of gnd 
potential is brought about, not by means of a potentiometer but by the action 
of gnd current on a partially insulated gnd, m the manner desonbed above 
When the osciUataon starts the gnd becomes rapidly negative If the resistance 
B M not too high a kind of equihbnum may be finally attamed so that the mean 
gnd potenti^ remains fixed at a negative value For example, to get maximum 
oscillatory current from this particular tnode the value of R could be adjusted 
so tiiat the gnd potential reached — 22 volts, in which case the osciUatoiy 
current would be represented by the pomt K.* Other things beuig the same, 
^ equihbnum mean negative gnd potential will be numencally greater the 
greater the value of B But if, as m our experiments, R is made very large, 
the mean gnd potential may proceed to the extreme value of — 29 volts and 
still not have reached an equdibnom value, m which case, due to the inductance 
in the circuit, the mean gnd potentisl will momentarily become more negative 
than — 29 volts and the oscillation is suddenly quenched The gnd condenser 
now ohazged to — 29 volts dischaiges through the resistance R in the usual 
exponential fashion, the rate of discharge being determined by the magnitude 
of CB until the region of fimte anode cnixent is again reached, when, at — 7 8 
volts^ the oscillation begins sgam and the cycle is xepested. Thus while the 
osoillatoty amplitude undergoes ohangee indicated by the curve BC, K, HA, 
the mean gnd potential rapidly changes from B to A. During the return half 
of the cycle no osoiUataon exists while the gnd potential idters slowly from 
value A to value B f When used for the production of a unidirectional time- 
base the rapid gnd voltage change bom B to A produoea the mvisible transit 
of the oscillograph spot from right to left, while the slower change from A to B 
controls the left to dght transit during which wave-form observations ue 
made. 


* Foe fnrUMC dstatb on this point vUt Apf^otan ud Thompson, * Joam. LE.E.,' 
nd, O. No. m p 18A Fshraaiy, im. 

t TImS this view of thsaettoo ol tits osolSatoeisthsocfMotoMirssvetifisdbydls- 
obsigbig ths grid oondonaer Uooegh s bsilMo gshranomeUr immsdlstsly sftec ths osSMtlon 
Of a tnia of high bsqasnoy osoiDstloos. From ths quntily of oleotridty dlsohsoged the 
Tojtsgs of tho oondoosor ww estiiUated to be about eqaal to the grid poteotial nnwitiy 
ftr stopplilg oeellUtions. In this expseimeot the grid oe adsneer sad leek worn both made 
vsey huge to that the time between two tnlne of oeoiOaUmis was aboot S srimitee 
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We tbuB see Uutt the amphtude of the gnd potential change AB available 
for use on the oeoillogiaph u the difference between the limiting gnd potentiala 
for the starting and stopping of oscillations * Thu diSeienoe increases with 
increase of retroaction and anode potential We should therefore be able to 
control the length of the time-base by means of these vanablei Thu has been 
found to be possible, The above explanation also suggests that the tune of the 
charging of the gnd condenser should be smaller the larger the freqnenoy of the 
oucouit, the smaller the capacity C and the larger the gnd current Thu has 
been confirmed in a general way, for the shortest tune of the nght to left transit 
of the oeoiUograph spot u always obtained when the capacities and C are 
as small as possible and the tnode filament u bnght To make the discharge 
of the condenser uniform and not exponential a saturated diode u used, as 
previously mentioned, in place of the resistance R The tune of the left to 
Tight transit of the spot is usually ctmtroUed by varying the emission of the diode 
rather than by varying the condenser 0 which, for reasons given above, u 
kept at a low value 

It II recognised that there u, however, a bmit to the smallness of C, for with 
very small values of C its large reactance preoludes effective gnd relay action 
and self-oscillation m the oironit becomes impossible 

Summary 

The experiments on atsnosphenc wave-forms recorded in preceding papers 
have been supplemented by observations on the net changes of the earUi’s 
eleotno field, resulting from hghtmng ducharges These observations have 
been made at Aldershot, Cambridge, Heiwan and Khartoom, and show that, 
at distanoes greater than 00 km fromtiie discharge ohapnel, negative changes 
of field are at least 1 7 tunes as,frequent as are positive changes. Since the 
ft^-changes at such distances may be taken ae indicative of the sign of the 
thundMcloud moment deetrt^ed 1^ the flash, it u concluded that hghtiung 
flashes resulting in the destruction of pontive electric moments are at least 
I 7 times as frequent as are those of opposite ohaiaoter. 

3, A satisfactory teconcihation with Prof. Wilsmi’s determination of the 
eleotno field changes producsd by lightning discharges within 26 km , in which an 
opposite impondennoe of sign was obtained, is potinble if thondecoloiida are 
assumed to be U-pdar Other evidence of saoh bi-polanty u cited 

3. It is shqwn tiiat a frequently ocouruig type of thunderstorm meohaoum 
u. one whidk derates the positive chargs above the negative. Thu type of 
* Cf ARiIetin and lliompM, fco tU 
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Scouteniy of Alpha Partielet 

Umahanioai. poUnty u required by IhraL WDeon'i Uieory of the nuunten- 
•QOS of the es(th*8 negotive ohMge 

4 lightning diaohwges are Bhown to be oapoble of pcoduoing radiation 
gelda tuDiUr m wave-form and magmtude to those of atmospherics of distant 
oogin. 

6, An Appendix deals with the theory of the linear Ume-bsae used m the 
observations on wave-forms 


The Scattering of Alpha ParttcUs through Small Angles 
By D. 0 Ross, M So , 1851 Exhibition Scholar, Queen’s Umvenuty, 
Kingston, Canada. 

(Oommunioated by Sir B Rutherford, O M., Pies. R S — Received May 20, 1926 ) 

The single scattering of alpha paiticlee has been used for some time with 
ooDSideiable suooess to determme the properties of the electric field surrounding 
the nucleus of atoms, and also many of the properties of the atom iteelf An 
aooonnt is given m this paper of expenmente on the scattering of alpha particles 
through email anglm by thm gold foils It was hoped that these observations 
would give some mformation as to the nature of the deotno field at some 
distance from the nudeus, and what effect the inner K ehell of electrons has 
on it 

In 1911, Rutherford* defined " 8in|d« ” scattering and developed the laws of 
single scattering based on an luvecse square law for the field surrounding the 
nnolens. Later Darwtnt extended this theory so that it could be applied to 
light atoms. In 1913 Geiger and Marsdos^ performed elaborate expenmuitB 
on the soattenng of dpha partwles by metaUio foils m order to test this theory of 
atonuo struoture. They observed the scattering of alpha particles of about 
4 oms. range by gold foils over an^es between 5 and 160 degrees It may be 
ealonlated that these angles represent distances of approach of the alpha 
]psrticles to the gold nudeus between 4 6 x and 5 1 x 10~'^ cm Their 
results show that over this large range the law of invoie squares applies at least 

• * PUL vol SL ^ Mp (1911). 
t ' PUL MtgV vU. 27. p. 499 (1914). 
t • PUL Mh voL 26, ^ 604(1911) 
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sppK)xim«td}r In 1920 Chadvlok* for&M oiaftrmed tJte tb«(n 7 b;^ mcMnninf 
tlie atomic nmnbei of platmum, ulver and copper by Mattering Vurim 
expenmentB by Rnthcrfordf Chadtnok and Bieler} and Bathttfiord and 
Ohadwick$ on the eoatterug of al|dta partiolea by gases and atoms show 
that the law of mverse squans breaks down when the alpha particle oonus 
close to or penetrates the nucleus From results of these ezpenmeots however 
important properties of the nucleus have been denved 
In this experunent we are ooncemed only with distant intemotaons between 
aljdia particles and nuclei If an ripha particle is projected on to a thin fo3, 
Rutherfordt has shown that the probability of a deflection through an uigtc 
between ^ and ^ -f is 

«'t-|-cosco*|-d^ (1) 

where 

« 

and p =3 distanoc from the ongmal Ime of motion of the alpha particle to the 
nucleus 

N = atomic number 
« •= electronic ohaige 
B <= the ohaige on the alpha particle 
m the mass of the alpha particle 
V >=: the velocity of the alpha paitiole 

n Bs the number of atoms pw oubio centimetre m the Mattering foiL 
( = the thickness of the soattoing foil 
If we put Q equal to the number al^ particles per mmnte incident on tha 
soattwing foil and y equal to the nomber pet mmnte ducted through 
ang^ between ^ and ^ then on mtegataag weget 

y=“^(oot?^-cot^^) (5) 

B tha field la to be mveetgated at lelatnrdy great dutanoes from the nnokos, 
eqnation (2) shows that the an^es must bs small Ihe radios of the K thaD 
of eleotioiis for gold, aooordmg to Bohr’s atomic model, and date on iha 

* ‘FUl Msg, vol 40;p 7M(1S10). 
t ’PM Ms*,’vte87,p BXHim 
t 'PUL Ktc,' vel 41, p- m (IMl). 
I’PlJLllag^'val.te.p^tMdOn) 
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K ftb«Uftton limit, la 0 69 x om A emulation based on the above 
tbeptl' aliowe that an idpha particle from poloniom, whose neareet distance oi 
i^pnwoh to the nucleus is this distance, would be deflected through an angle 
of 3 78 degrees Oonsequently, it was decided to attempt to measore the 
number of particles scattered through angles varying from one degree to eight 
For these small angles cot ^/2 may be put equal to 2/^ and equation (3) becomes 

y - (4) 

If idl the particles scattered between angles ^ and ^ are counted, that is, 
oonntmg all those through an annular nng of inner radius d\ and outer radios 
it, so that — ^ and ^ where s equak the distance from the scattering 

material to the annular nng, see fig 1, then 



Fia 1. 


This may be tested m two ways, first m the form 


y = KjS* or (6) 

where ^ IS Uie average angle. This is quite accurate when d, — di is oonsider- 
aUy amidlet than di Secondly, the constant K may be evaluated from 
which involvee the dimensionsol the apparatns, the sue of 
the source, and the nature and thickness of the scattmuig foil 


By means of these relatloiis it was hoped to investigate the natnre of the 
nuclear field at distances from the nucinu from about Qeigar and Marsden’s 
ontar limit to well beyond the K Adi of deotrons In order to use theee 


relationa, however, the soattenng foil must be so thin that single scattering 
only is effective , that is, that the probability of a partktte undetgoing two or 
vau on.— A. 2 t 
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more ototuio interaotions, eueh that the defleotionB make up the uigl» imd« 
observation, la negligibly email. If Uie foil k thiokar, eo that the diAntioa 
of the particle le the reeultant of a email number of atomic enoonnten (" {hull 
eoattenng ”), or if it la ao thick that the d^eotion is the reeultant of a Teqr 
large number of atomic encounters (“ multiple ecattenng ”), difieient rdattons 
hold These problems have been discussed along hnes based on earher theories 
of atomic structure by Thomson,* Ruthertordf and Darwm I Later, papers by 
Jeans,§ Mayer, {| Qeiger,^ Bothe,** and Wentseltt seem to indicate that for 
multiple scattering at small angles the scattermg relation is similar to Qauss’s 
error law, while at regions between multiple scattenng and single scattermg the 
relations worked out by Wentzel for beta rays seem to fit beet He oonsiders 
thoee which undergo no deflection, a deflection by one encounter, a deflection 
by two encounters, etc , separately, and totals them together for the final 
scattering function Wentzel also worked out a cntenon for single scattenng 
He showed that one can be sure of sini^e Boattenng when lu, where u 
18 the angle of single scattermg correspondmg to 

^ TOU 

p and (ii bemg cormeoted as m equation ( 2 ). Thk cntenon k rather indefinite 
when one is ooncemed with regions where plural scattenng is just notiosable 
The results of these ezpenmenta will be seen to give farther iniormaUon on 
this pomt 

Apparaiui and Method ^ Bxpmment. 

A plan of the apparatus is shown in fig. 2 . A source 8 of radio-ackve material 
wag deposited on the end of a nickel or platinum wire about 0 ■ 8 mm in diameter. 
Juat m front of 8 is an aperture A over which a mica window M of known 
8 top{Hiig power may be placed to reduce the velocity of the alpha-partiifies A 
braM tube T was jfiaoed between apertures A and B to prevent partioles 
scattered &om the walk, etc , from getthig mto the counter without several 
defieciaons thiou^ large angles. Thu prevents stray partioles from affecting 

* •Pw Camb HuL ekJO.,’ vol 40(1910). 
t < PUL Mt< voL 21, p. 669 (lOII). 
f ‘ PhO Itsg.,’ vol. U, p. 901 (I9U) 
i 'Rcyi See. Pko.' A vd 109, p. 4tT (1983). 

II ‘ Ana. Fbydk,’ vd. 41, p. 931 (1918). 

f ’Boy 800. Proo ,’ A, Td. 83, p. 498 (1910), and vd. 80, p. 880 (1918) 

. ** ' Z. f. Pliyiih.’ vd. 4, p 800 (USt). 

tr ’Aiin.<UrPhys.,’ vd.69,p.SSS{183S) 
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the naoha Tha •pertnie B defines tbe be*m of alpha partiolea used m the 
expenment. The diameter of K was 0 0628 cm and of B, 0 0863 cm Thu 
arrangement allows a slightly diveigmit beam of alpha rays to strike the 
scattering foil Jeans {loe oU ) has shown that no correction for the angular 
(liVMgence of the Inudent beam w necessary in the scattermg relation provided 
the angles throu^ which the soattenng was measured were considerably laiger 
than the outer bout of the divergence of the incident beam The smallest an(^e 
ihrouij^ which soattenng was observed was 1 2 degrees and the apertures 
limited the divergence of the incident beam to about half a degree Another 
aperture C was placed m front of B of such sixe that it stopped the alpha- 
particles scattered from the edge of B ]ust letting the main beam through 
The scattering foil F was hung m front of C m such a way that it could be lifted 
ofi by a hook The apertures source holder and scattering foil were held m 
place with adjusting screws so that they could be accurately Imed up with the 
hole m the centre of the end plate B Theee screws fastened them to a sbde 
which could be moved along a ngid square brass rod The whole apparatus was 
enclosed m a large brass tube so that it could be evacuated In the end plate E 
was cut an annular rmg, with the above mentioned hole m ita centre Thu 
was covered on the outside with a piece of mica fixed on with soft wax to make 
an airtight seal The alpha particles were counted by a Geiger electrical 
counter, placed as shown The mica wmdow (about 2 ems stopping power) 
separated the counter from the rest of the apparatus Later some of the results 
were checked by the scmtiUation method m which case the counter and the 
mioa window were replaced by a emo sulphide screen. 

The tlpha-partlcleB from S which get through C ore scattered by the foil F 
Ihose soatteced through angles between and ^ as shown m fig 1, will entei 
the annnlar ring and be recorded The mean diameter of the annular nng 
was 0 696 cm , and its width (the difference dt — ix) was 0 0176 om The 
apparatns was of such sue that the ang^e ^ could be varied from about 1 to 
8 degress by movmg the slide along tho brass rod, to or from the end plate 
Thu was aooomphihed while the apparatus was evacuated by means of a 
stopcock windlass (not shown) at each end of tho appazntus. Another stop- 
cock wmdlaas (not shown) worked the hook which lifted off the scattering foil 
This hook served a further purpose in that it could be let down between the 
iqurture B and the tubs T so that the beam of alpha rays was totally out off 
and the oSeot of any stray putules detected Ncoe wan found Thedutance 
front the soattatmg foil to the annnlar nng could bo measured accurately by 
a eabtnatsd scale on a brass rod, fig 2, one end of which was fastened to the 

2 r 2 
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shde The othe^ end went out through « email bran tube m the end of the 
apparatus, as shown, A ^aae tube closed at the outer end was waxed over 



Fio i 


the small brass tube so that the position of the scale could be read oppoeite a 
mark at the end of the brass tube 

In front of the nng and hole was a shutter m the form of a wheel which 
covered them both The wheel could be turned while the apparatus was 
evacuated by means of a conical braaa joint in the end {date, and had various 
apertuiM out m it eo that the entrance into the counter was m one of the 
following forms — 

(1) Annular nng only 

(2) Hole in centre only 

(3) No opemng at all 

(4) Half of the annular nng, cut off vertically. 

(6) Half of the annular nng, out oS honiontally 

(1) was used for oouatisg tiie scattmd putides, (3) for the diroot beam, 
(3) for finding the natural effect oi the counter, (4) and (5) to check tk« aUgn- 
tustt of the apertures Two {date glass windows m the side of the large brasa 
tube made it possible to observe the setting of the shutter and the mampulatioa 
ot the hook which removed the folk 

By drawing the slide back some distanoe &om the coentar end, usd attaching 
a souroe of polonram in front of the fod F, the end plate could be unttbimly 
bombarded with aljdia-nyB. By ooantug fint throo|^ the annular ring and 
then through the hole and comparing the result with the tatw of the areas of 
the two aa meteuied by a travelling nuonacope, the aotaon of the eenater 
over the «h<de annular nng ooidd be testad. Oreat diflknlty waa ei^penencad 
m getting the counter to work for partielee entering thrauj^ dd parte of the 
rfa^ Beet leeuHa were obtained with a eorudw of i>3 to 1 6 onu httide 
(bameter with the end facing the ring oompietdy open, and ^Nrat 1 mm. away 
from the mioa windotr. The pomt must fa* exactly otntml and i «mi 
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bMk from the mica wmdow The counts vae worked between &00 end 
1,000 voHs, and about half an atmosphere pressure depending on the 
sensitivity of the point Steel pomts were used as they are easy to grind 

It was found advisable to measure the fraction of the nng out off by the shutter 
in positions (4) and (6) by counting with the same source used to check the 
action of the counter over the whole annular nng rather than by measuring 
the amount out off by means of a traveUmg microscope or attempting to make 
it exactly half 

The scattering matenal used was gold because it can be obtamed m fairly 
uniform thm sheets The value of iU could be calculated either from weighing 
a large piece of gold leaf and using a sample of it for the experiment or by 
measuring the stopping power of several layers of the gold leaf The first 
gives muih too low a value os m the weighing of a largo piece many holes 
cannot be accounted for and m choosing a piece for the cxperimi nt a very 
uniform piece is naturally taken The results show that the second method 
worked much lietter though it cannot be considered as accurate because the 
actual piece used in measunng the stopping power cannot be used m the 
experiment Mr F Oldham kindly measured for mo the stopping power of 
some samples of gold leaf by an accurate ionization method It w as considered 
not advisable m these experiments to c< neentrate on an absolute measurement 
of the amount of scattering but rather tn compare the number scattered at 
different angles for previous expenments have shown that under cirtam 
conditions the amount of scattering agrees very closely with that predicted 
by the mu lear theory 

A source of polomum was used for the mam part of the experiment as it 
gives only alpha rays and has a suitably long period It was found that 
sources which givo beta and gamma rays could not be used with the electneal 
counter, because the gamma rays lauscd a much greater effect than the 
rdatively small number of alpha rays which pass through the annular nng 
As the aperture A was necessarily small (0 0828 cm ebam ), the area of the 
surface on which the polomum could be effectively deposited was small but 
It could be increased to between 2 and 3 sq nun by mabng the source holder 
bd tide shape of a conical point Even with this area it was found impossible 
to get a sufficiently large souice to make counting easy The polomum was 
d^Kwited on nickel by the method described by Mile Irene Corn*,* but it 
seoned that as soon as any appreciable quantity was deposited the actiott cessed, 
p-Wdy OB aoeouBt of the mtense lonisatMa doe to the material already 
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depoBited Aiter repeated atdmpts Dr Chadwick who kindlf prepared the 
■ouicea for the expmment euoceeded m depoeiting about 0 2 mj; actiTity 
of polonium on the point thu quantity the alpha particlea came 

through the annular nng at tihe rate of about three per minute when the 
apparatus waa net so that they were deflected through an^es of about 6 legreee. 
With this source the mica wmdow M waa omitted as the velocity of alpha 
particles from polonmm (range 3 926 cm ) was smtable for the experiment 

The number of alpha partideB from tihe eonioe was measured by another 
counter placed on the end of a long glam tube The source was placed 
aymmetncally in the tube about 60 cm from a small opening into the counter 
and ebonite slope were put m the tube about every 16 cm to prevent particles 
scattered from the walls of the tube from getting mto the counter The whole 
tube waa then evacuated The strength of the source was measured m thu 
apparatus before and after the experiment 

The results were checked using a source of thorium active deposit a larger 
quantity of which could be deposited on a small platinum surface For thu 
source the mica window M was used to cut out the short range partidea and 
to cut down the velocity of the long range particles to that conesponding to 
a range of about 4 cm In this case the somtiUation method of counting 
the alpha particles had to be used because as mentioned before the gemma 
rays caused many more deflections with the dectncal counter than the small 
number of alpha particles passing through the nng The sue of thu source 
was measured by letting it decay for a day and then counting the number of 
particles coming through the hole in the centre of the annular nng the 
scattering foil havmg first been removed As only relative results were used 
m thu part of the experiment it was not neoeessty to know the eotivity of 
the source accurately The whole apparatus was placed between the polv 
of a large dectro magnet in order to deflect the beta rays away from the 
screen 

ifeiuki <Md Cofldunoru 

Two separste runs were taken with the polonium sontoe For the flat, 
the results of which are plotted m fig 8 two layers of gold leaf were used as 
the scattering material The full curve represents the relation 

The broken ourva and the pomta suudeed rspeesent the axpeiisMital rosuHt. 
Tbecom fits the obsemtionsfeiriy well at angles gteatac than about 2 fidegiees. 


36 07 
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n* drrutaon »t inuUw angi« u probably due to mnltipie or plural Mattering 
At larger anglee eingle scattering alone is eSeotiTe. Am the angle of scattoing 
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decnaeei the eSeots of plural soattenng become apparent, and tiie amount 
of scattering should Brst increase slightly above that of pure Bin|^e scattering and 
then decrease beloir it at still smaller angles A tabulation of the results 
shows this to be the oase (see Table I) The hrst oolnnm u the average ang^e ^ 
at which the soattering was observed. The second is the number of alpha- 
partaoles scattered at this an^e per 1,000 putioles incident on the soattenng 
foil. The thud column is the product In the fourth column the number 

alpha-partioles oounted at eaoh point is tabulated to show the accuracy of 
the experiment The first four pomts show multiple soattenng so are not 
tabulated m column 9 

From equation (6) the product y<p should be a constant. Column 3 shows 
that H approaches a maximum and then decreases This would be the expected 
remit of {dural soatteruig The last four pomts are rather erratio, which is 
to be expected due to the small number of parricise oounted Any great 
aoenracy at theee pomts was out of the question because the rate of oovmtmg 
was firom 1 to S alpha-partioies per minute, and the natural count of the counter 
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was usually from 2 to 4 partioles per mmute The constant 35 07 used m 
plotting the curve drawn m full in fig 3 is the weighted mean of m TaUe II 
from the point ^ = 2 94 to the pomt ^ =«= 4 49 degrees inclusive The 
theoretical value of this constant calculated tern measuremonts of the stopping 
power of the gold leaf is 32 2 The observed value would probably approach 
this closdy at about 6 degrees 

Fig 4 and Tabic II repnsent the results for one layer of gold leaf as the 
scattering material The weighted mean value of K in this case is 16 17 
using all points except the first It is rather off the curve as would he expected 
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due to plural scattering I he calculated value )f the 'Utme content is IG 1 
This would indicate that the eflcct m this case was all due to single scattenng 
but ag pointed out before the foil used for calculating the constant could n it 
be the one used in the experiment so very close agrertni nt should not 1 e 
expected 

The K SMI of ttedroifi 

It might be expected that the alpha particles which passed at a distan c 
from the nucleus neatly equal to the radius of the K shell of electrons woul 1 
be affected more than the othtrs If a considerablo number of thise lotun 
the K shell m some way or other these particleg would probably bo further 
deflected Phis would le&vo a depressior with a minimum m the scattering 
curve at an angle where the nearest distance of approach of the alpha partiele 
to the nucleus is equal to the radius of the K shdl A suggest ion of sue h a mini 
mum may be seen in the curvi in fig 4 The points at 2 64 and 2 94 degrees 
are much lower than the theoretical curve and seem to indicate a minimum at 
about 2 7 degrees The nearest distance of approach of the alpha particle 
to the nucleus for this angle on an inverse square law of force is 0 86 X 10 
om. This IS calculated on the assumption that the nuclear charge is eflectively 
79e, or that there la no shielding effect due to the inner electrons Assuming 
a shielding of 2e for the K shell this same distance becomes 0 84 X 10 
This u about 22 per cent larger than 0 69 X 10"'®, which is the value calculated 
from Bohr s atomic model Aa it does not appear at all on the curve in fig 3, 
though the eSoot would be considerably masked by multiple scattering it is 
quite likely that it is merely a probabihty variation Taking this view the 
Nmlts would show that the probability of an alpha, paitide lomung toe K shell 
is quto small The meohaniam of such an ionization is difficult to imagine 
boSMUe toe vdooity of the electron aooordwg to Bohr’s theory is rntwe than 11 
lUM* that of the alpha particle Treatang a neatly head-on collision between the 
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two as a two-bodj proUem, the foioe being attractive, it maj be shown by 
conservation of energy and momentum laws that the direction of motion of the 
electron would be reversed and its velocity reduced, hence, because the forces 
are attractive, the electron gives energy to the alpha-particle instead of receiving 
energy from it However, the alpha-paitiole has enough energy to lonue the 
E shell and as it u not unlikely that the mechanism of such a ooUision may 
be affected by the nucleus or by some kind of quantum conditdons such an 
lonuation is not impossible 

When the nearest distance of approach of the alpha-particle to the nucleus 
IS equal to the radios of the K shell calculated from data on K absorption 
limits and Bohr's model of the atom the deflection based on the inverse square 
law should be 3 87 d^ees At much larger angles the alpha-parboles pene- 
trate well into the K shell and should be scattered according to Rutherford’s 
relation At smaller angles, that is a greater value of p, the shielding effect 
of the K shell, if there la any, should cause a smaller deflection than if it wets 
not there If there is a shielding effect of — 2e the number of idpha-putiolea 
deflected through angles leas than 3*78 degrees would be (77/78)* tunes what 
would be otherwise expected That would mean an ascending value of 
as the angle was moreased mstead of descending as the tabnlations show. 
Unfortunately, owing to the small aokvity of the poloninm source, it was 
impossible to obtdn s proper test for this effect A further attempt, however, was 
made with a thonom B and C source 

In order to increase the accuracy, all the counting was concentrated on 
two pomts, 2 21 degrees and 4'ft8 degrees, so that a large number of partades 
could be counted for each point The ratio of the number of paitidea counted 
at these points should be, if there were no shielding, equal to the inverse ratio 
of the sqoates of ths angles, namely 4*29 Usmg one layer of gold leaf as the 
scattering matwial the expenmental ratio was 4-43 with a probable error of 
about 8 per cent. Withtwolayersofgoldleaf tiiera(aooameto6'68 witha 
ptobaUe error of about 10 pw cent. Enough particles were counted to give much 
greater aooniaoy than t^ but a great deal of difficulty was experienced 
due to contamination of the tine-sulphide screen during the course of the 
exponment. The natural count of ths screen had to be taken sevoeal tunea 
throughout each series of counts, the leeolte {dotted and the oonection taken 
from pouts on the curve corresponding to the time of the oounting with the 
annular ring opm. Usually at the bsginmng of the run the oontaraination 
was of the same order as Ihe number of particles passing through the ting at the 
larger angles, 5 to 7 alpha-partwloe per minute for most runs. The larger 
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sanies hsd to be treated first m order to get a sofifioient number of partioles 
before maob of the sooroe was lost by deoay 

Inverte Square Law 

Other experunoite, previoaely mentioned, on the scattering of alpha-partioles 
by gold have shown that the field surtonnding the nucleus obeys the mverse 
square law of forces fairly closely at distances from 3'3 X 10“** cm. to 
5 1 X 10~'' cm from the nucleus The main part of this range was covered 
by Gager and Marsden m their experiment to test the nuclear Oieory Their 
experunental results for the relative scattering by gold at diflerent angles 
agreed to withm about 20 per cent of those predicted by; theory for partidea 
whose nearest distance of approach to the nucleus was from 4 6 x 10'“ cm. 
to 6 lx 10"' 'em Rutherford and Chadwick tested the region from 
3 2 X 10~“ cm to 6 6 X 10"’* cm much more accurately Their resulte are 
withm 10 per cent of those predicted by theory They measured not only 
relative scattering but also absolute scattering, and from the expenmontal results 
deduced the nuclear chaige for gold It agreed to within 2 per cent of the 
atomic number times the elementary charge Thu gave a check agamst 
Qudwick’s results with platinum as the ecattenng material He deduced the 
nuclear charge from hu experimental results to withm about 1 per cent, of the 
atomic number times the elementary chaige and also showed that the mverse 
square law was obeyed for particles whose nearest dutance of approach to the 
nucleua was from 7 X 10*’* cm to 14 x 10"’*cm The results of the presoit 
expenmsnt mdioate thst the nuclear field obeys the mverse square law fauly 
closely for dutanoes from 0 4x 10~’'*cm tol 7x 10*“ on ortoabont2itimea 
the radius of the K shelL For most of the pomts more than 600 alpha-particles 
were counted, so the probable error should he about 4 per cent , but deviations 
due to multiple sosttamg and possibly due to the K shell of electrons, ss 
suggested previously, make it difficult to say to what accuracy the mverse 
square law holds. It would oertsinly be considerably better than 10 per cent. 
A calculation based on messurements of the stopping power of samiJes of 
the gold foil give a vidue for the oonstmit K m equation (6), withm 10 pw 
eoit. of the experiments] value As K, on the nuclear theory, is proportional 
to H*, the expenmental determination of tiie atomio number N is withm about 
8 per cant, of the known value. Hence, we may conclude that for dutanoes 
inm the nnoleus from 3-2 x 10"’* cm to 1-7 x 10"*® cm the mverse square 
Itor holds and the effeotrvs nuoleei charge at these distances u within 5 per 
cent, or lass of the atomio nnmber times the elementary charge. 
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Cntmonfor Stngk ScaUerwg 

Aa mentioned previotuly Wentxel'e criterion for wngle scattering sa^ that, 
as long as ^ IS considerably greater than 46> one can be sure of single soattenng 

u being the angle of single scattering corresponding to p = a / -1. but he 

V Tint 

gives no information as to how much greater or bow many times 4(i> the angle ^ 
should be For one thickness of the scattering foil used the value of lU as 
measured by the stopping power is 0 73 X 10 ^ The corresponding value 
of 4ti) IS 1 degree 4 minutes For two thickneesee of the scattering foil 4(o is 
3 degrees Examining the curves in figs 3 and 4 and Tables 1 and 11 it u 
seen that the result| agree with the theoretical value of very closely at 
somewhere about 6 or 7 degrees m the case of two foils and about 2 20 degrees 
lu the case of one foil Tins means that it would be safe to say that so long as 
^ IS not less than lOw one ran be sure that the effect is practically all due to 
single scattering 

*? mmary 

Tlie single scattenng of alpha particles through angles from 1 2 degrees to 
over S drgreea has been measured The Mattering mntensl used was gold 

The scattenng curves ludicate that the nuclear field obeys the mverse square 
law fairly closely for distances from 0 4 x 10 “* cm to 1 7 X 10 cm 
from the nucleus Other expenmentera have shown that the inverse square 
law of force holds up to 3 2 X 10 ’’cm from the nucleus The results are 
not accurate enough to detect any shiehling effect due to the E shell of electrons 

The curves imlieate tliat the K shell is not lonued to any appreciable 
extent 

Wentsel’s entenon for single scattenng has been extended The effect is 
praotioally all due to single scattering when the scattering anj^e ^ is not 
less than lOu where u is the angle of single soattenng ooneeponding to 
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1 The structure of beryl described in this paper, has some interesting features 
In the first place, the ratio of sibcon to oxygen atoms in the molecule is that 
of a metaaihcate As far as we know, no other example of a metasilicate has 
as yet been completely analysed (Wyckoff* has made some measurements on 
diopside HgCa( 8 iOg)i, but has only succeeded in determining its space group) 
Although the ratio of silicon to oxygen is as one to three we find no 8i0, 
groups in beryl We find instead an arrangement of oxygen atoms around a 
Sihcon atom of exactly the same conformation as the groups (Si 04 )~'‘ m 
typical orthosilioates such as obvinef and garnet { In this metasihcate the 
ratio of one silicon to three oxygen atoms is effected by a shanng of two oxygen 
atoms of each tetrahedral S 1 O 4 group with neighbouring groups Thus the 
structure forms an mtermediate stage between the orthosilioates and the 
stmoturea of quarts} and chnstobahte|| where every oxygen atom is shared 
by silicon atoms This interesting feature may throw some light on the 
straotore of other metasilicates In the second place, we have analysed the 
structure by making careful quantitative measurements of the absolute 
intensity of Xray reflexion, and interpreting theae measurements by the 
fcnmuln which have proved to h<dd for simpler cases The structure is one of 
moderate complexity, depending on seven parameters We hope to show 
that all Uiese parameters can be directly and accurately fixed The analysis 
18 greatly simplified when quantitative data are available, and there appears to 
be no reason why structures with many more parameters should not be 
attacked in the same direct manner 

2 Beryl belongs to the holosyrametno class of the hexagonal system 
Gioth ( ‘ Chemisohe Erystallographie ’) quotes the anal ratio— 

o c = 1 0 4989, 

• W;«ko8, ' Am Jonm Soi vol 9, p 879 (1988). 
t W L Btsgg and Brawn, Zettsohr ISr Kitatallogr’ (1988) 
i lienser, •fWtmsta Mr KnsUUogr,’ vob 68, p, 187 (1999) 

} W H.B»«gaad(}lU)s,'Bey Soe Pmo,>A,vol 109,p 406 (1988). 

B Wyi*o«,‘Am.Jout Sd.,’ vd 9,p.4«(1986) 
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and given the density as being between 3 6 and 2 7 We have found the 
ioUowing values for the axes, measured by the X-ray spectrometer — 

c-.9.ndb0 01 A 
a = 9 21 ± 0 01 A 
These lead to an axial ratio — 

o c = 1 0 9966, 

the e axis being twice as long as is ordinarily assumed Sincethesearethe true 
axes of the space group, they will be used below The plane usually termed 
(1011), for instance, will here be given its true indices (10l2). 

Calculation shows that the unit cell of the hexagonal space lattioe contains 
two molecules of BctAl,Si«Oia The X-ray measurements lead to a value 
2 661 for the density 

Four space-groups may correspond to a structure of the dihexagonal bi- 
pyramidal class They are distinguished as follows — - 
^0 abnormal spacmgs 

D*w (mo ml) and (m m ^ {) halved if I is odd 
(mo ml) halved if I is odd 
DV (m m 2m {) halved if I is odd. 

A survey of the observed reflexions shows that the beryl stnictare is based 
on the space group D*«.* The following reflexions were mveetigated — 

Type (0001) Present. Even orders up to 000 20 
Absent Odd orders up to 000 19 

Type {mo mo} All orders up to eagbtb present 

T3rpe (m m 2m o) All orders up to eighth present, wnOi exception of 
seventh order 

Type (mo ml} Present (10l2) .(40^8), (10l4) . . (30Sl2), (10T6), 
(202.12), (10l«), (a0f2), (40i4), (60M) 

Absent (lOTl), (30S8), (80M), (7077), (1013). (1016) 

* Op. Nlg^i, ' Geome fai sohe KryitallogrHilus dM Disoontlnnoiuh' p. 880 (1019) Wa 
have referred below to the adapto of spaoe-gmup thsmy to X-rsy analysis by Artbaty 
sad^Tsidlsy, rathsr thsa te tlw phmstr wuA Id in^ m this laid, or to Oiat of Wyekofl. 
because the later treatment glvee the leeulie in so ew i T y tiBt Mid eempaot a farm. 
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Typ«{mm2;it} PreMnl; (llSS) . . (66m). (22^2), (11S4), (22^) 
(H56), (22ll2), (1158) 

Absent (ll2l), (112S). (1156), (1157), (2241), (3301), 
(3^3), (66 To 6). (66l28), (77147), (99153). 

Cteneialtjpe Pieaent (12Sl) .. (48124), (3141), (Sl5l) .(12484), 
(6233), (4131), (12393) 

It 18 only m the planes of the general type that the true length of the " c ” 
axis IS apparent Since planes (mo ml) and (m m 2m 1) Me halved if f w odd, 
die space group must be Dtg. 

3 The symmetry elements of D*», are shown in fig 1, which is a copy of the 
corresponding figure due to \stbury and Yardley • The conventions adopted 
to indicate the symmetry are described m their paper A group of formula 
BstAUSijiOts, bes m each nmt ceU 



It will be seen from the figure that there are sixfold, threefold and twofold 
axes parallel to the e axis Beflezion jdanee of symmetry perpendicular to 
the « axis exist at heights c/4, 3o/4 from the base of the amt cell The planes 
•Aslbw7andYard)ty,'ndLXraw.B«y,Soo..’A«val.2M.p.831 (1924). 
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at heights 0, e/2, c are occupied by a oetwork of twirftdd axes, those at a height 
0 being shown m the figure as thick arrows There are a number of glide planes 
shown as dotted lines, parallel to the hexagonal axis. 

An atom in the general position is multiphed by the operations of symmetry 
mto 24 withm the unit cell Since the group within the cell is BeaAl4SiisO|Si 
the only atoms in the general poeition can be a group of 24 oxygen atome 
As we shall see, all other atoms lie m podtioiiB at heights 0, c/4, c/2, 3c/4 in the 
imit cell This mdicates a very simple structure for the planes (0001), and we 
will analyse these m the first place. 

The intensities of reflexion were m all oases compared with the reflexion 
KaCl (400) as standard, RhK. rays being used. The absolute values for the 
integrated reflexion p for the pianos (0001) are given below . 


Table I — p X 10*, (0001) planm. 


(0002) 

100 

(000*12) 

19 

(0004) 

104 

(000-14) 

10 

(0000) 

111 

(000-16) 

3 5 

(0008) 

92 

(000 18) 

ml 

(000 10) 

4 0 

(000 20) 

8 0 


The intensities were measured by rotating the crystal with uniform angular 
velocity w, and measuring the total ionisation E produced as it passed through 
the reflecting angle We assumed the value Eu/I « 100 X 10“' for the 
integrated reflexion NaCfl (400), m order to determme the power 1 of the 
moident X-ray beam 

The high symmetry hmits the positions m which the atoma of the group 
Be«Al«SiiiOM may be plaoed The four aluminium atoms must either be 
placed m a row on the hexagonal axes (a very improbable arrangement, Since 
they would then approach each other so olosdy) or they must be on the trigonal 
axes In the latter case they either he at heights 0, c/2, or at heights o/4, 3o/4 
from the base of the umt cell If we assume that the tngonsl axes are oocupied 
by the alnmimum atoms, the six beryllium atoms can only be eqnivaleot and 
he on Ike twofold axes paraUel to e like tiie ahumnium atoms, they Ue either 
at heighta 0, c/2, or at heights c/4, 9c/4. In the case of the twelve sdioon atoms 
we may again assnme it highly improbable that they should be ananged in 
rows on the v<ratioal axes Alternatively, tiiey may lie in two rings of six 
atoms aronnd the hexagonal axes, being in this ease all ei^uivaUqtit td each 0>Aat. 
ThsM rings He at hrights 0, e/2, or eft, teji ^ ihe nut eell. I* tha fanner 
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oe»t Mtoh iilitxm he* on a twofold axu perpendicular to Uie o axia, in the latter 
oaae on a reflexion plane parallel to (0001) Twelve of the oxygen atoma are 
governed by exactly the aame oonditions aa the twelve eilioon atoms The 
re m a inin g twenty-four atoma he in the general position, and hence have a paia- 
meter parallel to the c axis 

From the foregoing it will perhaps be clear that in explaining the strength 
of the (0001) apectra we have a limited number of alternatives to test, and tiiat 
in each oaae there la only a amgle parameter (governing the o displacement of 
twenty-four oxygen atoms) which can bo adjusted to give a correspondeoce 
between oaloulated and observed mtenaitiea It is therefore a simple matter 
to choose between these alternatives The only arrangement which corresponds 
with the spectra is shown m fig 2 


Z-o mA 

I ssA 


0^^ 

C sitA 


Al,Be, 

0, typcO” 

Si.O, typeO*’ 
0, typeO” 
AI.Bej 
0» typeO” 


S1.0, typeO"* 


Ob typeO“ 
AI.Be, 


F» 3 — ArcaDgement of Atoms m plane* paialM to (001^ BetyL 


The intensities of reflexion from planes (0001) are decidedly stronger when { 
u a multiple of four than when I is a multiple of two, especially in the higher 
(Mders This proves that the planes containing aihoon must alternate with 
those containing aluminium, since the effect of the oxygen atom rapidly beoomea 
very mall ae the angle of reflexion le mcreased The effect of the beryllium 
atonu is mail, but it u sufficient to make it possible to say that they he in the 
plAnsB containing alununittm atoma when the final quantitative examination 
of utennties is earned out as described in the next paragraph. One-third of 
tho oxygen atoms he m the aame planes as the ahoon atonu The remainder 
lie in ihe general position. Their displacement paralld to the o axu u fixed 
by the dutanoe s indioated m fig 2. The general features of the mtensities 
8^# immediatdy that r has a value of about 0 • 94 A. Thu position u required, 
TOU. CXI —A. 2 c 
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for instance to explain the strength o{ (0606) and the weakness oi (000 10) 
lie type of analysis which leads to thu resnlt is so well known that it la perhaps 
unnecessary to go into it further here 

The question as to whether the groups Si(Ot or AJ|Bey lie on the reflexion 
planes perpendicular to the c axis may be left open for the preeent sinoe it 
does nut aflect the diacnssion of intensities m the next paragraph Other 
considerations show that the groups Si(0« lie on these planes 

i The formula for the absolute mtensity p of integrated reflexicm by the 
face of an imperfect crystal is as follows — * f t 

. . Ec) 1 1 1+C08* 26_ Bitn » /II 

— 2 — * 

In this formula the symbols ha\ e the following meaning — 

(i — linear absorption coefficient of crystal 
n — number of unit cells in one cubic centimetre 
X — wave length of X rays 
e ss electronic charge 
m = electronic mass 
0 = velocity of bght 
6 ^ glancing anj^e of incidence 
e >••»** IS the temperature factor first introduced by Debye 
The symbol F stands for the ratao of the amplitude of the wave scattered by 
all atoms m the unit cell in the direotioti under consideration as compared with 
the wave scattered by a single electron m similar (nroumstancee The value 
of F vanes with the direction of the unoideiit and scattered X ray beam The 
contribution of each atom to the scattered wave will depend on the arrange 
ment of the electrons m the atom and the combination of these ooatnbutKms 
mto a single scattered wave will depend on the relative poations of the atoms 
in the nmt cell 

Zfi the praent anairfm m mU lae the obtetved intenstfiet X-np r^lemm 
ta delermne F for a number cif eryttal jietnet From three vahtee <f F the atomto 
pftnttone v%U be direaliy deduced 

F can be calculated from formula (1) by using the observed values of p and 

vOarmn, Pbil Hag toI 27 pp SIS and 670 (1614) voL 4S, p. 800 (1612) 
t Compton. A. H Vby* Bar v<d. 6 p 29 (l»W) 

} Btagg James and Bosaoqaet, FhU Msg voLAl p 806(1621) T(d,4S,p 1(1921^ 
rol 44 (Sept 1622) Jamoi and BaodaQ, vob I p. 1020 ()620) 
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substiitalang known values for the other factors which appear The onlj 
quastit}' which needs especial consideration is the absorption coefficient p 
When a crystal has more than a oertam degree of perfection, the effective 
absorption ooeffioient is increased by " primary ” and “ secondary ” eztinotaon, 
very fully discussed by Darwm m his 1922 paper cited above In the case of 
owtam (0001) reflexions from beryl, the structure is sufficiently well known to a 
first approximation for it to be possible to oaloulate values of F which cannot 
be far from the truth Using these in formula (1), a comparison with the 
observed values of p show that extinction u appreciable, being of the same order 
as the normal absorption coefficient m the case of the strongest reflexions 
Our procedure has been as follows We have assumed that we can represent 
die effective absorption coefficient p by the formula 


p = po -f ap (2) 

po IS the normal absorption coefficient, p the mtensity of reflexion and a. a 
constant characteristic of the particular specimen of crystal being examined 
and an index of its perfection In a highly imperfect crystal a is xeto This 
formula is empmeal, but there is some justification (experimental and theoreti 
oal*t) lot uamg it, especially when extinction is not very large as m the present 
case With this assumption, we can write formula (1) as follows (neglecting the 
final temperature factor, which is probably small in so hard a crystal) — 


Here 


(3) 


p— 1 01 X 10"* for beryl 


Q _ 1 -i- cos* 29 

sm2e 


llw value of p, for beryl, based on Windgirdh’iJ tables, is 0 64 
We now consider the planes (OOOf) which have a very simple structure The 
■oattenng curves for berylbum, alumimum, siboon and oxygen are taken from 
the tables prepared by Hartree, these being sbghily modified by the results of 
quantitative measurements made on certain simple crystals The values of 
tha soattenng power of the atoms os compared with that of a single electron 
an given for a senes of angles at the end of the paragraph In comparing 


* Darwin, leo cP 

t Bragg Jame* and Boaanquel Jamci and Randall, I 
t WMglrdh, Zeitoohr f Phys , voL 8, p 8«8 (1882) 
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oslculatsd sad observed vsIubb of p m order to get the best sgreement, there 
sre two vsnsbles which csn be adjusted j these sie the dutsnoe t, detenmning 
the position of the 24 oxygen atoms (paragraph S), and the ooefhoieiit a, wkoh 
determmes extanotion It has abeady been seen that s has a valoe of about 
0 94 A This value will be assumed for a first approzimatioii, and formula (3) 
checked, using a senes of values of a m order to discover the one which gives 
the best agreement It la perhaps simplest to show thu agreement by calou- 
lating A from the observed mtensities, using formula (S) and comparing it 
with what u known to be the nght value, 1 01 x 10~* 


Table II 



It IS clear that the assumption of no extinoticm leads to obviously moDtreot 
values The value 7 X 10* f<« the coefficient « gives both the best oorrespond- 
enoe between values of A calculated from different spectra, and the beet agree* 
moit with the true value 1 01 X 10“* This value for « will therefore be 
chosen A knowledge of « makes it possible to oocreot for extinction, and 
to substitute for the observed reflexion p the idea reflexion p' which would be 
observed with an ideally imperfect crystal All our observations have been 
corrected m this way, and used to detemune the valu^ of F for each reflexion. 

Ws can now make a final adjustment by seeing whether a better estimate of 
the distance r can be obtamed when extmotiott is allowed for. The value ot 
7 X 10* for a IS assumed, and A oideulated for a senes of valuss of t 


Table HI 
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The value 0 94 already Beauined u seen to be the beet and x appeara to he 
definitely between 0 9^ A and 0 96 A The oxygen atom is therefore at a 
(Ustanoe of 1 36 A from the planes SifO* as shown m fig 2 
The following table gives the values of P for the atoms Be A1 8i 0 which 
have been used in the oalculations — 


1 able IV Values of F 



It 18 difficult to decide what uutial values of F to adopt We have chosen 
the values 13 and 9 for aihoon and oxygen in an attempt to allow for the dis 
tortion of the oxygen atoms grouped around the sihcon atom If the figures 
10 and 10 had been chosen a test shows that the position assigned to the atom 
would be almost exactly the same The former figures however do un 
doubtedly give a more consistent agreement with observed mtensities The 
form of the F curves beyond sm 0 » 0 2 is taken from Hartree s tables and the 
curvet oontmued on to the mamma 13 and 9 for sihcon and oxygen respectively 

0 The symmetry elements of the unit cell are shown in fig 1 The atoms 
have to be arranged in accordance with theae symmetry Aments and m a way 
which explains the observed intensities of spectra Certain general oonsidera 
tions lead at once to an approx mate solution of the structure 

The distance between neigbbounng oxygen atoms may be expected to be 
about 2 7 A W L Bragg and 0 Brown* have pointed out that this is the 
case m BeO Al|Og BeAl|04 MggAlOg and &fg|SiO« In the structure of 
garnet CagAlgSiiOjg, recently analysed by Menzerf the distance between 
neighbouring oxygen atoms vanes from 2 66 to 2 86 A James has shown that 
this interatomic distance exists m BsSO^ J and Wasastjemam CaSO« § Fig 2 
dhowt that the twenty four oxygen atoms in Uie general positions are arranged 
on sheets parallel to (0001) which are at a distance of 0 94 A on either side of 
the planes marked AlgBeg, and at a distanoe of 1 36 A on either side of the planes 
mailed SisO« If the distance between oxygen atoms is to be about 2 7 A in 

* W I* Btigg and Brown Boy Soo Pros A vol 110 p 84(19») 

t £« «•< partgr^ib 1 

t James and Wood Boy 8oo Froo A vd 1C» p 398(1985) 

1 Wsssstimta, Soo Seisnt Fann Oomm Fhys Math to) I p 2« (1926) 



700 W L. Bra|;g and J West 

beryl, it u at once clear that these latter planes are the reflexion planes of the 
stmoture each oxygen atom being at a dietiwce of 2 7 A from its mirror image 
If this were not the case and the planes marked AluBe, were the reflexion planes. 
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thjt duttnoe between oxygen «toms would be 1 9 A, which li too small to be 
probable 

In fig 3, the hnes indicate the upper «des of the unit cell The aluminium 
and beryllium atoms he in this upper plane, and the reflexion plane is at a 
distwoe c/4 (2 29 A) below One of the twenty-four oxygen atoms which are 
m the general position will he within the confines of the triangle ABC, and at a 
distance 0 94 A beneath the plane of the diagram (the alternative position in 
the triangle AB'C is not distinct, since it is only necessary to translate the 
origin of co-ordinates a distance c/2 to arrive at it) This atom is lightly 
shaded, and is marked 0*^ m the figure Three twofold axes at right angles to 
each other mtersect in the Be atom at B, and these axes convert the oxygen 
atom at 0** into a tetrahedral group around B 

Assuming that no oxygen atom approaches much closer than 2 7 A to any 
other oxygen atom, the possible positions for the atom 0** are very hraitod 
It must not be closer than about I 36 A to any twofold axis, or to the reflexion 
plane (we have already shown that it is actually at a distance of 1 36 A from 


ur2xl SSAtoa hexagonal axis, or it will be too close to the other atoms 
around these axes If we asaumo as an extreme case that the atoms may 
approach within 2 5 A of each other, tnel shows that the atom u confined to 
the small triangular area around 0** outlmed m the figure If one atom is 
piaoed anywhere m this region, the others into which it is turned by the sym- 
metry elements will have the positions mdicated in the figure by the unshaded 
and lightly-shaded circles The unshaded oitoles ate at a height 0 94 A above 
the plane, the lightly-shadod circles at a depth 0 94 A below it Bach beryllium 
atom lies at the centre of four oxygen atoms arranged tetrahedrally, every 
aluminium atom at the centre of six oxygen atoms arranged at the oomeis of 
an octahedron 

The alumimura, beryllium, and twenty-four of the oxygen atoms ate thus 
accounted for It remains to place the twdve silicon atoms and twelve oxygen 
atoms of the seooud sort on the reflexion planes at a depth e/4 = 2 29 A below 
the {dane of the diagram. The oxygen atoms wiB lie m groups of six around 
the hexagonal axes, and there is just room for such a group, indicated by the 
heavily-shaded circles The typical atom of this group is marked O'* m the 
figure. Each pair of heaviiy-shaded atoms lying m the reflexion planee forms 
a tetothedral group with a pair of lightly-shaded atoms which are images of 
eaeb othw m the plane This suggests that the silicon atoms may be at the 
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Mntm of these tetrshedn, and thu snpponticn mil be tested. The sihoon 
itoms votdd be mvmble in the structoie as represented here, bnt fc« the sake 
of clearness their positions are indicated by the portions of black circles, con- 
tmued as dotted lines The diagram m fig 8 shows the positions of those atoms 
which are grouped on either side of the reflexion plane at a depth of c/4 A 
sunilsr group, obtained from the first by rotation about an axis at a d^th of 
o/2, is placed on either side of the reflexion plane at a depth Se/4, bnt is not 
shown in the figure 

The positions finally assigned to the atoms depend m no way on assumptiana 
as to mteratomic distance This preliminary mvestigation merely indicates 
probable values for the parameters and so shortens the analysis 
6 Determination of Parameters — The structure has seven parameters, of 
which one has been already detennmed The parameters fix the positions of 
the silicon atoms (two parameters), the twenty-four oxygen atoms of the first 
type (three parameters), and the twelve oxygen atoms of the second type (two 
parameters) 

Since the only parameter parallel to the c axis is known, the rest can be got 
by oonsidenng the projection of the structure on (0001) and examining the 
planes around the o rone The ulioon and oxygen atoms be m imgs of six 
around the hexagonal axes We have found it oonvement to consider the nng 
as a difiraoting unit when deabng with planes around the c rone The resultant 
soattered wave of six atoms in a nng will have the same phase as that of a wave 
scattered from a pomt at the centre The ratios of the oontnbution of the 
SIX atoms to that of a single atom at the centre depends on- 

fa) The ratio nr/d where “ r ” is the diitonoe from the centre to each atom 
“ d ” the spaciiig of the reflecting planes, *' » the order of the spectrum 
[b) The angle ^ made by the line, joining the centre of the nng to one of the 
atoms, with the refieoting planes The angle p: need only be considered to vary 
between 0” and 30° owing to the repeat of the atoms around the hexagonal 

We have pbtted curves showing the value of the ratio for values of wji up 
to 7 0, and for several values of p Some of the curvet are shown m flg. 4 
Ths ratio is given by the expression 

g 2 |oos ^^^sin p| + 2 cos^^i^^S£oo 8 pjoos^^^sin p^l . (4) 

These ouryes oan be used for any case where the projection of a structure on a 
pfame has hexagonal symmetry, such as the idaaM around certain aonea of the 
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cubic or tngonat olanaes when theae have a centre of symmetry m well as tax 
hexagonal classes One feature may be noticed When nr /d le small the curves 
hove almost the same form for all values of p Therefort the r^lmom qf low 
order can be diredly Med iooblMn the dittcMoes r ef the atomt from the hexagonal 
axes 

The position of each typical sihoon or oxygen atom m the projection on the 
c plane is defined by two parameters r y latter is the angle made 
by the radius on which the atom hes with a standard direction chosen for 
oonvemence to be CB shown m fig 5 below The intensities of a number of 
reflexions around the c tone were measured From these the correspondmg 
P val lee were calculated using the values of extmction found as above The 
contributious of the alummium and beryllium atoms F, and F| to these 
values of F are known since these atoms are indefimte positions Subtiaoting' 
the contnbutions one obtains a quantity (F — Fj — F|) which must be 
accounted for by the sdicon and oxygen atoms The amlngmty about the 
sign of F does not exist in practice because it u clear from the approximate 
structure what it should be The values Fsi and Fq for a single sihoon and 
oxygen atom at a given glancing angle are taken fron Table IV and the required 
factor for the groups of six atoms road off from the curves m fig 4 for values 
of r and y can be denved from y by adding an angle depending on the m 
clination of the plane to CB) The contribution for small glanoiug angles 
depends almost entirely on r alone as has been pointed out Starting with 
these orders possible ranges of simultaneous values of the parameters r (Si) 
r (0") r (0**) are found which give the correct algebraic sum of F contnbutions 
Each successive reflexion considered narrows these ranges until finally a set 
of parameters is found which gives a satisfactory fit for all spectra Vanous 
factors aid this analysts the F curve for oxygen falls away very quickly 
with morease of glancing angle so that tibe parameters of the silicon atom 
can be fixed accurately from the higher orders and also there are flat regions 
on some of the carves m fig 4 where the variation of a parameter producee 
little effect So that if the oontributions of one set of atoms fall in this regmo 
vanous positions of the other atoms can be oonvemently tested 
The chief unocrtsinty lies m the F curves for ahunmutm beryllium, sihoon 
and oxygen The agreement between calculated and observed values of F 
would no doubt be improved by a more accurate set of curves, but the positjons 
assigned to ^ atom would not be greatly affected because a very small Aift 
of,«n atom alters so rapidly its oontnbution to the higher orders 
The values of the parameters ftnidly choSSQr^are given below both m ^e 
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(r, y) form *ad u dutimoM meuured puaJlel to the ndes of the unit cell 
The definite poeiUone of the Be end A1 atoms aie molnded m the list Fig 0 



^Al 

Pia S — Prajeotion ahowiag psnmetera (r, f) of typiosi stoms proji cted on (0001) 


illustrates the way m which the parameters are defined, z being measured away 
from the observer and from the ongin at C 


Table V 



1 1 

j I 

Co orcUiuitM ry 
j ol tjrpioM atom 


Co ordmsteii o< position in 

unit coll 


Atom 



1 


j 

1 In AngntrOm unita 


j 
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l-«n8lntloi 



I 

1 • 


is 

u 

3 IS 

3 SS 

S SS 

1 

_ 1 

17*0 

17*' 

47}’ 

\ 

0 39 

0 48 

0 30 

{ 1 
0 12 1 
0 IS i 
0 24 

0“^ 

« 

0 to 
i 

6 14 

4 605 

8 SS 

2 81 

3 07 

1 Ofi 

1 57 

S 17 

0 

2 29 

0 94 

2 29 


The origin of oo-ordtnates has been chosen at the pomt where the horizontal 
twofold axes cut the o axis The oo-ordinatee may be refwted to an origin 
at a centre of symmetry by adding c/4 to all * oo-ordmatee 
In Tabic VT we give a complete list of the leflexious whoee intensities have 
been measuzod, of the valnes of F calculated from these mtensities by the 
formula for reflezioD, and of the algebraic sums of the contnbution to F made 
by atoms m ^e stmetue we have assigned to the crystal The two oolnmus 
of F Tiktea show satasfaototy agreement The nnoertarnty in valnm of F 
for the atoms at larger glancing angles exphuns disotepanotes between the 
two ooiumns for higher orders 



706 


W L Bragg iiad J West 

Since numenca) agreement between Caknlated and obstived vidoee of 
7 for about thirty planea baa been obtained by adjuituig eight vanablee, 
ooneistuig of seven parameters and the ooeffiaent of ex^bon, the aangned 
structure is well confirmed 

As an additional check values of F for a number of other planea have been 
calculated and compared with the mammurn ionisation current observed when 
the crystal was set so as to reflect The results are given m Table VII In 
all oases a strong reflexion has corresponded to a large value of F and a weak 


Table VI 



reflexion to a small value of F The figures in column 11 are very api»oximate 
estimates of btensity and should be oompated with the figures In column lY, 
to which they should be roughly proporbonal 
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7 Fwmer Analyna of Eleetrm Zhetnbution ~A very elegant method of 
analyiu haa reoentlj been developed by Dnane and used by Havighunt 
It waa fiiat anggeeted by W H, Bta^ m 1915,* though it could not then be 
dueoUy applied to the detemunation of deotron diatnbuticm beoauae measure- 
meata of abaolute intenaitiea of reflexion were not available If a aet of crystal 
planea be considered, the diatnimtion of diflraoting matter in aheete parallel 
to the planea u a penodic function of the diatuice a, measured perpendioulaily 
to the planea, which u repeated at mtervala " i ” equal to the spacing of the 
planes. Such a distnbution can be represented by a Fourier senes m the 
ordinary way. W H Bragg showed that the amplitude of reflexion by the 
planes for the first order of reflexion owed ita existence to the first coefficient 
of the Founer senee, that of the second order to the aeoond coefflraent, and so 
on Conversely, if the amplitude of reflexion in a number of orders is measured 
experimentally, a curve repreaentmg the election distnbutioa m sheets parallel 
to tha planes can be budt up by adding together the terms of the Founer senes 
The idea underiymg the mediod is predaely that uaed in Abba’s treatment 
of the resolving power of a microscope The microscope u supposed to be 
focussed on a grating which u transnutting homogeneoaa light Spectra 
are fmnned in a pluie between the objective and the eyepiece, and these spectra 
in theu turn act as sources of h^t and bmld up an image of the grating which 
u viewed by the eyepiece The infotmatum as to the atraotnie cf the grating 
* W.H Bragg, ' Phil. Trans. Boy aoe.,’A, vei SlS,p SSS(lSie) 
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whidi the nucroROope gives depends on the umber of spectrs which the spertore 
of the objective aUows to pass If the first three orders are formed for example 
an image of the grating will be seen which corresponds to the sum of the first 
three terms m a Fonner senes, which, when complete would give the distnbu 
tion of amplitude transmitted in passing from line to line of the grating The 
analogy between the X ray and optical problems is complete except m that 
It IS possible to use the eyspieoe to view the image formed in the microscope 
whereas m the case of X rays and a crystal it is only possible to measure the 
intensities of the spectra The summation of the Fonner senes is samed oat 
sutomatioally in the image plane of the microscope but it has to be done by 
otdculation m the second case 

Duane* has pat the necessary futmulae m a very simple form Havighurstt 
has used them in order to calculate the election distribution in sodium chlonde 
and other sunple crystals basing hia results on figures given by W L Bragg 
James and Boeanquot To use the method it is necessary to have measure 
ments of the quantities we have termed F In order to get an accurate 
representation of the electron density values of F should be known for all orders 
up to a pomt where they become very amall as compared with the lower orders 
We are indebted to a private communication by Prof A H Compton of 
Chicago for the precise form in which the formula is quoted here Let the total 
number of electrons m the unit cell of vdome V be Z The distribution of these 
dectrons in sheets parallel to a given set of crystal planes with spacing i 
will be examined An area A on the planes will be chosen such that Kd^\ 
the vdome of the umt cell oontauung Z electrons The number of electxons m 
the vdume Adr is given by the expression 
Z/(»)d* 

whMe t IS measured perpendicidarly to the crystal planes and 

r* /{*)<fe«l 

J «t 

It wiU in addition be supposed that the crystal has centres of symmetry Thu 
case u much more simple to treat than that of a oystal without such centres 
amoe it avoids the complication of difiference of phase in the (xmiponents of the 
Former series It can then be diown that 

Z/(*)»3+-yC0.- + — COS-J-+ 

* Dnsns Pros. Nat Acad Soi vol ll 8 p. 489 (IttS) 
t RaviehrMt. Pme Nat Aesd SeL voi. H 8 pp. 5Q]taadS07(lMS) 
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wiMre Vi V| F, are the values d F calculated from the obaei>eed 
ibtonabes of teflexion 

8ub«t>tatmg bie ezpenmental values of F " in this formula a curve can be 
obtained whioli abowe the eleotron diatnbntion parallel to any given eet of 
erysbd planes In applying this to a crystal snch as beryl due regard must 
be paid to the sign of F The expenmental values of F are given in column V 
of Table VI and their signs may be got from the oalchlated values m column VI 

The curves of figs 8 and 7 show the distribution of eloctron-denaity m sheets 
parallel ta (0001) (loTo) (1120) of beryl The curves are values of Z/(*) 
calculated from formula (6) Since the curves are symmetrical it is only 
necessary to show one half of the complete repeat of the pattern in each 
case The (0001) spacing is halved and therefore the correspcmding curve m 
fig 8 most be repeated four times m order to get the distribution between 
planes a distmice 9 17 A apart the length of the o axis fig 2) In the other 
two caaea one may suppose the curves reflected m the Z/ (t) axis so as to give the 
complete pattern The area within the square gives the scale of the figure in 
each case 



The structure of the (OOOl) planes is very simple and it ta possible to analyse 
the curve so as to obtain an idea of the distributtun of electrons m the various 
atoms The peak fi in the middle of the curve ta due to nx oxygen atoms of 
bie group BefAltSiisOM "Fhe peek A on the left irtcn completed by reflexion 
IS due to six silicon atoms and six oxygen atoms Therefore, by subtraotmg 
tcomitlfiiepeskB tme may obtam a curve repteMDbng the eflect of the six silicon 
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atoms alone Some latitude is possible m ohooeing the exact form of the oxygen 
peak where the peaks A and B overlap, but it will be clear from the figure diat 
there is not much ohoioe, amce the sum of the two oxygen curves cannot exceed 
the total height of the Z/ (s) ordinate at any pomt Similarly, by subtracting 
that part of the oxygen curve which extends towards the peak C one obtidns 
a curve for the distribution of electrons in the group Al^Bei. The complete 
distribution of electron density is made up of theee four oompoienta, Si« and 
0| at A, Ot at B, Al|Be, at C The components are shown as dotted curves in 
the figure 

The total area under the curve meesures the number of deotrons m the unit 
cell Thu number u 632, and one quarter of these, 133, are represented by the 
area umler the part of the curve in fig 6a Sumlatly, the areas under the 
dotted curves measure the number of electrons sasooiated with Si«, 0«, and 
Al|Be, (It will be realised that the numbers of atoms will be in the Tight ratio 
for a molecule Be^iSi^Oig when the curve is repeated by reflexion ) These 
areas, as drawn in the figure, give the following numbers of electrons. 


Sis 

74 8 electrons 

12 47 electrons per atom 

0, 

63 7 eleotoons 

8 96 electrons per atom 

Al,Be, 

30 1 electrons 



The dutnbution of electrons amongst the silicon and oxygen atoms Ues 
between that to be expected from neutral atoms, for which the value for sihocn 
would be 14 and for oxygen 8, and that for ionised atoms, with values 10 and 10. 
Of course, the oxygen curve could be so drawn that the ratio 10 to 10 would 
exist, but if thu IS done tnel ehows that it u impossible to suppose the oxygen 
curve symmetrical on both sides of ite peak. Thu may in fact be the case, 
since the oxygen atoms in peak B are united on one side to the siUoon atoms in 
peak A to form a nng of the composition Si<Ou. It seems simplest, however, 
to assume the oxygen curve symmetncal, and suppoee that siUoon and oxygen 
divide the electrons between them in the ratio of about 12-6 to 9. The point 
involved here u an mteresting example of the power of Duane’s direct method of 
analysia. We are not correct in speaking of the atoms as being m definite 
“ positioiu ” except when we may assume that the distnbutum of eleotioiu 
uound them u highly symmetdoal. 

The nnmber of electrons m the alunumum and beryllium atoms separately 
uannot be deduced from the curve for AlgBeg and we have arlstndly ^plit 
up thu curve into two components of areg tonesponding to 11*4 and 2 4 
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eleetK«i» In tihi* w»y uurves are obtained for the eleotron dwtnbuUon m the 
atoms Be, Al, Si, 0 which are shown in fig 6 
It IS now possible to compare the experimental curves for the distribution of 
electrons in sheets parallel to the planes (lolO) and (llijO) given by the Fourier 
analysis with the distribution got by adding together the contributions from 
the vanous atoms The positions of the atoms are fixed by the parameters of 
Table V, and the structure of the planes is indicated in fig 7 As will be seen 
the companson is not unfavourable The Fourier senes is not complete and the 
addition of higher terms might elimmate some of the chief differences between 
the two curves In addition, the diatnbntions for the vanous atoms deduced 
from the (000/) planes may be incorrect For mstanue, the fit w ould be improv ed 
if beryllium were given more electrons and aluminium fewer 
The method of Founer analysis proposed by Duane may well prove to bo a 
more simple and direct method of finding structures than the method usually 
followed, m which atomic arrangenienta are assumed and their effects compared 
with expenment Duane s method has the supremo ment of presenting in the 
form of a single curve the information yielded by all orders of reflexion from a 
given plane One can imagine it possible to take the curves of electron dis 
tnbution m the vanous atoms, and by sliding them along the t axis m a way 
conformable with symmetry to obtain the best possible fit to the observed 
Founer curve and so to analyse the struc ture In the simple case of the (0001) 
planes, for example, the displacement of the oxygen atoms parallel to the c axis 
IS immediately read off from the curve instead of being deduced from a number 
of orders It is iiiteresting to note that the peak of the cuno in fig G is at a 
distance from the Si,0« planes, which agrees witbm 1 per cent of the distance 
1 30 A deduced from the spectra It must be remembered, however, that an 
extinction coefficient has been chosen which makes calculated and observed 
intensities agree for the (0001) planes so that the Founer analysis should here 
give the same results as ordinary analysis 
Though this method may be more direct, it depends like other methods on 
acourata measuiements of the quantity we have called " F ” If “ F ” is known 
for a large number of planes, analysis will be poesibla by one method or another 
In ita turn, “ F ” depends on tho estimatiou of the effect of extmction All 
other factors can be allowed for, and the expeninental ineaaniements of mtensity 
present no difficulties Aomrate allomneefoT extinctim appear f to be the itp 
a the aaalytxt of compkai ttrueturet 

Whatever method of analysis is finally adopted it seema necessary to work 
out an approximate structure m the first place, The Duane method cannot be 
VM on.--A, 3 A 
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•pphed until the eigos of the coefficient F are fixed by prekminaiy analysis, 
for the obeet ved inteuaitiea only gt\ e the squares of these quantities ProbaWy 
the most oonvenient procedure will be to oombme the trial and error method 
of assuming structures and calculating the spectra to be expected from them 
with the Fourier analysis method the latter being used to make the final 
adjustments of atomic position and to indicate the accuracy of the results 
8 Dueiunon tht Structure — In the beryl structure every silicon atom is 
surrounded by four oxygen atoms arranged tetrahedrally every alunumum 
atom by six oxygen atoms at the comers of an octahedron and every beryllium 
atom by four oxygen atoms on a distorted tetrahedron Thi silicon and oxygen 
atoms form lings of the composition Si,0|g These nngs have a hexagonal 
axis and equatorial plane of symmetry and are arranged around the hexagonal 
axes They are composed of *^104 groups each group joined to its fioighbout 
on either aide in the ring by an oxygen atom held m common The rings are 
stacked on each other along the hexagonal axes forming a senes of open 
channels, for no atomic centre is neater than 2 5S A to a hexagonal axis 
The nngs are linked together by the alumimura and beryllium atoms as shown 
in fig 3 The whrde structure is like a honeycomb, with the hexagonal axes 
passing down the centres of the cells and with walls fonued of closely packed 
oxygen atoms Thi open thannels in the structure pawlkl to the 0 axis 
are very stnking and suggest investiga ions into properties they mi^ht confer 
on the crystal 


Table VIII —Interatomr Ditlaneet 


Si GTOap 

0*-0" ~.CM A 

0» OF* * 70 A 

0» 0“ . 2 38 A 

8. -O** -187 A 

Si 0* - 1 58 a 


A\ Oieup 

t»“ 0« (p»r»Uelto(0001)> 

-2 88 A 


O" — O'* (common to B» group) 

-1 81 A 


«»■* O'* (pirslWto(lOlO)) 

- S 84 A 


AI - 0“ 

- 1 #i A 

B« Otoup 

O'* - 0“ (pnnUW to (0001) ) 

-2 81 A 


0* 0« (pnnlMtodelO) 

= 2 32 A 


0“ - O** (psmllel to (USO) ) 

-801 A 


Bo -0» 

- 1 78 A 


The groups of oxygen atoms around Be At and Si are similar to the groups 
in garnet, CasAl|^t,Oit> analysed by Menser In garnet each caloniJn atom 

8 A 2 
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u lonounded four oxygen ntoua e«oh lUumiDiuni by mx oxygen •ton» 
and each sihoon by four oxygen atoms In both crystaii the dittanoes between 
oxygen atoms are everywhwe about a 7 A The distances between neigh 
boimng atoms m beryl are given m Table VIII 

in conclusion we wish to express our gratitude to Dr A Hutchinson F B S 
for jwoviding us with crystal specimens Part of the apparatus used in the 
investigation was presented to the laboratory by the Oeneral Electric Company 
of Amenca 


Struct itt tn the Seco vdary Hydroyen Spectrum — IV 
By 0 W Ri HARDSON F R 8 Yarrow Research Professor of the Royal 
Society 

(Kece ved Ju e 1 1926.) 

SI Filchert Bottds 

Fulcher s ban Is as extende<l by himself* and Allen f consisted of six sets 
of five lines in the red whose wave nnmben obey a parabohc law very closely 
both wh^ the lines within each set are compared and when correi^nding Imee 
in each set are compared from set to set There were also four sets of four lines 
n the green with similst prt^rties The numerical coherence of these hues 
has been ably discussed by Curtis t and I havs nothii g to a id to that diacusuon 
except to say that on plates taken by Mr Wilfred Hall with a 21 foot grating 
the hne X — 6127 40 (16315 64v) is shown resolved with one component which 
preliminary measures place at X 6127 21 the value suggested by Fulcher 
It thus appears that the anomaly m this hno is dne to blending and not to a 
perturbation 

In addition to the foregoing lines Fuldiar included four other hues in the 
first four sets in the red which he denoted by the letters 8* Sj 8s These 
lines follow the parabohc law from set to set, but their mterrelaticm wiHun esoh 
set IS far from obvious An attempt to include them m a consistent scheme has 
beenmadebyDiekelwhoarrangestheveitioslsenesof Allen(S„8t,Sj So,8 ,) 

sVakhw Phys-Rev vtA si p 375 (IMS) 
tAiko, Rny Sop Pros A vol MW p 98(1934) 

} Roy »M Proo A vol 107 p 579 (1934) 

IDieke, Pm. Aksd r Wet Aantsrdsm, rd27 p 490(19M> 
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M tl» Ant five bnex tA Q bratiohM of trhioh S| M the eeventh line whilst S4 and B; 
are the first and aooond line respectively of associated R branches There are 
senona objections to the arrangement proposed for the lines 84 — Sr althongh 
I shall show that there m strong evidence for the lorrectneas of the anangement 
of Allen 8 vertical senes as Q branches In the first place Dieke s scheme has 
no place for any ( f the 8 lines nor f »r the 8» fines 0689 22 6()6S 83 and 6399 40 
whereas the credentials of 8 seem as good as those of 84 or 8* and one 
S» line seems as good as another or at least the physical evidence for a 
connection between the 8, lines and the 8j — 8 , lines is no better for those which 
are included than for those which are excluded In the second place an cxamina 
tion of the numerical coherence of the wave numbers of the lines in the R 
senes proposed by Dieke shows that it is too irregular for this arrangement to 
be likely to be correct 

A good deal i f light is thrown n this ptobiem by an examination of the 
spectrum of hydrogen m the first type lischargc • The electncal conditions 
in this discharge art especially favourable to the production of excited H, 
molecules and relatively unfavourable to the production of other possible 
emitters It is likely therefore that the spectrum observed under these con 
dHions IS that of the neutral Hj molecule In thu discharge the strength m the 
red consists almost entirely of H. an 1 Fulcher s lines This is well shown by 
figs I and 2 These are two microphotometnc pnots taken for me on a Moll 
and Burger instrument bv Adam Hilger Ltd from prismatic spectrograms on 
panchromatic plates of the region from H. to beyon 1 5637 45 A T the leading 
line of the third Fulcher triplet m the green Fig > which is for an ordinary 
Geisslet tube discharge shows a mass of lines with a maximum average of 
^ Vioter 




71 « 


0 W Bicburdson 



intensity m the neighbourhood of 8000 A U and with no obvio is regnknty of 
str icture Fig 2 is a spectrogram of the Inmmosity of the first-type discharge 
under similar dispersion It wiU be seen that the strength on the violet side of 
6976 43 A U hat almost entirely disappeared The only recognisable structure 
remaining is that of the green Fulpher bands and the lines m the neighbourhood 
of 6700 A U which have recently been arranged by Curtis • Between 6976 43 
A U and H. on the other hand the red P drhei bands stand o it with great 
strength some of the lines being comparable m intensity with H. Tho strength 
coming from other systems whioh makes the mtensity distribution m the Geissler 
tube discharge (fig 1) so irregular is hero suppressed and tho pattern oonsista 
of repeating units of the lines 8; S« 4- 85 -f- 84 (unresolved) St + 8, (un 
resolved) and 8, The first four units are very distinct but the two last nearest 
H. are fading out In addition to these lines Sq and 3 1 can be recognised m 
the first unit and the lout lines AP (2) » 0067 70 A U BP (2) — 6169 63 A U 
CP (2) -- 6271 31 A U and DP (2) « 6372 19 A IT clearly belong to thesame 
system These additional hues have not been given by Fnloher A very similar 
devsloinnent of intensity distnbntion to that of fig 2 is also shown by a ^ato 
taken at a low pressure at — 262° C which was kindly lent to me by Prof J C 
MacLennan f The low pressure low temperature and low voltage electron 
excitation features of thu spectrum makt it necessary that the strong lines in 

•Curtis Plul Usg. vol 1 p eM(lMe) 

t C/ JCwXiSiiiisa snd Shnm Trans Boy Sie Canada vol IS^p 177 (IMM) 
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for exAinpIe fig J diould be those which belong to low roUtionel ijuentum 
nttinben of the system The hues of higher rotational quantum numbers if 
they exist must be weaker lines The problem of the red Fulcher bands thus 
narrows lUelf down to the discovery of suitable additional lines which will 
enable the Si — 87 lines and the added P ( 2 ) Ime to form the low rotation quantum 
number lines of a band umt This problem I propose to solve in the manner 
ah >wn by fig 1 This n presents the band unit in the red system which is 



nearest the violet and is leuoted by the letter 4 the others proceeding towar Is 
H, being denoted by the tettere B ( 0 1 and F m sncceiwion Following 
Allen and Dieke 1 use the lines Sj ‘t, % and S.j as a Q branch AQ (m) 

m I 2 ^ 4 6 'ti an 1 P (>) i use as the iealmg lines AR (1) and AP (2) 
of R an I P branches correspon ling to \ti (w) It will be shown that weaker 
lineaexiBt to form a reasonable niimbir f additional members ThelineaStand 
S I use as the two leading lines of a new Q branch and denote them by AQ* (1) 
and AQ* (2) Here again suitable oheroiit weaktr linea can bo found and it 
will be shown that there is an mportant parallelism between the vanous Q (m) 
and 0* (m) branches m respect to their ruponso to helium excitation The 
last line S 7 1 use as the leading line 1 f an R branch AH* ( 1 ) associated with AQ* (m) 
Weaker hnes to continue this an 1 alsi lines for on associated P branch AP* (m) 
can be found A corresponding arrangement has been found fort he B C Band 

B seta m the red but the last set has become too attenuateil for anything but 
FQ («) to be discoverable with certainty although there are lines which imght 
be PQ* (1 ) FQ* (3) and FQ* (4) Branches correspondmg to AP («i) Q ( w) R (m) 
aa far as DP (m) Q(m) R (m) have been found m the green and M f&r aa 
BP (m), Q (m), R (m) in the blue A combination principle holds between each 
set of banda and the others 
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'I'he pioperUM m this and nmitai tablea are aa get forth m Merton and Barratt g 
Tablei and as need in my previoiu papers except for column 8, which exhibits 
eatitnatcs of the relative mteneitieg of the lines on a plate of the first \ype dig 
charge It will be observed that with this discharge the alternation in mtcnwty 
of the hnes of any Q* branch is more marked than that given by Merton and 
Barratt s intensities which are for a discharge of the Geisaler tube typo but with 
a low current density and the same is tnie though to a less degree of the 
intensities of the lines m the various Q branches The extreme weakening of 
the relatively strong S, hne 6197 05(6) =C*Q(1) is very striking It may 
have to do with the high pressure character of the line but AQ*(1) which is 
also a high pressure line is not similarly affected An examination of C‘Q (1) 
on Mr Hall s plate with a pocket microscope shows no evidence of duplicity 
The fact that the weakened lines art those for »» even in A D and L and for m 
odd in B and CQ^ (m) may Ih sigmhcant 

The differences in the wave numbers of the linee are quite coherent although 
the secniid differi nr< s are not constant Bo far as the vertical differences aro 
concerned this is shown by fig 4 in which X indicates first differences and O 




indicates second differences plotted against m The honrontal first and secOml 
dtierences are shown in Table II 
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Table II 

^ A (» B(ii) — t*(») - i>(»> — y(<») 

J88 82 73 27 2«2 13 2« 07 

13 25 11 11 U 00 

2M 73 — 273 50 MB 20 352 00 

II 14 10 SO II 20 

284 18 273 53 253 90 258 97 

10 84 9 62 9 03 

383 ) 

The third vertical secon 1 hfference is probably about 0 3 ora ‘ too low at 
10 27 Otherwise all the hnea are coherent to within the accuracy of measure 
raent and there 18 no evidence of perturbations The only evidence of the 
occurrence of blends lies in the fact that lines DQ* (4) F(y (2) and LQ* (3) 
are tlairaod by other acncs as IVaOQ (S) • PR (I) and DP (3) (see belowl 
reepectively 

Important further evidence of the reality of the Q> (m) branches is derived 
from a oorapanson of the effect of helium on these lines and on the Q (m) lines 
This gas has a peculiar and selective effect on the Q (m) lines a fact to which my 
attention was Irawn ftidepcndently by Prof Merton and by Dr Curtis In the 
AQ (m) branch hebum depresses the line Q (1) has little effect on Q (2) shghdy 
enhances Q (3) strongly enhances Q (4) and vay strongly enhances Q (3) so 
much so that on a helium plate this lino is stronger than Q (2) Broadly the 
effectis a weakemng of the low rotation quantum Im s and a strengthening of 
the high rotation quantum lines A similar phenomenon takes jdace in BQ (m) 
CQ (m) and OQ (m) except that the low qnautum weakrnmg effect tends to 
inurease and the high quantum strengtbeiuug effect to dimmish ns we proceed 
from BQ (m) towards DQ (m) Vow the Interesting thing in the present con 
neotion is that a precisely parallel phenomenon is found in the com spending 
Q* branches rhu will be clear from Table Ilf which exhibits the relative 
mtensitiea of the various bnes of the Q and Q* branches ( n a H| I- He plate 
and a oomparuon H| plate for which I am indebted to Prof Merton 
The numbers g(iven m Table III arc visual estimates from the appearance 
of the Imes of the mtensities on the usual conventional sdUe and have no 
absolute meaning but they suffice to estabiish the close parallehsm referred to 
It may perhaps bo permissible to add that these lines were ongmally picked 
out from the numerical requirements set by the B« and lines without any 
knowledge either of the stfenglhemng of the alternating character by the first 
type dischwge or of the hehum phcnom8na«and no alterations were subseqaently 
made in the hst 

• Sandraiao Roy fcoo Proe A r<3t llO p 3W (19*«) 
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He effect on Q (m) brenot 
Vo Ha 


AQ «| 

gill 


AtfO) 

AU'W 

At}* (4) 


C(i*(8) 


W}*(1) 

D<}*(a) 

Oti<(S) 

0<}'<4> 

Eg*(i) 
Eg* (3) 
Fg'(S)t 


FQd) 4 ► aba 

>g<*) 1 abe 

Fq(8) J —►aha 

• Nol Oompletaly reaolved from ffl97 J3 

f The axoaptlonal behaviour nf thie bo* may be aoco mted foe by the fact that it ia i 
a. DP (3) 


Heaflootong‘(ni) bi 


J 3 The P and R Br KtcAfs m the Red 
TaHe IV 

„ i WLln Wave lat 2Qf 

Alr(Int) Vumber Diff Diff 


\K(»») 



^ 8 30 
^ 8 88 
^ 6 M 


' ProbaWy abatol 



0 



't(») 

I - . 

l^T 

j 

iViMtrifl)) j 


1 i 

' 1571 ( 1)1 j 

•K. 


V 

s»( 4 » 1 ««S 01 \g 

( 0 ) IIOKI U 


CB(«) 


«»' mw iiitti s» ^ 


M(*n»ID 0 IJ \j^ 

«««( 4 n 6 tt| 7 » \ 

•1*1 »S(|j JUP) gj /•• •• (■ 

\««l >*» 


•• '»(*) - IP,L t 57 pl,T ^ 


lifiwdiritteisj 17(3) 


DB(w) 

iz! 


***«<*) imww 

W 4 8 «(«) isggg JJ \ . 

»*«««(J)lS»-7« ^ " 

“*»«(!) 19105 80 


B 8 (») 

R *^***>0) 189(0 01 

( 0 ) 15970 11 >» 
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\A 

» 7 P«) 


AP (m) 

|t«ie7 TO (5) u 


6100 18 (1) 16388 42 
6137 81 (1) 16287 68 
0179 19 (0) 16178 87 ^ 

6224 81 (91 16000^ < 


\87 63 V 
^lOO 74 

>8 07 

>108 81V 

S N 9 78 

>118 30/ 


^131 43/ 


^12 81 


8270 18( i 18928 86 / 

MIm. 1 « th OO'O UO (7) » (2) t I>6abl« on lUU a plate 

(m) 


i 


+ + 

+ 





s 

76199 03 (5) 16203 96 

3 








ate 

6206 66 (y) 16109 88 

4 



+ 

0 


IS'l (6) 


ate 

76386 63(3) 16004 33 

8 








0 

6291 80(0) 16889 31 

F 


1~ 




Si (4) 


2 

76340 87(0) 16707 10 |. 

7 


1 

1 + 1 

1 ~ 


ate 

6399 09 £ ] 16637 83 


■)> 04 08 
^106 06 
^114 91 

-j )>122 21 

-I ^129 27 


7 OouU* on Hall a plate 

tP(m) 


6271 31 (3) 18941 24 
0311 09 (y) 18840 78 
6380 14 (0) 18728 48 
6408 71 (0) 16606 78 


^100 48 
^112 28 
^121 72 


^11 68 

")> 9 M 

>■30 
^ 7 00 


> 9 44 


8373 19 (8) I868S 88 
8411 77 (1) 1S8M 01 
0486 11(0) lHg4 93 


PP(W) 


> 96 84^ , 
>107 0«/ 


3 

0 8473 U()>) 16846 36 v 

> 91 83 

1 

ate 6612 23 £0) 16361 63 ^ 
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The first lines of each branch are low prewnre lines which are depressed by 
tie condensed discharge The two lines AP (2) and BP (2) whidi form an 
exception to this statement are both found to be doable under higher resolution 
The later members tend to come np in the condensed discharge and the two 
first P branches (A and B) show a similar property to the corresponding Q and 
branches of enhancement by hebiun for the highest rotation quantum 
numbers It is not pretended that the strong lines 62i4 81 (9) — CQ (1) and 
6340 67 (6) = DQ (3) belong here They merely cover up places where members 
are to be expected but the faint companion of DQ (3) (Sj (4) ) might be 
BP (6) The difieiencis are all quite regular if some sbght allowance is made 
for the known doublets The hues claimed by other senes which have not yet 
been found to be doable all involve weak interferences which may be difficult 
of detection It should be remarked in connection with the numbers in column 
8 which represent intensities on a plate of the first type discharge that the 
luminosity m this discharge is very weak and the absence of Imes which are of 
intensity (1) or less in the ordinary Geissler tube discharge has bttle significance 
The points which they seem to establish are (1) an alternating intensity in the 
B branches (particularly noticeable m the strongest branch BE (m)) (2) the 
strongest lines are for m odd except ponibly in CR (m) for which branch the 
plate u difficult to mterpret and (3) the first lines (m » 2) of the P branches 
ate definitely present on the plate with a reasonable diminution in intensity 
from AP (2) to EP (2) 

The horizontal first and second difiereucee of the red B (m) and the red 
P (m) bnes are oxhibiteil in the foUowmg taWe — 


1 (1st) 
(Sad) 
S (lit) 

* 1^1 

MiS) 

■M 


’in, 


A(*) 


3S4 «3 
a7S 33 


3M U 


B(»l) 
12 St 
S «1 
2 OO 


Table V 
RedR(m) 
0(») 


S72 07 
M7 S2 
SOS 00 
SOI 03 


10 41 
089 


SOI 00 
207 07 
204 00 


D(«) 

12 04 
14 00 
7 01 


240 44 


271 10 

ITS 04 
203 40 


323 21 
391 03 


0 40 
0 42 

Tn 

7 01 


RedP(t») 

802 72 

10 3S 

200 » 

SO 37 

S70 74 

8110 


SOS 80 
240 70 
ta 00 


0 80 


242 80 
240 40 
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Both th« vertical anU honzimtal diftmacra Mem quite regular At any 
rate there la no irregularity beyond what might be expected os a result of the 
inteTforences shown in Table IV 

§ 4 Thf P‘ fl»id R‘ Branches tn the Red 
Table VI 


P , . VV L in w.ve lit Snd 

PropertiM Alr(lnt) Nnmhnr Dili DIB 


AK‘ (w) 




O W Bichankcm. 
Table VH 


« (1) (1) (8) 4) 

8 + + 

3 + + 

;i 
e 1 

AP>H 

(») m (7) (8) 

1 a 0041 01 (4) leaw es 

1 BR(3) a 0074 39(4) 16448 01 

1 Olia 80(0) 16384 89 

^ <a* 4183 01 (5) 16440 48 

1 1 ah* '(Oaoa 4 [ ] 14118 4 

* Iirxfd vthOISS 17(1)1 

!• ' 1. 

1 6183 17(3) )I‘’47 30 . 

> 1 1 1 

1 UR>(3) alM 6tat 90(4) 10039 U < 
TIP (9) ala 0379 08(0) 18919 86 ‘ 

;i 1 1 1 

CP*(«) 

[ j ] BP*(8)]*U| 0364 89(0) 11907 57 , 

tl69Q<3)L)a. Oaoe 00(0) 18858 39 ' 
1 1 1 8,(4) lab* j 0381 38(1) 15 40 51 ' 

. 

DP'{m) 

1 1 ala I 6376 11(0) 15679 31 , 

1 0 6417 0- 15579 68 < 

1 1 EP'(1> lab* { 6463 080i4) 18468 31 ' 

:illl 

BPMm) 

1 IrfMH !«««(»)»««»» 

Lu eau 83 [ } 16333 31 


>WM. 

< » 

\nl t* / 


Tbe F bntadMa cannot be regarded ae lo ceHaioly eatablidied aa the P 
btaBobee unea tbe hnti are weak and tbe leading taiea do not ataod out da the 

ptateMtbeP(a)1iaMdo The number of linel available in tbe specttanitd tbe 
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flist-type duohatge u, however, very luiuted,uid itu doubtful if »ny alternative 
■Rangement could be oouetoucted which usee linee with any strength in this 
i^teotnim for the low r^^tion quantum numbers of the A and B branches If 
these branches are present, either AP (2) or AF (8) and either BP (2) or BP (3) 
ought to show up, even if the other lines are absent and it is satisfactory that 
such strength as the hnes show m the first-type discharge is m the right place 
The two new Imes assigned to BP (3) and DP (3) are present m the first type 
discharge, but are not given m Merton and Barratt s or Tanaka’s tables They 
do not appear to be attributable to Hg N 0 C, Ca, Ba Cu, Al or ^a so presum- 
ably they belong to hydrogen It should he added that no Imes due to 
impnnties have been found on the plates on which these Imes occur The 
honsimtal diflerenoes of R* (m) and P^ (i») are shown m Tables VIII and IX 


Table VIII —Honeontal Difierences of Rod R* (w) 


(Irtj 

(tad) 

{iS, 


200 Ofl 271 60 96S 38 282 08 

-)-18 SO -fS IS -t-0 40 

273 88 266 88 S«i 78 283 28 

+« 98 +3 W +2 so 

250 47 261 63 264 82 2S3 27 


(244 61) (386 34) 

( n w) 

230 36 


Table IX —Horizontal Differences of Red P (m) 


301 60 
300 61 
31S 36 
331 39 


11 92 
14 60 
16 64 


289 73 

m 01 

298 72 


II 37 
31 17 
38 a 


278 38 
273 84 
372 30 


13 S8 
18 80 


380 83 
3S7 24 


All these numbers seem coherent The three numbers in brackets mvolve 
the interpolated wave number 1(J616 63 used for BR* (4) Tables VI and VII 
show a considorable number of mterferenoes which may be difficult to settle 
It may be pomted out, however, that the dauns of 1 F (8), 169 Q (8) and 163 P (6) 
to the three relevant lines m the P (m) branches are very slight With one 
ozo^tioii all the other lines are hnes whioh function twioe in the Fulcher band 
system as now extended 


3 B 


TOt OXI —4 
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{ 5 Th» Bands tn the Oreen 

The hnc8 of the Q btanohee and theu propertie* etc are shown m Table X 
The main hnes are the same as those given by Fulcher but some weak extensions 
have been added which it does not seem possible definitely to exclude at present 
The more rapid diminution of intensity of the higher rotation quantum Imes 
in the first type discharge is very evident and on Prof MaoLennan s plate at 
— 262° C there is practically nothing left except the first Ime of each band 
The tendency of the high quantum hnes in the A band to come up in hehum u 
very marked just as it was in the two red Q branches As in the ted the green R 
branches are weaker but the lowest quantum hnes show a defimte persigtence 
possibly amounting to enhancement in some cases m the first type discharge 
and on the low temperature plate The property of coming up m hehum at the 
end of the branch seems now to have moved from the A branch to the others 
Again as in the red the P branches are still weaker than the R branches but the 
important hnes BP (2) and tP (d) of the two strongest bmids persist both in 
the first type discharge and at — 262° C It la, of course difficult to be sure of 
the famterhnes m these weak faranchea and the hnesgiven forAP(4) AB(S) 
and AR(6) might be replaced collectively by 18616 80(3) 19011 48(0) 
(si 53 P (6)) and 19066 01 (1) without much detriment to the numerical tela 
tionahips Considering the character of this spectrum the number of suspected 
interferences m the green bands is not high 


Table X —Green Q (m) 




AQ(m) 

(») 


6303 18 (8) 18861 48 
{6800 03 («) 18830 81 
6317 W (6) 187M » 

3TF(S)|0« 83» T« <1) 18787 43 

6344 37 H 18706 46 

BB(4) I•b>| 8361 8S[ ] 18648 00 
8381 73[ ] 18878 36 

lOndwMli 8336 80(3) t Kind U4» 13(3) } PBI«alv*d doslM (M swl E) 


>10 63 


000 
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T«ble X— (continued) 


PiopcrtiM 


Kaml»r 


BQ(«) 

(8) 


(T) , . . , 

' ' ' MIV M> {6) 18844S 

MSS »e (I) *184Ii 83 
St34 83 (6) 
sue 70 (0) 183M ee 
SMI SO (1) 

(S470 a- -] 188*8 8- 
sa (8) 18178 88 
87 (0) 18104 79 
70 (0) 18030 83 
DonUe under high iMolutioo 


1*8 B (7) 


yao 69 
\3Q 11 

Sm 06 

>40 73 
^9 13 
^7 S8 
S73 U 
^74 S6 


>9 4, 
>9 96 


>110 


rQ(m) 


$837 4S (7) 18083 86 v 
8843 41 (3)*180S4 U < 
8888 81 (4) 18004 88 ( 
8864 83 (1) 17900 00 ( 


89 (8) 17839 03 
0(8) Inta 1*8683 08(1) 17891 13 
80(0) 17841 M 


>18 64 
>18 68 
^7 70 
>49 87 


> 9 91 

> 9 18 
>18 17 


boaU* undu itMiutiani tbi Mntor sompooent m •boat i Lxj towMdf «1m r(aM. 


3 B 2 
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T»W* XI — IJwMJ R (m) 


PiroptrtiM 


W L. in Vr»n Itt Snd 

Air (Ink) Mwttbw Dili DiS 


AB(») 


W(J) II 


>46 10 , 


>34 a < 


6370 41 (3) It 
6389 69 (0) II 
8380 18 (0) 19041 76 < 

>n«2 ' 

9343 46 (f) 19069 70 
h 8364 80 (4) ~ 18917 96 (tl88P (9) ) t Baoonfed on fint tyfn ta 


6388 W (3) 18863 
8373 46(0) 18608 
6361 63(1] 18648 


>» \ 

34 < > 8 48 

28 < > 7 49 

^7 63 


AP(6) 

HNiond on am pint* only (K. tad B ) 


I 8818 48 (3) 18118 91 
I 6499 86 (3) 18178 38 
I 6483 90 (0)*18330 


Otj 8470 17 (-3 18378 89 
t DifliiM on Bift-tTp* plnU 


« < >10 48 

>1 89 / 

14 / >6 14 

^ 78 / 


DE(m) 


1690(1) ntn 
167 0 (7) alM 


6634 31 (0)tl7748 49 , 
8616 24(0) II 
8601 66 (0) 17846 91 
8890 04(() 17884 00 ' 
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Table 12 — Qieen P (m) 


AP(») 


kta £340 84 (1) 18718 48 ^ 
at» Us8S48(fii)18«ttOT < 
»bl 8309 eo (0) 18SI3 73 < 
»I« 8433 84 (f) 18399 09 < 


* s. 

^11 98 

N 8 88 

> 8 57 

10 / 


I 1 I 8458 97 (1) 18330 13 . 
L)» 8483 48[ ] 18314 08 
Uim I 1834 01(0) 18097 78 
CPH 

1 8873 88(1) 17938 93 . 

[5808 8 117830 4- / 

iS 13(0)tl7708 39 / 
17 88(J) 17577 85 
im ona plate oalp (U lOd B ) 
m ant-lype plate ai 6844 99 (bnad) 

DP(m) 


K(4) 

(«1R(8)| 


19(7) 17573 11 . 

78 C *' 


5738 87 (I) 17488 
8768 98 (3) 17835 39 
leosis 68 (9) 17199 18 


>13 01 


>18 5 
->5- 


>996 
19 / 

M3 U 

» / 


* Tha bead liaea nay be afaaent The atnagUi la both caaaa bekefa to other ayateou 


The homontal fint and second differences for the green B and P branches 
we shoTm m Table XIII The corresponding differences for the Q branches 
hare been tabnlsted by (Tnrtis * The figures in brsokets involve the snbstitate 
17826 4—) for the line 17830 4— [— } givea m the tsUe of properties This 
takes the irregularity out of both vertical and hwiiontal diffwenoes 


loc eU 
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Table XIII — Honzontal Difieteacei 
Green R («n) 

« A(m) B(«) C(«) - D(m) 

] (Jtl) 412 ea 2M »4 272 42 

(2na) +18 71 +21 42 

2 (lit) 405 26 284 W — 377 48 

(2iid) +20 27 +7 50 

2 (Irt) 288 97 278 U 888 28 

(2nd) +20 82 -o 09 

4 (l<t) tea 88 370 01 891 89 

(2nd) +25 87 21 88 

Green P(m) 

2 (lat) 398 34 284 19 262 62 

(8nd) +14 15 +20 87 

3 (Irt) 407 12 (888 68) (387 62) 

(2nd) +(18 57) +(20 93) 

4 (Irt) 418 94 391 39 — 271 10 

(2nd) +24 85 +20 29 

8 (Ut) 377 99 

§ 6 The Band* *n tie Blue 

(1) The Q Branehe* — Tbat a number of hnee exist in the bine which are 
eloeely related to tbe Fulcher linea in the red and green waa first recognised hy 
Gehrcke and Lau* from obeervatioae of the epectnun of hydrogen excited by 
slowly moving electrons A oonBiderable number of these were arranged by 
Dieket in Q branches eunilar to those already proposed for the red and green Q 
branches Table XIV shows Dieke a arrMigement of these hues with the addition 
of three lines which are underlmed once, and the subsUtutioa of three lines, under- 
lined twice for other hoes given by Dieke I have also adjusted the wave num 
bexs of two linea which are abnormally strong (CQ (3) and DQ (2) ) , this takes out 
the irregnlanl^ m the vertical differences One of these imes i» abnormal m 
showing the Zeeman effect and is given by Merton and Bairatt as a high pressure 
line ItisprobaUyablesd As regards the interferences, 83 B(m) and 10 F(m) 
are both rather doubtful single branches the line denoted as AQ (1) is expresslj 
mentioned as a doubtful member of his bud by Sandeman,:^ and the hue denoted 
as AQ (S) does not appear on his plates Although tiie lines of Fulcher’s bands 
do not show the Zeeman effect, the Zeeman property of AQ (1 ) might be genuine, 
as Curtis and Jevcmsf have found that the first line of a branch in the helium 

SGWwiAesiidlsM. BwHaAbui »tsbsr Mug,’ p. 458 (f«3I) { p 848(1988) 
tine. Ml. 
tlM eil 

lOurtisaadJevoBS, ‘Nature (1985) 
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batkd spectrum will sometimes show ihu effect when the other hues do not The 
intensity nnd its distribution nmong the Imes m the first-type discharge and 
St — Mi’ C IS very strong evidence in favour of the leahty of these bands 
The Ima DQ (2) » 4683 79 is abnormal both in intensity and wave number and 
might be perturbed It behaves both m the first type discharge and at low 
temperature as though it belonged to the band The AQ branch m the blue is 
distinguished by the same susceptibihty to helium stimulation as the AQ 
btanchee in the green and the red but in the bine band it is not confined to the 
lines of high rotational quantum number but extends to every hne m the branch 
A peculiarity of the blue Q branches is that the hne for wbch w =* 4 is extremely 
weak or absent m every branch Both m the blue and m the red and green Q 
branches there is an alternation of intensity with the weakness m the hnes for 
which m IS even If hnes having the wave numbers given in Table XIV are 
used for the two missing lines BQ (4) CQ (4) it will be seen from Table XV that 
there are no irregularities either in the horizontal or in the vertical differences 



AQ(«) 



4490 45 (5) sam 14 
4493 «7 (3) 23247 39 
4498 53 <S) 32333 31 
4504 90 [ ] 33191 84 
4313 81(1) 82153 95 
4633 37 (0) 3210S 14 
t Very weak 



BQ(m) 
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Tabla XtV-~ooniiini«(l 



•Hl»d with 4600 34 (0) 

(i) Un« moMuted T«a»lu wd deMniMd bf Urn H of qslt* TMisU6 IntMuitf 
t W«r« aamher </ tiii« radaoad 0 73 ora ‘to toko ob* urtfaluMy 


DQ(m) 



EQ(m) 




Table XV —Blue Q (m) HMusontal Dilleie&oei 
AQ(«) Bg(ra) C(}{ra) DQ(«) E(9(m> 


811 r - — 301 M 

10 08 

810 «8 SOI 00 


310 83 
(310 M) 

311 30 


10 40 
(11 T4) 


SM 93 
(393 30) 
397 93 


18 34 


10 18 
iTw 
iToi 


391 11 380 37 

10 U 

390 83 379 31 

10 87 

180 33 379 07 

10 79 


(2) TAd Atm the rod ^ green theoebnuiolMM 3(3 muoli 

veeker tiian the Q bruuhee and are moce dif^t to locate with certainty owing 


V'V'^ 
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to the fact that they are mixed ap with aome other ayctems which are strong 
in the first-type discharge In fact, a miorophotograph of the first type m this 
region, whilst exhibiting oonsiderable strength between and E, shows little 
or no regulanty of the type shown in fig 2 by the Fulcher bands in the red 
The hnes giren in Tables XV and XVI under A and B are the hnes which I 


Table XV —Blue B (m) 


8 

61 Q (3) 


AR(m) 

(«)| 


U7i U (t) 23343 » 
4494 ltd) tttSM 96 
4460 67 d) U4S7 02 
4440 42t(p) 22468 63 
4449 24 (3) 22480 90 


^42 46 
\S1 61 
^21 19 


^ 8 18 
^10 93 
^10 S3 


R(/») 

4637 63 (1) 22031 28 
4624 ee (r) 23003 64 
4614 27 (1) 32146 70 
4604 90 [-] 32191 84 
• Wok ll pnwDt 


C,R(m) 


6M(1) 

»AB<6) 


4806 36 (0) 21707 79 
4601 84 (1) 21771 70 
4680 04(8) 918» 77 
4670 89(r^ 21871 48 
D^(m) 

I 4667 80(1) 21417 40 
4667 82(1) 21463 33 
4660 24 (0) 81487 80 
4646 68(6)81616 38 


^62 29 
^ 25 
^ 06 


^ 91 


^10 01 
^ 6 30 


'>46 88 , 

< >11 29 
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Table XV- (oonttnued) 



AP(w) 



BP{«) 
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Table XVI~(contiatted) 


73r 


D^(m) 

' 1 (8) 

' " 470B M (0) W #■> > 

47» 81 (1) 21123 20 ; 
4763 M (4) 209«a 70 ; 
47W OO (0) 20831 86 

t ,P {♦») 

4769 00(0) £0060 72 , 
4600 26 (r) 20826 36 ( 


\U 17 
.16 34 


believe to be the AB (m) BR (m) AP (m) as! BP (m) braBchee correeponding 
to the bnmchee with the eame notation m the red and green bat a largo proper 
tion of the linee are claimed bj other eeriee Unfortunately the nval claimante 
mostly belong to systems which also exhibit conaideTsble strength in the first 
type dunharge and at low temperature so that it is not possible to distinguish 
the band lines satufactonly by the methods proviously employed Of the 
interferences 10 P (1) and 38 R (2) belong to branches of donbtfnl auth nticity 
but there is something to be said for each of the others The number of inter 
ferences seems to exceed what is reaaonaUe purely as a result of the operation 
of chance so that perhaps some of the higher quantum lines ought to be taken 
out of this table However it seems as well to include them until this part of 
Uie spectrum has been investigated under higher resolution 
The lines given under 0, Dj and E, seem fairly defimte branches which show 
the usual behaviour m the first type discharge and at low temperature but they 
ate not coherent with the A and B hnee This can be seen from the vertical 
difietenoes m the tables and is just as evident m the honsontal dificrenoes 
Thne are however a number of lines m this region which can be arranged 
odheiently with the A and B Imee as fragmenta of P and R branches ootre 
^ponding to the C D and £Q branches These are given m Table XVII 
^ai o^erenoe with the A and B hnee u shown by the vertioal difierences in 
TaUe XVII and also by the honEontal (hflerenoes m TaUe XVIII 
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Table XVII -Blue R (m) and P (m) 


4600 06 (r) S1733 75 
4584 48(1) 31806 63 
4570 as (rd) 31171 45 
4558 50 (3)t31SS0 S3 


N7s as . 


y»s r 


I++I 


DR(m) 

I 5* I 4661 8» (4) 31446 85 . 


+ + ata 4643 OS [} 31538 31 

I I I I I I I 7 I 4636 S4 (0) 31606 51 

Mty be mixed with 4660 34(3) Imvuym 

DP(«) 

I I I I ( |ato|46SS3l(nl)31378 BS 

* Vxloe iwiuired bjr oomblnxtlai prindple 

RRH 

4731 66 (1) 31173 53 


^13 04 


4690 03(1)6)31371 03 
46a 16(3) 31350 83 
4664 66(0 31433 36 


EP(4||) 


4788 30 (0) 1 1000 64 
t(300tt 
4703 63 (0) 

4811 67(0) 10777 03 



t tbjn* nixed with 4310 64 (p) 
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1 (Ut) 
(tad) 

* E 

* D 

* 


t (l«t) 
(ted) 

^ !*ri) 


Table XVIII ~Hon*ontal DiflerenoeB 
Blue R (m) 

BR(m) CR(m) DR(m) EK(n) 

31J M msi *84 90 273 M 

U U 1* 83 12 47 

301 0* 288 91 *73 4* *82 18 

14 11 IS 49 11 *4 

— *74 34 264 9* *54 71 

16 89 


291 23 
276 69 

298 75 

302 35 

303 07 
31* 49 


15 87 


260 91 


Blue P (m) 


Uiutioo piteciple iTut^ o( the lins 21278 77 (rd) vhleh u probably douUa ai 


In forming a final judgment as to the reality of these blue B and P series, 
it should be borne m mind that all the hnes in Tables XV-XVII to which it 
14 apphcable satisfy the combination pnnciple subject to a reasonable allowance 
of errors due to mterferenoes or possibly wrong lines Another point in their- 
favour IS that the F branches are weaker than the R branches, and the R than 
the Q just as is the case in the green and red bands 


§ 7 The Comb%nalwn Pnnc%])le 

The lines of all the foregoing R and P branches (but not of the R* and P* 
branches) satisfy a combination rule such that R {») — P (m + 1 ) for any given 
value of m has a certain value for all the A bands, a oertam other value for all 
the B bands, and so on, irrespective of whether the bands concerned are m the 
red, the green or the blue group This is shown bjf the data m Table XIX 
Thu table moludes some data got from a blue Ci band, the details of which have 
been taken out of thu paper for further considetation The P and R branches 
of this band do not belong to the same Q branch as the others 
The values of P (m) — R (m) for the hues of the red, gteen and blue groups 
ate given m Table XX The corresponding values for the green and blue do not 
eatlsiy a combination rule, but they run m a siuulat way to those m the red 
Table XXI gives the values of the red R' (m) - P^ (m + 1) and Table XXII 
thoee of the red R? («i) — F (») There u some fragmentary evidence of a 
second F branch m the red and of branches in the green whose lines satisfy a 
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oombmatioo role umiUu to that for the R («). P (m) liixe«,but I do not piopoae 
to produce it now, aa it has not yet been sufficiently examined 


Table XIX —Values of R (m) — P (m + 1) end their next difierenoee 


B rU 


UmC, 


D rtd 


.yae 


1S» 70 348 13 011 33 

189 03 348 29 810 8« 

190 12 347 33* 810 18* 

189 83 348 31 811 04 


\/ 

188 39 


163 83 168 38 

823 31 697 09 


180 38 349 43* 

179 98 347 88 828 76 698 84 

180 30 347 87 823 38 693 37* 

179 87 380 88* 821 03* 697 93 

180 47 347 72 

180 17 347 60 823 48 697 88 

1^8 iti'w lyt 

171 08 340 11 813 81 

171 18 341 78* 811 62 684 64 1 

170 87 340 03 818 10 683 43 7 

171 04 340 IS 813 18 684 03 

170 M 1^'m ITi'm 

164 86 827 68 

162 48* 826 68 490 44 664»r 

168 88 490 SO 688 26 1 

164 22 Sr IT 490 62 684 79 

1^98 1^48 1^7 

• vhigh WTolv* sitter iotarfernxMe or doubtful UnM hare bssa dinsguded la 


The numbers m Tables XIX~XXII are very mteresting They repreeent 
coherent functions of the rotation quantum nnmbers m and of a set of oon^ 
secutive int^pal numbers which might be assigned to the snooeesive letters A, 
B, r, D, E, F It 15 probable that these letters correspond to different 
vibrational transitions n -* n', possible valuea being the diagonal transitions 
A:-.0 -*0, B = Cw2-^3 D=«3-8 E *« 4 -+ 4 and F = 6- 6, 

and that the groups in the red, green and blue correspond respectively to 
different electron jumps* of the type considered in the elementary theory of tine 

* Thu pariioular assumption u very doobtlnl It sSwas at least as prohaUe that these 
groups oomsppikl respeotively to the aHarnatiTe ftU ol vibnlkma] tiaodbamt sneii aa 
1 — >0 3 — 1-1 8-o-st, and eo on. 
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■p«ctr» Thia mtopretataon u not Abnhittl^ oertKui bat it u tbe amplett 
wboh u ooDust«Dt with th« f»ota tad it tMias detmUe to adopt it until some 
leasou for modification presents itself The numbers under any given letter 
such as A etc m any givoi colour, such as ted ete will then represent the 
different rotation quantum jumps for the same vibrationai quantum jump and 
the same electron orbital jump Saocesuve difierenoea, such as R (m) — 
P (m + 1) represent sequences of successive rotational energy terms or com 


Table XXI —Values of the red R» (m) - P> (« + 1) and their differences 



Table XXII — Values of the red fm) — P (m) and their differences 


A 

2 a 4 s 

232 «4 ase 84 SOS 8S 647 78 1 

i;i^8 


B 

ISO 43 41S S8 (576 Shp 738 87 

\/ \/ \/ 
ise 66 (168 83)* (IM 37)* 

*T1mw DBmben la bMelMti 
Inrolv* the calotilstsd Uas 
BR> (4) - (ISeU 63). 

0 

383 88 460 44 6 

16^^ Im'm 

118 68 


D 

»8 34 468 68 



E 

308 40 463 S6T 

1^*6 
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bmatioiM of such sequences Their next difierences do not vary much with m 
for any assigned letter and colour, but they are not constant and it is very doubt 
ful if the precise manner of their variation with m can be accounted for on any 
theory which has been advanced up to the present To obtam a preUminary 
survey of the data 1 enquire what would be the result of assuming that each set 
of values of R (m) — P (m + 1) etc m Tables XIX XXH for any given 
sequence of m repnsinte an integral sequence of successive differences of 
initial or tmed rotation terms I assume further that each of these hypo- 
thetical terms is representwl by the expression P (m) ^ B (m — e)' where 
B and e arc constants B and e cannot really both he constants as the next 
difierences of R (rn) — P (m -f- 1), etc , vary with m, but I avoid this difficulty 
by using only the first two terras (m — 1 and w = 2) in each case that is to 
say, I use only the data given by the Imes R (1), R (2), R (3), P (2) and P (3) 
These assumptions are only defended on the ground that it is necessary to moke 
a start somehow, but the lines used have the advantage that those with higher 
quantum numbers (w) tend to become less certain On these assumptions the 
provisional values of (2 B) and (e) are given in Table XXIII, and the values of 
(e) are plotted m fig 6 


VALUES OF (£) 



Tio B 


VOt CXI A 3 0 
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On the fece of it the velue* of (2 B) *U increeBa to s n»«mum in proceeding 
from A towuda E end then fall again The value of e from B (m) — P {« + 1) 
gtarta near xero at A and approarhes the value J asymptotically at £ Bmulstly 


Table XXIfl -Values of 2 B and of e 


(1) From red green aud blue R (m) ~ P (*» + 1) (Means) 

I 141 98 I 188 39 187 48 j 170 08 I 1 

I +0 0637 I -fO 3017 | +0 434 | +0 8001 ) H 

(2) fromrelR(in) -P(»») 


0 410 


1 1 81 I 182 08 I 161 38 | 

-0 1767 I ~0 03890 | +0 00108 I 


('ll From green R (in) — P (w) 

138 04 I 130 31 I 141 42 . 189 88 

-0 383 I -0 1183 I 0 00118 | +0 0?tS 

(4) From blue B (n») — P (») (A ► E) 

133 80 I 147 19 I 188 19 j 

-0 404 I -0 3143 I -0 108 I 

(5) From blue B (m) - P (m) (C, D, h ,) 

I I 183 18 I 187 90 

1 I +0 00883 I +0 1277 

(6) From red R^ (m) — P* (w + 1) 

141 98 I 164 11 170 OT | 170 18 

+0 282 I +0 337 +0 330 | +0 170 

(7) FromwdR‘(m)-Pi(n») 

134 30 I 186 88 I 187 18 | IW 83 

-0 2138 -0 1633 -0 1948 -0 *3« 


144 80 
+0 178 


187 IT 
+0 0171 


the ted R (m) P (m) starts neu -4 ami approaches asymptotically to zero 
The eame behaviour is shown by the green and the blue R («) - P (w) ezoept 
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tlut the gteen B and blue D are absent and the blue E is exceptional It may be 
that there are wrong hnoe m the blue E fragment , the failure of the D band 
makes them uncertain On the other hand there may be a perturbation 
here so that it is necessary to leave the matter undecided for the present 
The (e) values from the red R* («) — P* (» + 1) start near + i for A nse to a 
maximum and then fall to zero at E Similarly those from the red R* (m) — 
P* (♦») start near — i at A nse to a maximum and fall to — J at E 
It may be that these changes m (2 B) and (e) correspond respectively to 
changes with vibration states in the moment of inertia and in the component 
ot angular momentum perpendicular to the hne joining the nuclei of the enuttmg 
aystenu But this is not certain and an alternative interpretation will be con 
iidered later There are however some facts in the data plotted in fig 4 which 
I feel most m any event be sigmficaut particularly the way m which aa the 
state E IS approached the value of (e) approachea one or other of the values 0 
or ± J This becomes more significant when we remember (Tables XIX and 
XX) that for the R (w) — P (»» 4- 1) and the red R (m) — P (*n) values the 
next difierences have become practically constant at D and E and ate eqnal to 
the difference R (1) — P (2) multiplied by either 1 or f This shows that the 
formula B (m — e)* with B and e reoWy cotutarUt does apply at this end of these 
bands The parallehsm of the curves m fig 4 and the fact that they always 
keep almost exactly half a quantum apart is also very striking 
lie R («) — P (jn 4 1) terms are the same for the ted the gteen and the 
blue bands This means that alt these bands invcJve one common state either 
initial or final I shall assume it to be the final state the alternative being 
imimobaUe I take it then that the R (w») - P (w + 1) terms represent the 
tenna or some of them of this common final state I assume tentatively that 
the uuti^ and final terms are of the form B (m — £)* where B and £ are 
constants at least at the F F end of the bands Subject to these assumptions 
we have qmte generally 

R(m)«v„ + Bj(w + l-E,)*-6,(m-ei)* w + l_*m (I) 
P(» +l)-iM + B,(m +2-e,)* w +1— ,m +2 (2) 

Smoe R (m) F (m 1} have a common value for the differently coloured 
bands for the venous values of tn t» and if the common terms are to be the 
final miM (distmgmshed by small letters) we must have identically 
Bi{m-hl-Ej)» = B,(m +I-B^ 


So9 
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This requires that B, E B, and m' =• fn-E,4-Ej Patting It for Ei-^Bj+S, 
the fact that R (1) - P (2) -- R (2) - P (3) ~ [B (1) - P (2)] requires that 
* — 2 = ± e, The solution x — 2 |- e is rejected because it leads to 
P (m f- ] ) =: R (m) , thus 

* + e,-E,-E, Lj, (3) 

In a similar manner the fact that 

R (2) - P (2) =: } {R (1) - P (3) - [R (2) - P (2)]}. 
in conjunction with (x ~ 2)* ej* requires that 

E, + E,-exfe, (4) 

So that from (3) 

Ej = + 1 and ** + *1 — E* = + 1 (6) 

If the common terms are to be the final terms, then «» * m' with the numeration 

adopted in the tables, and there seems to be no reasonable alternative enumera* 
tion, so that 

El = Ej *« + 1, «i + «i * + 2 (6) 

Reasonable alternative sets of values satisfying (6) are 

Ej = Ej == f j == C| = + 1 or Ej = £| = + 1, *i "1“ 

Sj — + 1J or Ej*=Ej= + l, *1 «= + 1|. «i®= + 4 

So far as I oan see at preeent, there is nothing in the evidence to hand which 
WOdd make any of these three alternatives preferable to the others 
For the F R' branches I assume 

R' (m) * V 0 + B'l (M + 1 - E'j)» - S', (m - e\y, m + 1 — * m (7) 

and P'(« + l)-v', + B',(« + l-E'a)*-i^s(«+2-s'J». (8) 

oi+l — m + 3 

The combinations are not known but B'l B'j b\ b't are not very difiersnt in 
magnitude, and since 

R' (1) - P' (2) i {K ( 2 ) - P' (3) - tR' (1) - nm 

it follows that 

(E', - E'.) (1 - E', + E',) « t'l (s', + I) - (*', - 2) (s', - 1). (9) 

From the fact that 

R' (2) - F (2) ~ 2 {R' (8) - P' (3) - [R' (2) - P' (2) ]} 

(I + E', - E'J (1 - E', + E',) » - s'*, + 2 e'j - 1 (10) 
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This wquitos that either 

e'l^ l=ht 


II (13) were true, the formula (or R (m) would become 


(11) 

(12) 

(13) 

( 1 *) 


R(»«)= vo + (B'i -!.',)(«* -ei)* 

which would represent a Q branch not an R branch The alternative (14) u 
therefore adopted and also, from (11) 


E'l + R t ==■ 1 


(15) 


Even if we are confined to integers and half integers between — 1 and + 2, 
there are a considerable number of sets of values of E i E : e'j e't which satisfy 
(14) and (15) However, many of them are ruled out by the fact that the 
difierences of R (m) — P (t» + 1) are very nearly the same as those of 
R' (m) — F (»n + 1) Disregarding the differences between Bj 6i, etc this 
oonmion difference is A 2B (2 — t, + Et + f i “ «i) The seta which 
aatufy this requirement (in the order Ej E, e, e^) are —(a) for P, R = 1 1, 
1, 1, F, R' = either 0, 1, 0 1 or 1 0, 1 0 or ^ or If -f If 

i (6)forP R=-l 1 } HeitherFR'«i J 0,1 or 1,0, H 

or If -f 1 0 or 0, 1, -4 JJ and (c) for P R «= l, i, if J, FR' * either 
14 , 0, 1 or 1, 0, 14 -4 or 4 4 1 0 or 0, 1, 4 , 4 The lines which eon 
rtitnte the red B fragment make the RP intersection (at m — 4) and the R'F 
intersection (at m =- 0) occur at practically the same wave number If we could 
be oertam of this, a large number of these aiteriiatives would disappear and we 
should be left only with either (1) for P. R Kj E, = -f 1, e, = -f- f «« — + 14 
an(HotF,R'E, = E,= 4-4 e, = 0,e,= + l or(J)for P, RE, = E, - = 
e, « + land for F,R'E,-=E,=.e, = e,-= + for(3) (otP,REi=-B.,= + 1, 
e, =» + 14i •'i d" f for P' R fc, = Bj 5 = + 4> *1 ^ “i" 1 , 9» 0 

The uncertainty here arises from the tact that the h P and B branches each 
consist of only two lines, and if any one of these were not the band Ime there 
might be a considerable displacement of the R P intersectioa On the other 
hand, the condusion reached u rendered probable from the f aet that the spread 
betwem the mtersections of R F and of R' P' steadily diminishes as we pass from 
tile A to the E bands On the evidence at present available I do not see how 
to disttngmsh between the alternatives (1) (2) and. (3) and these have for the 
diAsmuMS of {R(m) - P(m + 1)} the alternative values either (1) 2h or 
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(3) 46 or (3) 66 =: 164 Thu leavaa the moment of inertia of die emitten 
tmoerUin by the factor* 1, 2 or 3 

Another question which must be left open for the present, is the reality or 
otherwise of the apparent change in the quantum character of the constants 
B| S] in passing from the A to the E buids The new that these quantities 
are different for the A a* compared with the E bands meets with diflhiulties 
both in the structure of the bands themselves and also in requiring a change of 
a oonhnaons character m the values of E etc , m passing from each band to the 
next An alternative interpretation which is feasible is to give to E, etc , the 
same values that they have m the E bands m every case, and to put all the 
vanationf in the correaponding terms from band to band m the quantities B 
and in effects aiismg from the nbrational and possibly also the eloctronio 
terms 

It IS expected that more light will bo thrown on these open questions when 
the alternative ted F branches and the various fragments whidi have been 
found in the green and the blue have been etudied more fully 
Each of the altemaUve schemea (1) (2) and (3) requires the Imes P (1) and 
P (1) (m <3 1 m == 2) to exist, and it appears that in the red hues do oocui 
where these are to be expected, vis ~ 



> lUt Um u double under hl|h neclullni 
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Th«f vertical difierencea givtti m Table XXIV are the vertical difierencei of 
the P and P' branches which would result if these members were put mto 
Tables TV and VII, and the vertic^ differences given in Table XXVI below are 
of the same nature The lines BP (1) and CP (1) can be extrapolated aocurateiy 
from file oUier P (m) lines, and the other hues in Table XXIV he on the expeoted 
position as nearljr as it is possible to asoertam it. The strength of AP (1) and 
AP' (1) in the first type and at — 262* C is strong evidence m favour of putting 
these lines into the P and ?' branches The P branches m the green and blue 
are too feeble to build anythmg on in this connection. 

§8 TkeQ and O' Branches 

I have not, so far, been able to find any combinations between these branches 
and any of the others , but os the P and R branches alone have been found, as 
yet, m the green and the blue, all that this implies is that the Q and Q' and P 
and R branches have no common mitial states As the precedmg analysis 
seems to require with some certainty that Ej = E, •= + 1 , at any rate at the 
£ end of the bands, this excludes the value -j- 1 for Ei and £, for the Q and Q' 
branches and leaves as reasonable alternatives Ej = — l.Oordii The 

stmotuie of the bauds is able to distinguish between these alternatives If 
El =• «i =: 0 the ratio of the first three first differences of the lines of the branch 
IS approximately as 3 5 7, if Ej e, — - 1 it is as 5 7 9, if E^ — Cj i 
it is as 2 4 6 and if E, e, — — 1 it 18 as 4 0 8 These different es for 
AQ (*n) and AQ' («») are shown alongside each other m Table XXV It will 
be seen that for Q' (m) the successive first differences are very closely as 2 4 0 
and for Q (tn) as 4 6 8, from which it appears that for Q (ni) e = — ^ and for 
Q' («) e =s J, Thus the Q' (m) branches appear to have an extra line at 
the beginning as compared with the Q (m) branches 


Table XXV -Vertical Differences of AQ (m) and AQ' (ti*) 


M. AQ (») ^ 

A'Qlm) 1.1 lad 

DIB llifl 

1 leeii 43.^ 

16668 04. 

> 7 68\« ^ 

18684 «; /* “ 

» 1SS74 is)** “ 

>16 96\, ,, 

18667 86C 

4 I«ass>“>- 

>36 «S 

5 16367 75/ 

>24 67 

16642 W' 
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Tli*e u however evidence that the tore Q (0) forbidden by the adopted 
eeleotion principle (w -♦ m w je 0) exists In a weak form vi* — 


Table XX\I 



The strength except m the cases of AP (1) and BF (I) and the nuraetioal 
irregularities, in Tables XXIV and XXVI ore probably due to Mends the 
expected positions being occupied by stronger lines claimed by other syotems 
The fact that the weak line 60U 87 (0) does not occur on the first type plate but 
can be found on McLennan s I< w pressure plate taken at -252° C from which 
many ordinarily very strong lines are absent seems to be direct evidence that 
this bne at any rate, is correctly attributed to AQ (0) The Q (0) lines are 
obviously rxtremtiy weak compared with the members of the Q branches which 
follow them and which constitute the strongest lines m this spectnim under 
low pressure or first type conditions The difference (7 18) m Table XXVI 
IS got by using the corrected wave number 16316 16 for the blend 6127 40 = 

BQ(2)[S,(2)] 

There are five important ongmal Fulcher toies m the red which fail to appear 
both in the first type discharge and on Mol ennan s low temperatute plates 
They are AQ (2) - 5991 92 (2) = Ss BQ (1) - 6093 83 (2) = 8, CQ (1) = 
6197 06(6) = Ss DQ (2) = 6302 27(2) = S, and CB(l)*-=e301 18(5)« 
Si The line 6386 60 (3) assigned to green BR (3) appears to show a like 
behaviour These facts may be of importance in the further elucidation of 
the spectrum The intensity of 4683 79 (5) blue DQ (2) u also anomalous 

• “nis mohisioa of 8801 18 (5) >• CE (1) here is perhaps doubtful os owing to the olost- 
iwM el ssTsrst strong linti the matter b a little dtSeuk to Interpret wtth the resotutiOB 
which IS appUoabb. 
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{ 9 The Emitftr$ of thete Band*. 

It seems most probable that tho emitter of Fulcher’s bands and the associated 
bands discussed in this paper is neutral H( These bands are the donunant 
feature of the spectrum of the first tfpe discharge at least in the region between 
H« and about X 5300 The first type discharge cannot be maintained m a 
nomial way below the ionization potential at which the hydrogen molecule is 
split into the positively charged hydrogen moleonle H, + and an electron * 
In this discharge, when excited at the lower voltages, the luminosity is con- 
fined to the neighbourhood of the anode, but the Fulcher lines extend further 
toward the cathode than the stronger Balmer line H. These facts, coupled 
with the absence of the high quantum number Balmer lines m this spectrum, 
make it almost certain that the emitters of thq Balmer lines ate mainly H atoms 
which have been excited without ionization, and those of the Fulcher lines 
bodies which either are or have been Ht -H * Those considerations do not 
distinguish between the positively charged hydrogen molecule (excited Hj -(•) 
and the neutral hydrogen molecule (excited Hg) formed by tho recombination of 
the Hg + with an electron, as the possible emitters, but a consideration of the 
distribution of luminosity and of tho mechamsm of the discharge, though not 
decisive, seems to favour the latter alternative 
An important feature of these electron discharges, first observed by Prof 
Bazzoni and myself, t is that the first typo discharge when first excited with the 
minimum voltage necessary to do so, starts as a glow covering the anode As 
the potential is raised, the glow moves forward and breaks away from the anode, 
until when the second type discharge strikes, the mam glow u lodged on the 
cathode. Why does the luminosity m the first tyjMJ discharge show this very 
definite ibsplaccment and also have a fairly sharp boundary ? I believe that 
the reason for this is thst recombination between an ion and an electron is far 
more likely to take place if the relative kinetic energy of the two is compara- 
tively small Tho part of the discharge tube at which there are a large number 
both of slowly moving Hg-f ions end of slowly moving electrons is the region 
between the cquipotential surface, which is distant from the cathode by an 
amount equ^ (in volts) to the lomzing voltage, and a similar surface some 
millimeters nearer the anode In the first type duchugo the luminosity does 
appear to have a geometneal restriction of just this kind 
The fact that Fulcher’s bwids are pre-eminently bands which are enhanced 
by high dixtron current densities, strongly favours excited H, as their emitters 
• C/ Bioliardson and Tanak*. ‘Boy Soo Proo A, vrf 87, p. 400 (1924) 
t Rioharctson and Baaonl, * Phil Mag vol 38. p 433 (1010) 
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av against excited H,4- The spectrum of excited H,+ should be depressed by 
high electron densities We should expect it to be enhanced by any jwooess 

involving the reaction © + H — >11,+. The first type diioharge is 

probably the least favourable of any kind of hydrogen discharge to this 
reaction, but it is the one in which Fulcher’s bands are most outstanding 

§ 10 Other S^stenu 

In addition to the bands apparently connected with Fulcher’s and mentioned 
On p 739 I have found some bnes, of which the strongest are 5938 60 
(v = 16834 34), 6982 54 (v => 16710 70) and 6031 80 (y = 10674 14), which 
stand out in Kiuti’s* plate and which can bo arranged as a P Branch with the 
same second difference as his Q branch There ate also some weaker lines 
which may belong to them, and others which may be the corresponding K branrh. 
There is, however, a possible alternative way of arranging these lines, and it does 
not seem possible to settle between the relative merits of the two alt«rnati\es 
without better experimental evidence than exists at present Somewhat similar 
considerations apply to some lines which appear to be connected with those 
recently arranged by Curtis.! All these and various other points are being 
attache*! experimentally, but it will probably be some time before information 
of the definiteness required is forthcoming 

In conclusiou I should like to thank Mr D B Deodhur for assisting in the 
examination of the first type discharge , Mr Wilfred Hall for taking several 
plates with his 21 -foot grating. Professor McLennan for allowing me to 
examme his low temperature plates, and Professor Merton for the hebum 
plate referred to on p 720 


§11 Summary . 

A mote detailed examination of the spectrum of the first type discharge has 
shown that there are a number of oUiei hnes which belong to the tame system 
as Fulcher’s bands. It is proposed to rearrange these Imes so that S» to S_, 
form a Q branch, the first line of an associated R branch to which there u a 
corresponding P Branch, 8« and St the first two Imes of an associated Q' branch, 
and S7 the first Ime of an associated R* branch to which there is a corresponding 

Kluti, * Proo PhyaMath Soa of Japan,' vol 8, p. 9 (1023), also Na|ao>ka Ann! Canary 
Volons, p. 103, Tokyo (1928). 
t ‘Hiil Mag.,' Td 1, p 008 (1026) 
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P' bmtcji. Thu holds throughout the first 5 of the 6 red bands Four similar 
bands ooeor in the green and five in the blue , but the branches in those regions 
whioh would oorrespond to the dashed letters have not jet been located with 
oattamty. There u a combination such that R (m) -> F (m + 1) has the same 
value for oonesponding lines of corresponding bands m the red, the green and 
the blue. The Quantum structure of &e bauds u not fully determined, but it 
u shown that they can be represented br terms of integral and semi-mtegral 
type. Reasons are given for beheving that the emitter of this band system u 
the neutral hydrogen molecule H, formed and excited by the combination of 
the ionised hydrogen molecule H, + mth an electron 
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J(MIN PERRY— 1800-1920 

JoHK PxuY wks bom m Ulster on Febraaiy 14 1800 tho leoood son of 
Sunuel Petty of Oaiva^ He attoided cleeeee at the Mode! School Bdlait 
and from 1844 to 1848 served hu apprenticeship to the firm of Tictor and 
David Coates of the Lagan Foond^ BeUast going through the dravrug 
office and pattern shops In 1868-70 he attended the engineering classes of 
Prof James Thomson at the Queen 8 Cotiege Bdfast being allotred as a special 
privilege to go through the blacksmith s fitting and erecting shops at the Lagan 
Foundry dnnng the summer months He attached great importance m later 
life to the fact that hut theoretical and praotioal instruction thus wpnt on 
hand m hand He was allowed to graduate early aa Bachelor of Engmeeiing 
in 1870 obtauimg first honours and the Gold Medal and m the same year 
obtained a Whitworth Scholarship and accepted a post aa second mathematical 
mastic and lecturer m physios at Oifton College where he established a physical 
laboratory and a worlahop n 1871 It has often been stated that these were 
tha first established at any school but Perry found later that there had been 
a workshop previously at Bossall and m making the aoknouledgment he 
addad These ideas were not m ne they were those of the headmaster 
(Dr Pwnval] 

Ha left Qifton in 1874 to become the Honorary Assistant of Prof Sir William 
Thomson at Glasgow and m 1874 accepted a Jomt Piofessotsiup of 
Engmeedng at the Impenal College of Engmeenng m Tolao Japan He 
was on duty from September 9 1874 to September 8 1878 and gave lectures 
on steam stnictute and hydrodynamics In all some 200 students attended his 
lectures soma of whom became professors m the Engmeenng College m 
succesBion to hnn some agam hu pupils in London and some important 
perkonagea in udustoal otioles Prof Perry and hu oontemporanes may be 
said to have founded tha development of Japanese mdustry ^leoial mention 
should be made of the fact that the professon occupied themielves ardently 
m researches beside their teaching dutim (Letter bon Ptof Shm Himyama 
Maroh26 1924) 

Thu last sentence has a special reference to the Sssociatton of John Perry 
with W E Ayrton m a senCe of bnlhant researohes. The partnership was 
one of great i^vai^age to both men and was sb congenial that for a tinw they 
shared, aqually all thait recdpts evni the Isotuie few that either of them 
mig^t earn It contmued idter thbir letum to England up to the year 1891 
wh«Qi th^ hut ]Otot paper (of 04) was pvUuhsd 

Pany ratnmed to England m 1879 organuad the works of Meean 
Lah^ Ciarir Hoirhead * Co became Examiner m Eagmeenag to the City 
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and Guilds uf London Institute, and in 1882 vras appointed Professor of 
Mechanical Engineering at the City and Guilds of London Technical College 
in Finsbury Ayrton bad left Jaiian in 1876, and had prepared the way 
for this College by starting (with H E Armstrong as his only colleague) 
technical instruction to a class of one old man and a boy of 14 But progress 
was very rapid, especially ndien Perry joined the other two He remained 
16 years at the College, and while there wrote his Practical Mtohantct, 1883, 
and hiB SpvMitng Tops (1890), the development of a Bntuh Association lecture 
to working men But his appointment at the Royal College of Science in 
1896 led to a more copious educational output The Cdadfts for Engmeers 
and Applied Mechanics both appeared in 1897, Steam arid Practirid 
Mathematics in 1899, and England's Neglected Science in 1901, the year m which, 
at the Glasgow meeting of the British Aseociation, he opened a crusade for the 
better teaching of mathematic# He retired from hi# profeseorehip at the 
Royal College of Science m 1913 , but m hi# retirement he was constantly 
busy with engineering problems, especially that of the gyro-compasa, on which 
he again worked m the happiest circumstances of ooDaboration, thia tune 
with Mr 8 G Brown, F R 8 , his nephew by marriage He was also devoted 
to his work ae Treasurer of the British Association, which he took over from 
Carey Foster in 1904 In 1920 a failure in health led him to take a long voyage 
to South Amenca with Mr and Mrs S 0 Brown But he returned without 
apparent benefit, and took to his bed a week later, when it was found that h* 
must have contracted scurvy on the voyage After a few days’ serious illness 
he died peacefully on August 4 He had manned m 1879 Miss Alice Jowitt, 
of Sheffield, who died childless in 1904 , and he was laid beside her m the 
churchyard at Wendover, where they had a country cottage 
In the career of which this is a bare ontline, two feature# stand out clearly — 
the fertile partnership with Ayrton and the campaign for improved methods 
of teaching The partnership began almoet unmediately after Perry reached 
Japan, for m a printed list of 99 papers prepared about 1880 it is stated that 
all but four were published in conjunction with Prof Ayrton, and of these, 
three are dated 1876, ten 1677, aght 1678, seven 1879, while seven are undated 
The titles mdioate varied activity there are two relating to eaithqnakes, 
which fascinated most of the young Engluhmmi who were invited about this 
time to teach the Japanese Western culture, and which continued to interest 
Perry to the end of his life , two are on heat conduction m stone, and probaWy 
led to Perry’s later investigation on the cooling of the earth ; there is one on 
“ The Music of Colour and Viaible Motion ” {PhU Mag , 1879), anoriiet on 
“ A Dispemon Fhotometw,” yet another' on “ The Magic Mirror of Japan " 
{Rj3 , 1878) ; and there is a pint inveitigatioin on stresses in oontmuous 
Hearns, which iorraed the basis of some leothree to students , but the 
great majority are dectrical mvestigatkins cA one kind or another. They 
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begla with atndiM of the quednint deotiometer, of defective instileton, and of 
oonduotOTs, and these led on to*' The Importance of a General System 
ol SimnltUieonB Obeervatione of Atmoephene Blectnoity " [Jour Soo TH. 
Eng , 1877) Two Royal Society papers in the Iwt are on the " Contact 
Theory of Voltaic Action,” on whch oAer papers followed later The 
Engmetr lot November 20, 1881, contauu a report speciidly requeeted from 
the collaborators on “ The Effioienoy of Electno Lamps ” as deduced from 
ezhibita at the Pans Baectrical Exhibition, prefaced by the editorial remark •— 
“ It deals for the first time with questions that have hitherto been 
carefully avoided, but which are of great importance ” 

Ayrton and Perry made the first determmations of the dielectnc constant 
of gases, on which followed an important memoir on the sigmficance of this 
constant in the definition of the eieotrostatio nmt of quantity They wrote 
on the vuooeity of dieleotncs, the theoiy of terrestrial magnetism, electrolytio 
polaiuatiou, telegraph tests, and they produced the first electnc tncycle in 
1882 The volume of their early work was so great as to draw from C3erk- 
llfaxwell the ]est that “ the centre of electrical gravity seemed to have shifted 
to Japan.” 

Such a partnership depends for success as much on difierences between the 
eomponente as on what they have in common One bttle mcident may be 
given in illustration Peny enjoyed hobdays, Ayrton did not Perry went 
for a six weeks’ hokday, and Aj^n wrote a letter to him every few days 
about matters he thou^t urgent When at last Perry returned to En^and, 
Ayrton met him at the station, enquinng eagerly for the reeults Peny drove 
him back to his house m Brunswick Square, went mto his study, opened his 
bag and poured out all the letters unopened, with the remark, ” Ayrton, I was 
on holiday , now I will deal with this work ” 

It u, fortunately, not necessary to discuss the queetion whether Perry’s 
direct ocmtributioiis to knowledge, or those which flowed from his own teaching 
nod his influence on other teachers, are the more important Certainly he 
exerted a profound influence on the mathematical teaching of recent years. 
The Mathematical Association has just published (1926) a Report on the 
“Tesehmgof Mathemadce to Evemng Technical Students,” which opens m the 
fcdlowmg words >■ ■ 

” Hathemstios lus long been recognised as an Impcistant element m the 
edttMtkn of engineering and other teohnisel studeats, Muoh thought hu been 
devoted to the probiem of preMntiog msthemstiosl idess in saoh s form that they 
een he teedily aalmUated and applied to teohnleal ptoblenui At one tiine, the 
p twi u tetfam was andonhtedly too abeWaot Thla teodeney has now dluppeared, 
ddedy owing to the aflorts of the late Prof Perry. Hie methods hare been adopted 
ToeywidSty When they were first introduced, they atoned great enthnaUam, and 
K was hoped thst henoeforth no diffiouity would be experienced in imparting a good 
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working kMwIadge ol nutthemnlioi to ovocy ■tndxit at kvonge ooptoity. SobM- 
qowt oxpwioooe bM firoved tkot the** bapM won too Mogalno Sdom tttf good 
work hM boon demo, by toMbm oad itodenti, ond yot. In the opinioa d meny, 
the leenlU obtained are aomewhat diai4>po(nting.*' 

DoubUem opinion will vaiy, both m time and place, as to the valne o( 
Pony’e method*. He himielf aidoidf behaved in them and loet no oppor- 
tunity of pneaing them on the attention of othen, tdiou^ hu ideaa did not 
reach a wide oiiole of mathematioiana until the duoiueion meeting at the 
British Aasooiation m 1901 But, as an instance, both of the methods them- 
selves and of the way he pressed them upon the attention of others, we may 
quote a passage from a statement made by him to a Special Oomraittee of the 
London School Board on December 14, 1887 — 

" On leaving the foundry I became Science Master and Assistant Mathe- 
matical Master at (Mton College, Bristol The ages of the boys ranged from 
12 to 18 I established there a sohod wotbhop and a physics and mechanics 
laboratory Theee were the first institutions of their kmd eetabhehed in any 
school Here students went through a senes of quantitative expenmsnts 
I will dssonbe one of theee ezpenments in oonnectioii with mechanics Then 
is a piece of apparatus which is generally employed to illustrate the laws of 
btoctoi and tackle by which a man's pulling force can lift a great weight In 
this apparatus a si^ weight is shown to be able to balance a much larger 
weight The student having been told about this in a lecture, be u taken to 
the laboratory, where he finds printed instnictiona on the piece of apparatus. 
A scale pan containing the larger weight is, say A, and that d the smaller is B 
He puts a certain weight m A. He now adds to B until, on giving B a start 
downwards, a steady motion of the apparatus results He now says that B 
balances A and fnotion He takes another weight A and repeats, and so on 
until he has obtained a great number of observations He now plots the weights 
B which balance weights A on squared paper, obtains the law connecting them, 
obtains the law for efiSmenoy of the machme, and obtains the law ommeoting 
fneturn and load. It is impoesible for a boy to perform this process without 
obtaining exact idess of work, loss of energy by friction, co-ordinate geometry, 
the meanmg of a physical law, and the algebraic expreesion of a physical law 
His hand ai^ eye be^me educated His mental power is continually sxercised, 
and becomes enoimously moreassd I have observed these facts m many 
hundreds d students 'The most cuiioos fact oheevable is that when students 
Isam in this way, by a proper amalgamation of, say, two lectures, three hours’ 
muneneal exercise work, and three home’ laboratory work a week, and 
wpecuBy if they have another three houn at mechanical drawing, not one d a 
great class of even young boys seems to be lasy or umnteceated in Ids woric. 

" The above axpmment made by iia stqdent ia eoiUewhat similw to that 
whiidi a pmotioal sngineei may have to make on a steam engine or other large 
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QOtw, and for whiob he will get peihapa a fee of fifty giuneM. Three or foot 
studrato at V time work on one piece of apparstua for three hours a week By 
this means, m a room 30 feet by 20, it is possible during a week to give 200 boys, 
m batches of twenty, this kmd of mstcootion It is necessary that the piece 
of apparatus should not be used for any other experiment liinien the student 
has experimented with one piece of apparatus, he has to pursue a similar course 
with something else The cost of the apparatus for these expenments, when 
calculated per head, is not very great This method of instruction was not 
very completely carried out at Clifton Collie My ideas, which are jmbably 
due to a book written by Dr Ball, were then unformed, but they have gradually 
been developing In Japan the system was mote fully elabomted and tested, 
and at the Finsbury Collage it was complete m 1880 In Japan the ages of my 
students were from 14 to 20 The only scientific knowledge they possessed 
on coming under my insfmction was a slight acquaintance with mathematacs 
I think that the expenence in teaching 1 got there has been of very great use 
to me smoe my return to England The system of teaching engineering was 
very perfect The students were sent to large works in the summer time, and 
thus a college education was combined with that of the workshop Many of 
my students are now managers of large works in Japan 

“ I consider that the problem of Middle Class Techmcal Bducatioa is com- 
pletely solved The experiment, which has been earned on at Finsbury during 
the last eight years, has proved that tbs theones of ftof Ayrton, Dr Armstrong, 
and myself were perfe^y correct I Lave been testing these theones all 
my life " 

Ferry’s general ides was to bndge the gap between engmeers and 
mathematicians He wanted the engineers to tWk scientifically and the 
mathematicians to convert their formulie mto concrete facts, especially by the 
use of squared paper 

" Before 1876 sheets of squared paper were very expensive , they 
were only used by a few people m important work. In that year 
Prof Ayrton and 1 began to use it extensively m Japan, and when we 
returned to London and mtroduoed at the Fuisbuiy Technical College 
our methods of teaching mathematics and meohamoal and electneal 
engineenng and laboratory work, which have now beooms so common, 
we saw that one eesentaal thing was the manufactoie of cheap squared 
paper It can now be bought for fid. a quire instead of 8d per sheet 
Out students treat it almoet like sonbbling paper , It is of 
importance that the student should use many sheets of squared paper, 
use them lavishly ” (Ferry’s Elmentary Praotieal Matkemaitet, 
chap. IX ) 

The broadcasting of squared paper, thou^ a detail, is a detail of great 
importimoe, and representative of the efiei^ of Ferry’s campaign 'The 

3d2 
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exi<t«noe of mftthamatiwtl UborfttonM atoomeof oar pnbho lohoo^ k anbthat 
symbol , Mid tbero ue by tius tune m»ny Mhool textbobka to ibow Peny** 
infinence, though m some of them thete may be no direct indiofttum of it 
beyond tbe dote of pubboetion 

“ To many mathematiouns,'* wntee an eminent engmeer (Prof. E, 0. 
Coker) recently, “ Perry wm no doubt lUogioal, and everything that 
he should not be as a mathematioian, but there is, I thmk, little doubt 
that to engineers he was most nseful, and hia influence on his time 
was tremendous He was so very stunulatmg and hel^ul. He 
brought home to us what mathematioe meant, and could do, and was 
not fitted to do, m a way that was only possible for a man \riio had been 
obhged to pick up knowledge as he could whJe going through an 
arduous training in engineering workshops ’* {February 18, 1926.) 

Such testimony and results would not be forthcoming had Perry’s quahficationi 
been merely intellectual , he hod a great capacity for makmg friends of his 
students, and, indeed, of all with whom he came into contact On hu leaving 
Japan, 66 students presented him with a photograph of tbemaelvea with 
bim m their midst, appending their names to sn aifsotloiiate farewell addnas, 
m which they regret that so many of his pupils are " scattered about in difikrent 
parts of tlu country, and are, witiiout doubt, exceedingly sorry for their 
sbsenoe ” 

Again, after he retired from the College tA Science, his old students at South 
Kensington and Finsbury collected a safBoient aum of money for a John 
Ferry medal, stamped with his portrait, to be awarded annually The honour 
was very highly appreciated by him. It would scarcely be }U8t to omit^tA 
uentson of bu great and oontmued generosity to poor st^ents. ' 

He was often called upon for speeches at gatherings of his English Itodsnte, 
responding m genial vein, e p , “ When I am among sdentifio meh I pose as 
a professional man-^d when I am among professional people I pose as a 
smentifio man— and when 1 find both pTofesekmal and scientifio peopde together 
I try to hold my tongue ” The laet speech he made was on the voyage which 
had so fatid a sequel Having been asked to present the prisee to the 
children after their sports, he appeared in a red robe as Father Christinas 
drawing a Teddy Bear on wheels, and made the children a fascinating speech 
on the great privilegee their parent! enjoyed m posseesing such wondeiM 
children. Thu wae about five weeks before hu death 
Be waa a great reader and dedaied that to wake m the nig^t wae a real 
pleasure to him, as an addi&inal oppoctuniiy for reading He acquired the 
' habit pf unbindmg books and separating them mto separate portmtu of a few 
pages, iriuob he could carry mhupock^witbigHtinoottveaienoe. Bisfavouritai 
(espeoiany the Bible and Macaulay's Eseays) he read over and over agab m 
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tha waj , but he read new novels voraotously, and lent them freely to others, 
not metdy here m En^and but during his early days in Japuu 

He oon^entiously tried to acquire a hking for opera, but after some really 
painful strug^es gave it up and returned to his Irish melodies, wboh he bved. 
He was a keen debater, and as such took an enthusiBstio part m the proceedings 
of the Kensington Parliament, which held meetmgs about 1889. 

Towards the close of his life he was invited to give eome important advioe 
in South Africa. The British Government ohoee him to represent them on 
a Committee to decide on the beet method of admimstenng the Otto Beit 
bequest of half-a-million The mam pomt to be decided was oentraliaation, 
or scattering , whether to have one big college somewhere, or a number spread 
over the Continent The Committee made extended travels in a railway coach, 
and ultimately reported m favour of a ooUoge of nmilar importance m each 
State Perry dissented, and his mmonty report m favour of a spemally 
important college at Capo Town, with mmor colleges elsewhere, was 
included He felt strongly the desirability of havmg one college strong 
enou^ to attract professors of first-rate importance In the end his 
auggeations were accepted %n Mo, even down to the details of salsnei. 

H H.T 

[EVir rewMM vhkh need not oonoem us, it vts not until January, 1P36, that any 
request reeohed me to undertake to wnto eomethlng about my friood John Perry. It 
wM a request vhioh 1 never thought M refusing if no one better qualified vw avadable i 
but 1 was acutely oonaoioua of my ignorance of Ida work and doinga before 1013, when 
he and 1 became aaeociated m the senrire of the Bntlah Asaoclatioo, of which he had been 
Trataurer ilnoe 1904. Tbla dlaabUity baa, however, been remedied, ao far as poaaihK by 
tha o( Mn S. 0 Brown, Peny'e meee, who baa allowed me to oonanlt her uoole’a 

books and papers , especially a ooUeotian of scraps intended for a icrap book though never 
bound up -K. H.T] 
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PERCTVAL SPENCER DMPREVILLE PICKERINO— 1888-1920 

SiPSNCKR PicKXBura, who died at the of 62, on Decembei 6, 1920, after a 
long lUneee, was a fine example of the sturdy and mdependent-minded type of 
En^hman Free by the accident of bir^ to choose hu own career, he 
devoted himself to science, and produced work which, although concerned with 
vanons widely different branches, was throughout chaiacteiised by a disregard 
of author!^ and reliance on his own judgment, based on the leeults of carefully- 
planned and well-executed expenmente 
He was bom in 1858, and was the son of Peraval Andree Pickenng, Q C , 
Recorder of Pontefract, and Anna Mana Wilhelmina Stanhope, granddangliter 
of Coke, of Norfolk, the celebrated agncultonst, who was created Earl of 
Leicester m 1837 He felt much pnde in hie deecent, and made elaborate 
Inqumee into the history of the various branches of hia ancestry Both his 
fa^er and mother were repreaentativee of distingmsbed and ancient famihes, 
concerning which his surviving younger sister Wilhehnina (Mrs A. W W 
StuUng) has wntten several fascinating volumes He was educated at Eton, 
and euteired Balliol on January 19, W7, where he remained untd tiie Lent 
term 1880 He became Brackenbury Natural Science eoholar, and took the 
Filial Honoon m Natural Science m 1879 Even as a school boy he had been 
devoted to chemistry, and it was whilst experimenting m the laboratory 
provided for him by his father at his home in Bryanetone Square that, as the 
result of an explosion, his eye received the senous injury which ultimately 
leeulted m its removal Before he left Oxfind he had puUidied several papers 
m the Journal of the Chemical Society la the following year he took up the 
only aoadenuc appointment he ever held, becoming Lecturer in Chemistry at 
Bedford College, a poeition which he retained until 1887 He continued to 
work in the pnvate laboratory at Bryanetone Square, fint pnieuing the tubjeote 
which had already attracted his s^ntion at Oxford Gradually he beMme 
interested in the problem of tiie nature of solutions, nntil the whole of hie 
energy was devoted to the expenmentai study of thu subject After 1896, 
probably disappointed at Ihe leoeptson accorded to hu mews by the smeDtifio 
world, he ceased to work on these Unet The almoct innumerable determinations 
of density, freesing point, oimductivity, etc., mwolved in this woric w«« earned 
out Buq^-handed with a high degree of accuracy, and the reenlts were 
embodied in a long senes of more tiian 70 papers pubhihed between 1887 and 
1896, m which, m the face of much oritioiim, he steadfastly maintained tiie 
hydrate theory iff eoluttons From this subjeot Pickenng turned to an enUrely 
different branch of inveatigatMn, which hH approached with his ohaiaotenstao 
disregard for all conventenud ideae. Bow this came about is well told in 
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an article m Natnie (19.9.’96) on tiie ectnblieliine&t o| tiie Woburn Expenmental 
Fnut Farm, vhioh la quoted m the preface of “ Smenoe and Fnut Growing ” 
(MaomiUan k Oo., London, 191B), the book in which the Duke of Bedford 
and he soinmed up then jdnt expMuenoe of 20 yean. “ The object of thu 
institution, which, under the above somewhat unpretentious title, has been 
established by the joint action of the Duke of Bedford and Mr Spencer 
Piokenng, F.R S , m order to supply what has hitherto been a great national 
want, » to ]mmde an experimental station where all matters connected witti 
hortjoulture, and especially with the culture of hardy fniito, may be mveslagated 
both from the scientific and praotioal pomt of view 

“ The origin of such an enterprise is always a matter of some interest, and 
it becomes all the more so in after years, when, too often, the details of its 
oonoeption and evdution are irrefmevably lost. In the present instance, we 
' may trace the origin to an accident m a chemical laboratory It was owing 
to such an accident some years ago fhat Mr Piekenng, whose work in physical 
chemistry is well known, was driven to seek health m a partial existence m 
the country Not hanng the means, however, to procure thu m the orthodox 
manner without abandoning his ementifio work, he reeorted to the somewhat 
unusual meaiu of getting air and exeroue by beoonung an agricultural 
labourer at Rothamsted From an agncnltural labourer to a small farmer 
and landowner the steps were not so tedions as u generally the caae, and for 
some years past Hr Ihokenng has tamed hia attention, after the manner of 
many landownen, to horticulture and practicaJ fructicultore To anyone ct 
a scientific turn of nund the unsatisfactory bans on wbeh the culture of fruit 
depends cannot fail to be apparent Its present condition is little better 
than that of agnculture some fifty years ago. It rests mainly on the hard- 
earned and often one-sided ezpenenoe of practical men, ga^eners for tiie 
most part, or nurserymen. 

" But the pressure of business will rarely allow a nurseryman to indulge m 
anything approaching to systematic research, and even when he does obtam 
any important results they are bable to be looked on askance, as being possibly 
tinctured by mercenary considerations Moreover, even ammigst the highest 
practical authontiee there u hardly a single point m the oultivation of frmt 
on which unamnuty of opimon prevails , indeed, on some at even the most 
elemmtuy processes there seem to bs as many opimons aa there are so-called 
authorities 

“The desirability of having some station whsie such matten might be 
patieutiy mveetigated, and from which results might issue free from any taint 
of commercial expediency, was evident to Mr Pickering, and not having himielf 
the capital or land neoessoiy for such an undertaking, he applied for assistance 
to a former college fnsnd, the Duke of Bedford The Dukes of Bedford have 
chuipg getierations past identified tiumselves witii the progreis of agnoulturo 
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Mid horticutture the present holder of the title showing no tendency to be 
eclipsed by his predecesson in these mstters As was probable such a scheme 
met with the hearty approval of the Duke and the rasult was the establishnient 
of the present institution conducted jointly by himself and Mr Pickenng 
The fruit farm is on the Duke s land near Bidgmont station and almost 
adjoins the land which is given up to the use of the Royal Agricultural Society 
as an expenmental agricultural station About twenty acres have been devoted 
to the purpose and of this some fafteen have already been planted 
At t) e experimental farm all aspects of fruit growing were carefully investi 
gated nothing being taken for granted — and the results were published in a 
Hence of reports the 17th of which appeared in 1920 and were summansed m 
tlie work quoted above 

The fruit farm was admirably planned and the results of the expenments 
Were in many rases obvious and striking to the eye The wnter well rememhen 
the convinoing pcture presented by the expenmental plots some ten yearn 
after their establishment and there is no doubt that this ocular demonstration 
was of great value in spreading among fruit growers the new and often startling 
infmmation derived from the experiments His association with Harpenden 
WM strengthenecl by the purchase of a house in 1886 wbch became his per 
manent home in 1902 in which year he gave up bis London house Here he 
found congenial society in the prseence of Gilbert Lawes Warrington and 
Lyddeker and m later years of Hall and Russell He was a member of tbe 
Athenmum and in 1890 was elected a Fellow of the Royal Society He married 
in 1897 Ethel Wilmot whom he had thanked m his 1890 paper on Solution as 
a little girl wl o had devoted all her spare tune to the laborious calculations 
involved m the preaent work They became inseparable corapamona in the 
home and in the walks to which at one time he was devoted Though austere 
m manner Pickenng was endowed with a strong infusion of that artistic and 
romantic temperament which showed itself so markedly m his sisters one of 
whom Evelyn a distinguished artist mamed William de Morgan whilst tiie 
second Wilhelmina (Mrs Stiriing) is a well known authcvess to whoee works 
allusion has already been made This revealed itself throughout his life m his 
love of music and his taste in art and literature and found final expression m 
the romantic instructions for his bunal on the Devon coast He left no children 
and placed his private fortune subject to his widow s life interest in the hands 
of the Royal Society for the promotion of research in science 
His views on solution are to be found fully expounded in an article m the 
Muit Motley levinon Watt s Diciaooaiy of Chemistry (viJ 4 pp 492-6) 
following one by Arrhenius in which the yyrm of the Van t Hoff school of 
phyatoal ohemistiy were expressed Hw contention that hydrates exist in 
solutmn is now generally accepted whereas his deduction of tiis compoution 
of these hydrates from disoontmuitiss in tiie int or even second difieientials 
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ct hu cuiTM of deiuutieg etc which led him to beheve in the evidence of 
highlf complex hydrate* such aa H1SO4 fiOOO HsO has never been generally 
admitted aa oonvmcing 

Fickenng was not only firmly convinced of the existence and preponderating 
importance of hy Irates in solution but was also strongly o] poeed to Arrhenius 
theory of electrolytic dissociation seeking to explain the phenomena on which 
this theory was based on grounds of residnal afiinity and increased freedom of 
motion of the atoms in the molecule 

In the event his views were overwhelmed by the rising flood of physical 
chemistry and it was only after a considerable mterval that hydration of 
molecules and ions in aqueous solutions became generally recognized 

Among the many and important results arising from the work at the expert 
mental fruit farm two or three may be aeleoted as being typical of his methods 
as well aa of mtnnsio mterest The first concerns the method of planting fruit 
trees and was st first received with incredulity and the most hostile criticism 
The orthodox method of planting was to spr^ the roots well out trimming 
them when necessary carefully with a knife and then replacing the soil and 
makmg it fion avoiding as far aa jxissible any mjury to the itiot The results 
of the Wobmn experiments led to a procedure which was the exact antithesu 
of this It was found that even when the roots were huddled into a small 
hole and the soil rammed tightly round them by tbe aid of a rammer regardless 
of mechanical injniy in the great majority of cases the trees grew better usually 
even m the first year after planting— m re certainly in the second year ^early 
1 600 trees were used in these experiments which were extended to a variety of 
soils and situations througho it the country So opposed to gei etal practice 
were the conditions that it was liflicult to ensure the proper carryii g out of the 
experiments by in lej en li 1 1 observers trained m the orthodox methods but the 
results clearly showed that except m very light soils and m the Londoi clay 
planting the tree in gatepost fashion undoubtedly benefited it 

Of considerable interest are the observations and experiments on the effect 
of grass on the growth of fruit trees which were extended to the more general 
problem of the toxic effect of one crop on another This work arose from the 
observation that the growth of the trees of certam of the experimental plota 
iriuoh had been grassed over was senously affected This difficult question was 
mvestigated in the most careful manner the various possible factors such aa 
changes in nourishment aeration and water supply temperature the physical 
and chemical conditions of the soil etc , being separately examined often by 
extremely ingenious methods The final result was to establish beyond all 
reasonable doubt that the deleterious effect which u exerted by a large number 
of plants on others growing in association with them is due to a toxic substance, 
probably excreted by the roots There is still some mystery as to the nature 
^ the toxin lot it cannot be detected in the soil m which the grsas is grown or 
m the washings from soil m which grass is growmg 
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Aaother robjact to which a (KHuddeiaUe amount of attention ww paid at 
Wobnin waa the oompoaitioa and piopra two of maectioldea and fm^tcidee 
Thu led Pickering back to the «ib}Cot at baaio laha, which had oeonpiad him in 
hiB early days, and he pubiuhed IdOf-lBl? a long aeme at papers on the 
basic ealts of copper, in which a large nninber of Rich compounds, which are 
present in the nuxtures used for aprajdng plants, were deecxifa^ and an attempt 
made to repeeent their constitution chemioal formnits The study of 
insecticides also led to work on emulsifit^cm, and he succeeded in obtaWig 
remarkable semi-solid true emulsions, oontaimng as much as 99 per oent. of 
paraffin oil dupersed m only 1 per cent of a 1 per oent. solution of soap He 
also found that insoluble precipitates, such aa the basic sulphates of non and 
copper, could replace tiie soap usually employed as emulsifier, yielding extremely 
stable emulsions, sdnursbiy adapted for use as inseotictdeB or fungicides 

The w<wk at Woburn is generally regarded, m the w«»ds of Sir Daniel Hall, 
“ as the most substantial contnbntion of the last hundred yean to the study oi 
fruit tree development ” Its importance resides not only in the value of tire 
actual results obtamed, striking as these am, but m the example afforded of tiie 
stnot apphtation of scientific principles to tiie inveit^^tion of hoituniltaTal 
problems. 

A. H 


[The wnter is indebted to Sir Bdwaid Bussell for penmssKHi to utahse the 
informatum con tamed m the Obituary NoUoes wnttm by bun for the Ohumcal 
and Biochemical Societies.] 
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JaMM Dkwar wfM bom September 20 1842 at Kineardme-on Forth the 
youngwt of seven sons His father a vmtner kept the chief inn and mas said 
by his sou to have been a man of marked ongmaUty of character -a PTe8b3rtenan 
of the section known as the Auld lachta The son was true to breed— ever 
the Presbyter ' 

As a lad he was fond of music and jJajred the flute fairly well before he was 
ten yea» old About this time he met with an accident falhng through the 
ice this was followed by an attack of rheumatic fever and he was an invalid 
obliged to go about on crutches during a couple of years Hw lungs were 
weakened and he had to give ip the flute the village counted a fiddler and 
It IS said the father called the fiddler m to cheer the delicate boy Fid lies were 
then common m Scotland as there wae much coastal trade with Italy n those 
days I had it from Dewar himself that dunng this pcnod he was brought 
mneh mto contact with the village joiner and piactis^ his hand » maloug 
fiddles this training in manual dextenfy he often said was the foundation of 
hu mampulative skill indeed he regarded it as the determining eiunt m his 
career He would dwell particularly upon the importance of some real task 
being undertaken m such work and always leprocated mere discij Unary 
routme exercises He is said to have made a number of fiddles the one he 
retained is labelled James Dewur 1864 so was made when he was twelve 
yean old It was a good instrument and was plajre 1 upon with effect at hia 
golden wedding 

When recovered from his accident he went to the DoIUr Academy then and 
long a famous school He took the first prise for Mathematios a gold medal 
also the first prize in Natural Philoeoj^y m bis last year Leaving school he 
went to Edinburgh University carrying with him the fiddle made five years 
before with his own hands as hw recommendation He entered as an Arts 
student m 1809 and lived with his bn ther Alexander who was tl cn ncariy 
through bu medical course They lodged with two elderly ladies under whose 
roof James Dewar mmaine 1 up to the tune of his marriage August 8 1871 
The books m his library show that he took prues m Prof Kelland s second 
mathematical class m 1880 and m hw third mathematios class in 1861 In 

1861 he took the prize m the Second Division of Nafenial Philosophy and a 
pnse for eminent success m Natural Philosophy m Prof Taits class In 

1862 he again took two pniee m the Fust Division of the Natural Philosophy 
dass 

He worked in the laboratory of James David Forbee the dwtmgnished 
Frofse4br of Natural PbiloBojhy in the University who discovered the 
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polanzation of heat and wa« noted as a glacial geologist and in many other 
ways a man to whom Raskin was deeply attached When Forbes left to 
become Principal at fet Andrews Dewar became the first demonstrator to 
Lyon Playfair the Professor of Chemistry We can picture him rendering 
no little service to Playfair, during the years he was his assistant through his 
dexterity and resourcefulness probably he taught Playfair not a little , the 
teacher in those days was a pioneer not a mere lecturing machine In this 
way he was brought jntu direct contact with two of the most powerful intellects 
of the day — tw o men whose charaotenstic was not only absolute honesty and 
intensity of purpose but an altogether unusual breadth of outlook Before 
going to Ldiiiburgh in 1868 Playfair had taught in London m the Royal 
S< hool of Mines but had also been associated with Liebig in his tnumphal 
progress throughout England as an agnoultural propagandist also with 
Prince Albert over the 1861 Exhibition He had already luUy serveil his 
apprenticeship as a statesman 

On Playfair s retirement m 1868 Dewar became assistant under his successor, 
Crum Brown and was with him until 1871 or 1874 he taught the Medical 
laboratory class whilst J Y Buchanan had charge of the ordinary class Again 
he was in contact with a remarkable man— a man of astoundihg versatihty 
who would have been a great chemist had he confined himself to chemistry 

In 1869 he was appointed Lecturer and later Professor in the Royal 
Vetennary College In 1873 he alao became assistant chemist to the 
Highland an 1 Agnoultural Society ol Scotland and delivered district lectures 
for this body 

In 1875 he was appointed Jacksoman Professor of Natural Expenmental 
Plulosojihv in the Umversity of Cambridge He never earned out the pnme 
duty of his office— the discovery of a cure for the gout — though m early days 
he sought unsuccessfully for the quabhcation which might have helped in the 
work unfortunately he only spoilt his digestion and so in later years was 
perforce an extraordinsnly careful hver 

In Cambndge he found no tradition of practical achievement to influence 
him His colleague Liveing and the Master of his College Dr Porter were 
perhaps the only men who fathomed his outstanding ability The crudity of 
youth was still upon him and the free manners of a Scottish University were not 
those of conventional Cambridge — ^kis sometimes imprecatory style was not 
thought qmts oomme djavt by the good No attempt was nuule to tame him 
or provide means for the development of his special gift of manipulative skill 
Yet he soon began to exercise an influence which probably has had more to 
do with the marvellous recent advance of the Chemical School at Cambndge 
than Is commonly supposed The fine volume of collected researches in 
spectroscopy which Prof Liveing and he published a few years ago is a 
memorial not merely to their activity but of the example they set as exact 
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obseiven in a field which at that time was m son need of cautious 
woihen 

Two years after his appointment at Cambridge he also became Fullenan 
Professor of Chemistry at the Hoyal Institution London He had twice 
lectured there previously on the work he had done with McKcndnck The 
second lecture (March 31 1876) his trial tnp was probably the most carefully 
prepared certainly the in wt logical discourse be ever debvered I well rec< llect 
how fascinated some of us were by it 

Even if it be possible for a man to serve two masters the task becomes 
beyond human power when ghoats aid one of them As an artist Dewar 
had the innate belief of primitive man in ghoste and m the Royal Institution 
laboratory miserable as was the accommodation it afforded the ghoste of Davy 
and Faraday were ever about him To have served the Institution honour 
ably in a way to justify mention in history on a par with them is an achieve 
menthe in his modesty senree contem|lated as possible and yet he ever aimed 
at it The feeling that he had so much exceeded Faraday s period of office 
and not only maintained but also steadily improved the quahty of hia work, 
I have reason to think was yeSiT by year a more and more powerful mam 
spnng of action in the indomitable fight against circumstances wluch he waged 
dunng these late bitter tunes of steife He was a tomble pessimist 

Dewar was not groat as a teacher His mind was of too original and imjiatient 
a type He never suffered fools gladly and students ate too apt to be foobsb 
at our old Universitiee even to ape the part of superior beings His forte lay 
m directing competent hands not in fonning them He worked himself 
and through skilled as&ietante not through pupils He was violently impatient 
of failure in maiupulatn n and his work was almost entirely mampulat* ty 
He therefore never created a school The pity of it is that circiiinatences 
were such that he never had a properly large staff That he accompbshed si 
much with the assistance of the few able men who have aided him is proof 
of his exceptional skill as a director It is unfortunate that the Davy Faraday 
laboratory was not from the beginning oiganiaed on hues which would have 
[daced ite resources in his hands rather than at the disposal of undia ted mdi 
Tidual workers it w a grievous fact that he leaves no followers trained to use 
his moomparable methods 

Nominally a chemist Dewar s work lay m fields of his own creation not 
borderlands but regions before uncultivated He was no mere expenmeutaUst 
but an artist to his finger tips music came next to science in lus 
afleotions 

Though deeply read and a great lover of poetry and literature he lacked the 
gift of ready bterary expression -except in his letters and conversation— and 
wias often an incoherent lecturer yet his lectures were the most masterly 
and fascinating displays ever witnessed He set a standard which has made 
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the Royal Inabtution taUe lemarkablo throughout the world Faraday was 
celebrated for the sirapbcity of hw style — Dewar is to be thought of on account 
of the danng of his displays, the wonderful refinement and sppositenees of his 
demonstrations, all most carefully arranged and rehearsed m advance He was 
a great scientific actor playing plays with the most thrilling of plots and entirely 
original special scenery for each performance His manner, his ‘ brogue ” even 
his impahenco gave a peculiar charm to the impression he produced , but you 
did well to have been behind the scenes if you wished to gather the full meaning 
of his message His demonstrationB were muque m character , few reahse 
the infimt loving care he devoted to their preparation In their simphcity 
they were often profound I can never forget the impresaion 1 received when 
I hnt saw him burn diamond under liquid air— the gradual accretion of the 
carbon iboxide snow shower and the blueing of the fluid by ozone, also demon 
stratod by the iodine test , then the rapid upmsh of the mercury in a baro 
meter tube full of air when the tube was cooled with liquid hydrogen , it all but 
knocked the top ofi or again the production of ozone at the surface of soUd 
oxygen by the impact of ultra violet radiations At such moments— and there 
were many such — the heart beat with joy at the sigmficance of hu feats of 
inspiration 

He began to publish in 1867 Hw first paper, read to the Royal Society of 
Edinburgh on February 4th, was on the Oxidation of Phenyl Alcohol In it 
was dew Jibed a sort of lazy-tongi method of representing carbon oompovmds , 
seven different ways of representing benzene were shown Through this he 
was brought under Kekul4 » notice with whom be spent the summer of 1867 
m Ghent He was thus brought into contact with the master mind m theoretioal 
chemistry of that time and with his assistant Komer, a laboratory worker of 
supremo ability 

During the period 1867-70 he did a great amount of work on a variety of 
subjects— chemical biological and physical he then laid the foundation of 
nearly all his later discovenes He was associated with Dittmar, with Gamgee, 
with McKendnek and with Tait Posmbly, indeed probably, these men all 
worked with him at hia suggeation MoKendnek tells the story, in a pnvate 
Autobiography, how one day, at the Veterinary College, a young man mtro 
duced himself to him and said ‘ You and I should know each other. 
Dr McKendnek Ho knew him to be James Dewar and had seen hu name 
frequently on the Royal Society of Edinburgh programme A few days later 
they met in the quadrangle of the Umveruty and Dewar suggested the teeearoh 
on the effect of light on the eye 

The influences to which he was exposed, while an apprentice and subeequently 
in Edinburgh, were such Giat, given innate ability, it is not difficult to under- 
stand his suenbfio upgrowth , hu development on the artutio nde, the rapidity 
with which the rough places were made smooth, cannot well be exjiamed 
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—•ppuently he juet grew to hja envuonment but largely it Beems, to one he 
himself created 

He was probablyin hill touch with medicine through his brother Dr Alexander 
Dewar assistant to Prof 8yme It is clear that before oonung South he had 
been in close contai t with a large circle of remarkable men who fascinated both 
by his scientifii ability and hw superlative social quaUties had taken him 
to their hearts 

It cannot bo sai 1 that Dewar came to Cambridge to conquer He niade no 
particular mark there essentially a man of action not built on lines of mere 
scholarship his great g fts were unperceived The con btious were primitive 
as compared with thoae of to-day far loss inspiriiig than in the northern 
capital In F bnhurgh he had been among men who wen all alert and he had 
led a Bohemian hfe in Cambndge ho was confronted by a dour respectabihty 
and the damns with which he praised were sometimes far from faint Few of the 
dona could appreciate his gemus the importame of experimental science was 
not then recognised At no time was the attempt made to rapture him an i 
build him a special nest even when hia fame was being spread abroad in con 
nection with inquiry at low temperatnrea Still he had Clerk Maxwell and 
Stokes as scientific fnends— men who could appreciate him Soon be made 
another and in so doing gamed what must be »garded as the greatest and most 
sigmficant victory of bs life 1 may be permitted to use a phrase current 
among us in those early days— it so exactly describes the situation he made 
the Liveing speak In fact he was almost immediati ly adopted by his 
senior oolleague Prof Liveing whom he indua d to sit down at the spcctioseop 
with him not only at Cambndge but sometiraw also m London where the work 
was also earned on because of the more powerful instrumental appliances at 
hand The association speaks volumes for both men it was the completion 
of Dewars education The nobihty of Liveing s character was recogiused 
everywhere , there can never have been much to object to in a man with 
whom one so stem in his moral outlook yet gentle withal could rapidly ally 
himself and take to his heart Smaller minds could not see so far and at times 
there were disagreemente let it be said openly he was never popular he 
never suSered fools gladly and he let this be known He was unlueky too m 
the choice of an assistant who proved disloyal Factions arose So the 
Umvenuty lost a great opportunity but the Royal Institution gained the entire 
devotion of a master mind who built himself into ite fabric in a way which 
even Faraday never accomplished Few can realise with what fervour he 
served its interests— what his devotion meant — the depth of moral purpose 
in the roan in his character He rendered service not only by his scientific 
oonquests in the laboratory but to an extent which cannot be defined also on 
the social side his wife greatly siding him He rapidly made himself a power 
in the outside world and attracted all sorts and conditions of men making them 
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not merely serrantB but willing slaves of the Institution The men who aided 
him are mostly gone To reconstruct the social fabno on the broad basis upon 
which he built will not be easy 
Why did he succeed there, not at Cambridge < 

No artist can brook Umversity conditions and restraints we seem not to 
realise how entirely we are taking the hfe— the morahty, too — out of science 
by our competitive system particularly by placing the work of inquiry under 
Civil Service conditions and making it an onus upon the examinee a service 
rather than a work of love if not a reverent sacrifice 
He came to the Royal Institutiou a Bohemian and found himself free from 
control and professorial red tape obhgations, m a Bohemian atmosphere— 
for surely Rumford was a Bohemian and so was Davy , oven Faraday was 
in his qmet way Let it only be whispered— Dewar once told me that he 
had It from De la Rue that when a young man, he had ventured to visit the 
‘ Poses Plastiquee and. to bs surprise, saw Faraday sitting m a front seat 
Dewar had nought of the pedagogue m him, though much of the Presbyter— 
it irked him to lecture to regular schedule When, however, his subject 
possessed him those who heard and understood him perforce said — 

I met a seer, 

Passing the hues and objects of the world. 

The fields of art and learning, pleasure, sense, 

To glean sidblons 

The theatre of the Royal Inshtubon has been the resort of artiste for 
generations and hero he found an appreciative audience Here also he found 
a studio to lus likiiig full of the ghosts of sciential heroes , he was free to visit 
it st all hours of the day and night Being an incarnate expenmen ter, he 
gradually found full opportunity to exercise his bent and his imagination to 
exercise the fingers so well developed on his fiddles in bis youlh Not only 
was the constructivt lust in him, but burnt mto his soul was the sense of 
accuracy and utistic hnish 

The art of discovery, as a systematic pursuit, is only gradually learnt and 
choice of subject is not easy— it comes more from the suggestion of opportumty 
than from inspiration Faraday only came to his chmax when he was forty 
years old The value of expenence m scientific work is not sufficiently 
reoogmsed Dewar began his work m the South in a rather and penod , 
still an undercurrent was gathenng strength and was soon to bunt into 
flood He passed through a penod of heat before settling down to the mature 
respectabihty of a cold more than arotoo 
Dewar was ever a hero worshipper— but he was select m his choice The 
one for whom he had greatest reverence, in his early days, was the Freni h 
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cheuiist St (.luin* Deviile, a cla«M(, figuie iii the liistory of ouc ttcieULC It \\ai 
lie who introfluced the terra ‘ diRa^soeiatum ” or “ disHociation ” to express thu 
amdition of reversible interaction, especially at high temperatures, coinraou 
to all chemical change (that of radio-aeti\e material excepted) Deaar was 
fascinated by the beaut v of DcmUc’s experimental methods and the precision 
of his treatment of the problem Heme it was probably, that he, with 
Lucing, entered the arena against Lookyer, whose speculations on the 
dissociation of the elements at high temperatures were then begiiming to 
fill the Royal iScKietv stage Tho weakness of Lockyer’s laboratory evidence 
was only too obvious to the trained chemist The Cambndge observers first 
gave attention to the reversal of metallic linos , then to the peculiar behaviour 
of magnesium especially in presence of hydrogen, to the so called larlion 
spectrum , to the s()eitriira of wator finally, they studied m detail the 
spectra of a number of elements These inquiries were earned on over a 
pencal of inoiv than ton years Fortnnatolv the work is published in a 
(ollected fonn , it is a monument of accurate observation and of ongmal and 
skilful niampulation combmed with oxtivme caution of statement and inference 
Much of it IS of permanent value and there is a rich store of fact in the 
memoirs which remain to be exploited especially, I believe, in connection 
with the “ carlxm ” spootniui 

Dewar did not confine his attention to spectroscopii inquiry during tins 
period At Cambridge ho instituted n senes of atonm and molecular weight 
determinations , in the Royal Instituson laboratory, where he had gradually 
installed a powerful electric plant, working on Devdle’s lines, he did much to 
unravel fundamental high teinfierature problems He was a pioneer worker 
on the formation of iiitnc oxide m the elec tnc arc 

Thus far ho had done little to satisfy bis artistic longing for iiovoltv of 
effect he was but learning to exercise his geiuiis 

8till, a chill came upon him before he took cold, when suddenly, at the close 
of 1877, the scientific world was electrified by the news of the liquefaction of 
oxygen and hydrogen b) Caillctet in Frame and Pictet in Geneva .Such a 
ebsoovery could but react on the Royal Institution, where nearly all the prev lous 
work on liquefacboii of gases had been done He lost no time m obtainiiig the 
('ailletet apparatus and it was shown m operation in tho Institution in the 
summer of 1878 The ghost of Faraday was ever about Dewar He quickly 
set to work and developed his appliances, lumted as the funds were at his 
command , still, the heat engendered in spectroscopic inquiry had also to be 
dissipated and this was not easily done, the lust of the earhe battle being 
upon hun 

Meanwhile, two Polish physicists had extended Pictet’s achievement and 
made notable progress Liquid oxygen was first showm in the Royal Institution 
in 1884 Prom that tame onwards progress was continuoiis and rapid Hw 
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inediods hsve been developwl »nd are m use the world over When Ksiuerluigli 
Oouee liquefied helium, he could operate with, onlf 200 likea and had but 100 
litres m reserve Now airahipe are Med with the gae, Onnes hod 20 btres 
of liquid hydrogen ready for hia firat experiment and he was using the last 
litre when hquid helium was first “ just perceived ” Bocently, Prof McLennan, 
of Toronto, describing the apparatus he has built, states tliat he has obtained 
a hire of liquid helium with the expenditure of only 10 litres of hqmd hydrogen — 
such IS progress when once the initial step is taken 

Dewar’s object was never merely to hquefy gasee He was never the mere 
artificer but always the philosopher seelang to penetrate into the fardistant 
region of the ultimate zero of temperature All can appreciate the work of 
Arctic explorers hke Franklm. Nansen Amundsen and Scott, the difficulties 
they encountered and the character of their findings Few can appiwaato 
the work Dewer did m hyper-Arctio regions -the gemiis, |he itsourpo^jdBaes, 
the infinite patience that were needed to thread a way though tha,|jk^|0k>es8 
field— the danger, too, of the work Often he oamtd his life hands 
and bad more than one surpnsing escape He tnumphed as an engineer and as 
a philosopher, though, like Scott, he had hu Amundsen story of those 
turbulent times must some day soon be told faithfully , to future students of 
the progress of science it will be in an impenetrable jungle if this be not done 
It IS a human story, reminiscent of presoientifiu days, of cattle-hftmg in the 
Highlands and of vendetta in southern climes. It has an ethical nde— one 
on which Dewar oonatantly dwelt, in which the essential nohihty of hu character 
came to the fore 

As to the melody and meaning of hu work, what has be given to the world ? 
Liquid air, bquid hydrogen— rsfngeiwting agents of previously undreamt-of 
potency , aobd oxygen, sohd hydrogen , other similar conquests scarcely less 
notable were hu too So he stands jne-eiidnent for all time as ohamison 
Aretio discoverer, the map of Fngot being now all but drawn As in geo- 
gra|ducal exploration, however, so in phyucal science, men additions to the 
map are of relatively small importance , what counts most is the knowledge 
gamed of the new temtory, of its resources and of its wonders Arctic explora- 
tion proper has brought httle that u specially noi-el to our knowledge , we 
have learnt most from tiopio lands An ei^nr in hyper-Arctic regums, 
Dewar brought back tnipio wealdi 

To liquefy so many gases was an astounding feat of skili To him, however, 
this count^ as little . what coontad with bm was the means he gamed 
of revelhng ih legiont yet untrod He developed a teuly marvellous 
tedinique. 

First, he taught the world how to conserve cold— and heat too, if nsoenaty— 
by hu invention and development of vaounm flask. Witiiout the silvered 
fliwk httle coidd have been done with liquil! air and similar agents. The pnbko 
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oftn appreomte the value of the invention~~ii]deed, the “ Dewar flask,” so we 
should tnsMt on calling it, is now known to every one and used by moat 
A more far-reaching and onginal discovery, involving an astounding develop- 
ment of tie technique of higli-vacua. was that of hijily-cooled " charcoal " 
Indirectly, Dewar was the originator of the use of charcoal, as chief absorbent 
material, in the gas-mask used m the war against poison gas He had shown 
how the absorbent properties of charcoal could be developed and raised to a 
maximum Various people are repeating what he did and are inafang no httle 
fuss over then assumed “ discoveries ” , Amencans espevually are talbng big 
about what they are pleased to call “ activated carbon ' 

I have said that Dewar was the virtuoso— this quality ih pre-eminent in his 
snentifio work Too many conquerors have left destruction in the path of 
their progress— his was always adorned with flowers , he could not help strewing 
them by the wayside 

He studied the properties of matter at low' temperatures in every direction 
Probably the mo«t important of these inquinea, that, I think, which he was 
inclined to regard os the most illuminating, on the theoretic side, was that into 
the heat capacity of the elements at the boihng-pomt of hydrogen, about 21° 
absolute or -252° C He also did much work on the beat capacibee of com- 
pounds which has not been published 

I have no time to speak of other work on properties as influenced by temper- 
ature, such as was done in co-operation with Fleming on specific induchve- 
capamty or with Hadfield on the strength of metals It<is full of plums for 
coming scientific ‘ httle Jack Horners ’ Probably the results may be read, 
at least m part, along linos such as those suggested above 
Dewar, as I have said, was always spnnkling flowen by the wayside To 
chemists he often threw pearls and pearis of great pnee. Two, in particular, I 
will first mention We talk constantly of the kinetic theory of gases— which is 
at the root of creation — but how feeble and uniUuminating are our usual 
demonstrations Dewar simply fiUed a flask witii vapour of brown bromme, 
sealed oSits neck, turned it upside down and poured liquid air into the depression 
m its bottom hey, presto 1 the molecules all crowded to the cold surface and 
fell asleep there, seemingly dead, almost m the flaabing of an eye As a visual 
demonatration of ^e kinetio theorv there la nothing to equal this, though 
course some imagination must be used upon it to make it appear conclusive. 

Still more stnkmg was his demonatration of the similat all-but-immediate 
condensation, by liqmd hydrogen, of the air filling a barometer tube — the 
formation of an all but-perfeot barometer As I have said elsewhere, the heart 
leapt witii joy when theee feats were first witoeesed. The greatness -of ^ 
Second demonstzation is not easily reabeed— the efiorts exercised by generatiOiis 
of workers before it was poiwible Dalton, Davy, Faraday, Qay Lussac, Avo- 
gadro, Andrews. CaiHetet, Pictet, Cfliewski, Wroblewsld, bendes othew, are to 
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be mentioned M pioneer worlcete in 'tfa» field but Dewar was m no way the 
least, though lut, for hie imaginative and constructive power was pethape httlo 
short of equal to that of all previous workers put together The theory is now 
established fdr all time by Aston’s crowning act m molecular ballistacs, which 
has enabled him to assess the true masses of most of the known “ elementar)' ” 
speaes 

8tQl, we have to recognise — and Dewar has shown this in many ways- -that 
chemistiy, even the chemfstiy of the gases, is not mere baUistioS , that strange 
element, afBatus, call it what we may, commonly denominated love or afieetion 
—the ruling passion of our society and of the animate world— is certainly 
traceable back to the raolecnles and to their atoms Even helium, the least 
afiectsonate of known materials, shows evidence of it, if only it receive a 
sufBnently cold welcome from charcoal , then its innate selflshnw « overcome 
and it mildly subsides into the cells of its black paramour, but shg^t display 

of beat -yet sufficient to |Hove that the mold ules are not entirely l6ne souls 
when reduced to hqmdity ■* 

I have time for only one more reference — to the otone worlaand to that on 
phosphorescent discharge I hold this to be of primary importance but the 
chapter is scarcely opened Dewar was a wi»»l At one time he would show 
diamond or hydrogen burning below hqnid oxygen and calmly point to osone as 
a constant j^uct as an ednct of the combustion of oxygen m and by oxygen 
At another he «ould imbum the oxygen molecule at ^e surface of the solid 
substance— by means of ultra-violet radiation— and demonstrate the birth of 
osone triplets among the progeny Then he would demonstxate the mtemecme 
warfare set up in oxygen by an electee discharge, with the aid of the glow 
which attends the gnwlual passage, if not of osone tnjJets into oxygen twins, 
of some recurrent oxidation effect 

Oj -)- sJ -}- Qs = Og -|- Oj -f- Og tS. 

The glow most be an electecal phenomenon— in it, doubtless, we witness the 
gradual oscillatory downfall <d the oaone molecules, the outward and vwblr 
sign being the “ ^tec ” ghiw discharge 

Dewar, however, made everything phoephoresce — even featbera and paper 
By ooobng gieatiy he forced the molecules to keep company, the evidence that 
tiiey do so again bemg the “ dectnc ” discharge as they mb themselves apart. 

One of Dewar’s most beautiful demoBattationa- 1 believe also specially Mgm- 
ficant— was that of the known fact, always a paradox to the cheodst> that 
phosphorus otJy (^ows in oxygen at a particultt partial pressure What is 
the “The ^w of oxidation" is the conventional reply— bnt oxidation of 
what ! It has been said of a particular osde of phoaphonis, formed at an early 
itage. I ventme to think it is the glow of |he " oxidation " at oxygen— of and 
by oecme, in other words The mterpretatiQii may be extended, as a working 
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hTpothewa, at least, to all glow phenomena tiaceable to oxidation— even to the 
glow worm. 

One other aet of demonstrations I inuet mention Faraday, we know, 
always had m hie mind’s eye the picture of some continuum which made 
“ mduction ” possible Denar gave signal proof of the continuity of cbenucal 
change— of the need of a ccmnecting " Faiadic ” link between molecules, if 
they were to interact— in his remarkable demonstration with a Crookes’ tube 
contuning an earth which phosphoresced when an electno discharge was 
rained down upon it , he but cooled the tube externally by applying a pad 
of wool soaked in hqmd air the phosphoiescenue ceased The moisture within 
the tube is to be pictured as coming to rest, bin the bromine 
I can refer but briefly to the great closing act of the drama I am striving to 
describe The curtain u rung up upon a complete transformation scene- no 
longer is the attempt being made to coerce the molecules into company by 
freezing instead, their desire for and affection m the liquid statu is brought 
imder notice in the so-called soap film, m its final stage of black tenmty 
I often tried to get hif view of this state— but, to the end, he was the true 
expenmentaUst the patient student seeking to throw light upon darkness but 
unable to penetrate behind the veil watching the play of inter-molecuIar forces 
which are at the seat of the world’s activity, he was lost in reverent wonder 
A keen stodest of affairs and politics, he was torn with anxiety , the diffi- 
coltios in the management of the Institution were very great. He was distressed 
also by his powerlescness to help — that he should be so entirely put aside 
and that his vast experience of exploeivee and of many other matters then of 
consequence should be oast to the winds An attempt was even made to 
depnve him of his laboratory When his services could not be dispensed with 
and the opportomty tame to do something of which others were incapable— to 
develop the hqiud-air metolbc flask fof use by aeroplane pUots— with astonishing 
ardour he threw himself unspanngly into the work and was happy for a time 
But he ever returned to the film The only interlude wae in the period during 
which he developed a charcoal-gas thermoscope of amazing dehomcy, when be 
occupied himself m measuring the radiation from the sky at mght Cold was 
used to nleasuie cold, with the aid of a film of caoutchouc frozen stiff by the 
hqold air behind it--an extraoidmary feat of imagiiiation and the most refined 
mampalative sldil With this wonderful Instnunent ttie man of nearly 80 
kept lonely vigil upon the cold mof often far into the night— a worshipper of 
the infinite 

He died at the Royal Institution in his eighty-first year, on March 27, 1923 
Sd had been working m his laboratory until late on the night of March 10 and 
tots taken lU m the early hours of the following momuig 
(Abridged by the Hecretary from the Obttoary Kotloe bi ■ Nstare,' April 7, 1M3, 
shd the Friday evening leetnie driivemt Jan IB, IVH, at the Boyal Institution by 
Ptdf. Armstrong 1 
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Sm ARCmBALU Geikif vias elected « Fellow of the Society in 1805 at the 
age of 29 years and at the time of his death m 1924 he was the seni >r Fellow 
and hence the father of the Society Throughout this long senes of years 
he was dewtelly attached to the SexMety and most aiiMous to promote its 
welfare anl further its activities in all possible directions and the Royal 
Society IS much mdcl ted to him for the services he rend< re I to it during th 
periods he ac ted as one of its officers He served on the Council first from 
1886 to 1887 and was Foreign Secretary from 1889 to 1891 In 1903 he was 
elected Secretary on the biological mde in succession to Sir Michael Foster 
and had as colleague on the physical side his friend Sir Joseph Laimor the 
presidents during his term of office as Secretary being Sir William Huggins and 
Lord Rayleigh 

During the later years tf the nineteenth century the work of the Society 
had undergone considerable expansion both on (he physical and on the 
biological side Tliua the | art plavcd by the So lety m such undertakmgs 
as the International Catalogue of Scientific Literature the Association of 
Acadeimes the National Physical Laboratory anl the investigations into 
certain tropical lisoases considerably mcreaseil not only the range of the 
activities of the £^oclety but also addel considerably to the work of the 
Officers Fellows and stall Cieikve throughout his tenure of offii-e took the 
greatest interest m the work of the Sent tv as a whole anl his outlook was 
always a wi le cue although as Secretary his activities were mainly concentrated 
on the biological side Unc of the most eh iracteristic features of Ins work 
was the interest hi took in all biological quistions botanical zoological and 
physiologii al He never confined lus interest to the iii ire sjiecial branches 
of knowle Ige that he had nuaie hia own 

During Sir Michael Fosters tenure of the s< cretaryship anl whilst 
Mr Joseph Chamberlain was Secretary of State fir the tolonies arrangements 
had been made in consultation with the Cokmial Office lot the Royal Society 
to undertake the supervision and cwitrol of a senes of inquiries into the 
causation and nature of important maladies affecting the welfare of our 
tro[>ical Dominions and dependencies eg malana Malta fever sleeping 
sic^ess Valuable results have been obtained by the successive commissions 
sent out under the auspices of the Tropical Diseases Committee of the Royal 
Society Getloe took the greatest possihk interest in this work not only 
from the actual scientific interest of the questions mvolved and the results 
obtaineii but also from the point of view that the Royal Society m supe^ 
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vwhg otu) controlMng »uch wrk for the tmbtUice of the Government wan 
doing work for which it wm exceptionally fitted and fnlfilling a most 
important function in promoting the welfare of the Empire 

Like Poster Qeikie held the view that all such work undertaken for the 
Government should be ngorousiy confined as it was to the investigation 
of dehmte scientific problems and not extended to either administrative 
matters or to supcrviwng methods of medical treatment of given diseases 
Thw work often intailed a considerable burden on the Officers and Fellows 
of the Society and also some increase in the actual expenditure of the 
Society but Geikie felt that the Boyal Society as the foremost scientifio 
society should be willing to undertake such work and that it was specially 
fitted to carry it out to a successful conclusion On relmquishmg the secretary 
ship to become the President of the Society he maintained the closest possible 
touch with tho Tropical Diseases Committee and rarely missed taking the 
chair at its meetings Certainly the Fellows of the Society interested m 
physiological and jiathological questions ate mdebted to him for the wide 
mtereet he felt in Mid the sympathy he extended to their mvestigatioas and 
work 

In his anxiety that the SKiety should continue to hold its place as the 
foremost Scientific Society he was alwavs wishful that it should contain within 
Its ranks man listinguished m all branches of natural knowledge and more 
especially that it should include amongst its fellows those who ha<l earned 
dtatiuction from their researches although not following a s( lentific career as a 
profession The British Foipire has long been noted tor the number of men 
who have pursued scientitio studies and gamed distinction by the results 
achieved notwithstanding the fact that such studies have either forme 1 their 
relaxation or else have been pursued solely out of the interest evoked br them 
Such men have often been miscalled amateurs and the Ro 3 ral Society has 
always umtained such men amongst its fellows Qeikie was greatly impn seed 
with the necessity of mamtaming thw custom os he was convince 1 that it 
gave the Society a breadth of view that otherwise it might not havi He 
even went further and often regretted that the old custom of mchiding amongst 
the Follows men who had obtained distmotion m walks of life other than those 
actually meluded under the term natural knowledge, was not more frequently 
ffiHowed He felt stron^y that it was only bv these means that the Society 
would maintain the status it was rightfully entitled to as representatn e of 
kannng In this connection it may be recalled that it was during his 
pwaidency that arrangements were made whereby the recently founded Bntish 
Academy was enabled to use the apartments of the Society as a meeting place 

Oeikie was a very efficient officer of the Society Spending much tune m the 
offieSs of the Sodety and makiiig himself familiar with all the details of the 
work that falls to the lot of the officers He was a pleasant colleague to work 
trith, and had usually clearly cut and defined views on the various questions 
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that came up lor dccwion by the Officers and Council, and thus the busineM 
of the Society was conducted with dispatch under hu auspicce 

The a< tiNuties of the Society have for long been somewhat hampered by the 
inmlequacy of the funds at its disposal, and Geikie, like other Presidents of 
the Society, often alluded m his addresses and pubbe utterances to the necessity 
of mote bberal endowments if the iSociety was to fulfil its functions in the 
advancement of natural knowledge It was a source of gratification to him in 
Jus last years that several raimificcnt benefactions were received by the 
Society, thereby enabling it to endow Researtli Professorships in several 
branches of Smence 

Gcikiu not only made himself faiiuliar w ith other branches of Science outside 
t he range of hia own speciality, but, in addition, ho had a well-developed bterarv 
and artistic side Hm literary abibty is well seen in his numerous writings 
deahng with a considerable vanety of subjects, some biographical, several 
relatingto his beloved Scotlanil, e j .Scottish Scenery and Scottish Kemimscences. 
and several classical, more especially relating to Roman family life, Horace's 
villa, etc He was at one time fond of sketching, especially amidst the Western 
Islee, and the present writer well rememliers the graphic manner in which 
he desenbed these sw nes, and how he had wwhed to follow the career of an 
artist to place them on canvas For many years he was in the babit of 
yaihting on the West Coast of Scotland, and was familiar not only with the 
scenery, but also with the folk-lore and traditions of the islanders He had a 
fund of Scottish stones and was an admirable raconteur, telling his stones 
with a keen relish of their humour. Many of them tnav be fouml m his well 
known Scottish Reminiscences 

The 250th Anmversary of the foundation of the Rovai Society was celebrated 
in 1912 dunng his tenure of the presidency, and he not only took the greatest 
interest m the vanoiw ceremomes and functions that marked the anniversary, 
but also played a very active part in the work of the Officers and staff in making 
all the arrangements necessary for the celebration Further, the Society is 
indebted to him for compiling and editing a new and enlarged edition of the 
Record of the Royal Society, and it was at his instigation that a facsimile of the 
ancient Charter Book was prepared Geikie took a very special interest in all 
that concerned the life of the Royal Society m the past, and one of the best 
illustrations of this and of his literary activities is to be found m the history 
of the Royal Society Club that he published in 1917, after he had relinquished 
the presidency of the Soaety, under the title of the Annals of the Royal Society 
Club This IS a very complete and acourate history of the doings of the club 
from Its foundation in 1743 up to the year 1902, and contains mm h informa- 
tion of the manners and customs of the times and many anecdotes illustrating 
the characteristics of some of the nion proipinent of the early Fellows of the 
Society Qeiloe was a member of the club from 1890 to his death, and was a 
very constant attendant and a great believer in the humanisuig mfiuence of 
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«wial iiitctings oapei tally thoae of a dining <lub with auch ancient tradition* 
I'' those of the Royal bocietv Uub 

( lOikit received the honour of Knighlliood lu 18‘U and that of K. (. B in 19(»7 
and jn 191 1 the Order of Merit was c oiiferred on him and hi aUo liei hup ( Itfii ler 
di la Lfgion d Honneiir 

Gtikie married on August lOtb 1871 Alice nnbriclli Anne Mane Figuatcl 
who died on January dlst 191C Uis family consiste 1 of one non Roderick 
who died on December Mh 1910 and three danghters one of these died on 
libniaryiSnl 1919 Sir Vr hibd 1 Geikic died on Noceinb. r lOth 1924 

T U B 


Till scientific laretr of Sir Archibald (leikie was one of great distinction 
Toiniiig the Geological Surtev in 1856 he became Director 0cm nil of the 
(nc logical SutNey of the United Kingdom m 1882 , President of the fieological 
Soc ict\ Ijoiulon 1890 92 and was »elec fed by the Counetl of that So< lety for 
a second teiiii cf olhit to preside at the Centenary Celebration* in 1907 
ilonour* were showered uiion him by scientihc aoiietie* at home and abroad 
ami by Universities these were creiwned by the award of the Order of Merit 
m 1914 

Bom in Kdmburgh in 1815 and eidueateel at the High School and Um 
tersity, he elerived inspiratien from th tlasaic surrounding* the scene of the 
he lee I ontrocerNy between the Hutteinian* and Wernerian* at the beginmng of 
I ist 1 e ntiir) His fu Img of fe>H*il* in the Bunliehouse limestone m liib beiyliooel 
marked the hrst stage in Ins held expeneiiee He loamesi over Arthurs Seat 
an 1 the Pentlaiul Hills ecith (haiks Maelaiens volume on 'The Geology of 
Ifife and the IjOtlnun* eia his giiiele Not content with excuraiou* in the 
iiiighbourhooel eif Kdiubiirgh he went to Arran with Ramsay a account of the 
geology eif that islainl in his ban! to examine the metamorphic roeks and 
INilawaenc strata pic n eel bv thi granite masses in the north of the island. 
This expedition we* followtel m his eighteenth year by a visit to Skvc where 
he began the mapping of the ] la* in the distnet of Btrath after a careful 
stii ly of Macculloch s volume on The Geology of the Western Island* 

kll these i XI ursion* sjirang from hi* own initiative They showed that he 
was clearly ileetincd lor a geological career if such could be obtained Two 
articles which he wrote on hi* work m Arran secured an introduction to Hugh 
Miller then liviiig in Kdiuburgb which lei to a close friendship that lasted 
till the tragic end of Hugh Miller * career The young geologist paid frequent 
visits to that home with hi* spec miens hia maps and note* receiving m return 
great encouragement to continue the work Soon after thi* introduction 
Hugh Miller wa* asked by Sir Roderick Mnishison who had been appointed 
Director General of the Oc-ological Survey to recommend a young geologist 



xxvm Obituary ?/otiees of Fellows deceased 

fo carry ou tlie mapping in Eait Txithiaii, begun by Professor Ramsav in 1854 
4rehilwld Geikie was reeonimendeil and he ]ou]ed the staff in his twentieth year 

He made the auiuaintanco of other scientific men in Edinburgh at that time, 
who were impressed with his enthusiasm for geological research Dr George 
Wilson, Ijocturcr on Ohemislry in the extramural school and Director of the 
Jlcicnce and 4rt Museum, in whoso laboratory he did chemical analyses followed 
his early progress with great interest Robert Chambers, Prrifessor Fleming, 
one of the able naturalists of that period, and Professor James David Forbes, 
whose work among the glaciers of the Alps and Norway is familiar to geologists, 
befriended him Forlx's who whs Secretary of the Royal Society of Edinburgh 
for twenty years, appealed to him to contribute papers to the Society, for he 
regretted the deeline of geological research m Scotland since the days of Huttou, 
Hall and Plavlair Kn hibald Gt ikie responded cordially to thus appeal m later 
years by coinmuniiating hw best jiajien to this Society 

From the point of view of worldly advancement, Murchison was his greatest 
benefactor In 1860, after a few years’ experience of field work in the lowlands, 
the young geologist was n quested bv Murchison to accompany him m the 
North-west and Central Highlands to determine the order of succession of 
the rocks in those regions Prom these traverses arose an intimate friendship, 
which lasted till the close of Murchison’s life in 1871 Through Murchison’s 
influence he was appointed first Director of the Geological Survey in Scotland 
in 1867 11 hen Murchison offered to share the endow ment of the new Chair 

of Geology III Eilmburgh Umvirsity, he stipulated with the Government that 
Archibald Qeikie should be the first Professor 

The areas fixed by Professor Ram«ay,thon Director ot the Geological Survey 
of Great Britain, to bo mapped by Archibald Oeikie in his early official career, 
gave him great gratification His colleague was H H Howell, a roal field 
expert, and after completing the survey of the low ground m the countv of 
H^dington, they mov^ westward to Midlothian To Qeifcie was assigned the 
area west of the coalfield, ranging from Arthur’s Seat and the Pentland Hills 
to the Bathgate Hills, and northwards mto Fife His expenenre in those 
areas determined the lines of research in which he did his best work The evi- 
dence bearing on the glaciation of the region, the development of the Old Red 
Sandstone formation in the Pentland Hills, and the occurrence of volcanic 
rocks on different geological bonbons, suggested held* of investigation that 
might bear rich fruit 

In his early survey days, in common with the prevalent opinion of that time, 
fie attributed the pobshing and gtoovmg of the rocks to the action of currents 
and icebergs, but under tbo influence of Professor Ramsay, who bad already 
described the vamshed glaciers of North Wales he adopted the view, propounded 
by Agassi* during his visit to Scotland m 18W, that ^ese phenomena were duo 
to the action of land ice In 1862 hr conflicted to the Glasgow Qeokigicaf 
Bociety a valuable paper on ‘ The Glacial Dnft of Scotland ’ (published in 
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1863) which helped to place the mveotigatioii of these deposits on right lines 
He showed how the rock stnations radiated from the mam mountain langes 
he dasonbed the local character of the boulder clay its i< lation to the imderlying 
rooks the direction of transport of the materials its striated pavements the 
intercalated deposits of sand and gravel -observations which have stood the 
test of time From these phenomena he inferred tost during the earlier part 
of the glacial period Scotland was covered with an ice sheet after the manner 
of Greenland that the boulder clay was a product of this ice sheet an 1 that the 
stratified beds m the TiU markedperiodsoflessenedseverity if climate when the 
ice retired for some distanec He described the inland stratified drift and the 
fosailiferouH marine shelly clays of the Clyde basin so admirably worked out by 
Smith of JordanhiU He suggested that the moraines in the uplan 1 valleys 
indicated the gradual shrinkage of tlie ice-sheet into local glaciers and the 
final disappcaranre of the ico 

Availing himself of the researches of Smith >f tordanhili hdwarl Forlie* 
r F Jamieson and others he appendeJ to this paper a list of irgani reinoins 
from the glai lal deposits of Scotland 

This paper proved of great service to British geologists at that time as it gave 
an outline of the conditions which probably prevailed duimg the glacial period 
10 this country and suggested the lines along which investigation should pro 
ceed It held the field till the publi stun in 1871 if the well known volume 
‘ The Great Ice \ge bv his vmnger brither Professor James Qcilae 

As the Scottish survey work advance I it fell to the lot of Archibald Geikic 
to map in detail large areas of the Oil Bel Sandstone in Midlothian 
Lanarkshire Ayrshire and m tlic lountics of Fifi Perth ami Kinross He 
also examined the districts surveyeil (iv othu members of the staff south (f 
the Grampians Throughout this region it had been proved that this 
formation consisted of two divisions an upper and lower separateil bv a 
marked urn uaformability an 1 haracterised by different fish faunas 

North of the Grampians however Murchison adopted a triple classification 
by introducing a middle division eonipose 1 of the Caithness flagstones I mm 
their iithoiogiial characters and fossil contents he maintained that this flag 
stone senes belonged to a different division if the formation He argued that 
the fish fauna found in this sent s differed m important jwmts from that 
oocumng m the flagstones sandstou s an i shales of Lower Old Red Sandstone 
age m Forfarshire It was therefore of younger dote He also suggested that 
the Caithness flagstones might have been laid down diinng the long interval 
separating the lower and upper divisions south of the Grampian 

Hugh Miller and Dr Malcolmson hail provesl the wcurrente of the upper 
division with its characteristic fish remams m the basin of the Moray Firth 
and they further showed that the ichthyolitcs found in the lower beds m that 
region resembled those met with in the flagstones of Caithness and •>kney 

Such was the position of enquiry when GiiLie began o senes of traverses 
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lu the baam of the Moray Firth Catthneas Orkney and the Shetland lalee 
In 1878 he lommunicated to the Royal Society of Edinburgh an elaborate 
)>aper on the Old Red Sandstone of Western Europe which embodied thi 
resulta of these traverses It was intended to be the first of a senes 
lesrnptive of the other areas o* copied by this formation m the Bntuh Isles 
but his removal to Ixmdon in 1882 preventeil him from carrying out this 
intention The other areas sere dealt with at a later date m his treatise on 
the Ancient Volcanoes of Oreat Britain with special reference to the 
records of vokamc aition associated with them 

One of the special features of this coinmunicatiou is the vivid description of 
the geographical changes m Western hiirope that followed the marine 
conditic ns of Silunan time Ad )ptmg the theory of the lacustnne ongm of 
the Old Red Sandstone h iggested by Fleming and (sodwin Austin and 
supportel bj Rupert Jones on pateontologicsl evidence and by Professor 
Ramsay on lithological grounds he held that in North W est Europe the 
Silurian sea gave place to continental conditions with large inland lakes He 
lefined the areas of the various basins of deposit of the Old Red Sandstone 
in the Bntish Isles ami gave them the following names —(1) Lake Orcadie 
including the extensive region north of the Grampian range and stretching 
north to the Shetland Isles (2) Lake Caledoma or the Mid Scottish Basm 
between the Grampian Highlands and the Southern Uplands (3) the Lake 
of Lome extending from the south east of Mull to Loch Aw» (4) Lake Cheviot 
includmg a part of the south east of Scotland and north of England (6) the 
Welsh Lake bounded on the north by the Cambrian and bilunan high grounds 
its southern and eastern extension being obscured by later formations 

The deposits m Lake Orcadie were grouped by him m two divisions a lower 
comprising the Caithness flagstone senes and an upper composed of false 
bedded sandstones and marls with its characteristic fish fauna resting 
uncomforinably on the lower as m the raid land valley of Scotland He 
pointed out that Murchison s lower division in Caithness consisted merely of 
the thick accumulation of sandstones breccias and conglomerates that underlie 
the Caithness flagstone senes 

The distinctive feature of the paper was bis correlation of the Caithness 
flagstone senes (Murclusous middle division) with the true liower Old Red 
Sandstone south of the Grampians He admitted the marked diflerences in 
the lithological characters and fossil contents of the deposits in the two areas 
Init he contended that the paUeontoIogical distinctions ate probably not greater 

than the contrast between the irbtbyic faunas of adjacent but disconnected 
water basins at the present time 

Much new information bearing on the distnbution and field relaluons of 
these deposits was embodied in this coramunication The mam featoiee m 
the geological structure of Caithness were indicated , the great overlap at 
Reay in the north of that county where the higher members of the flagstonee 
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rest unconformftbly on the crystalline schists, was clearly estaHuhed , his 
suggestion that the Ash-beanng bands and assiM-iated strata in the Moray 
Firth basin are the equivalents of part of the higher portion of the Caithness 
flagstone senes has been confirmed by the later detailed mapping of the 
Geological Survey He also recorded for the first time the unconformability 
between the Upiier Old Red Sandstone and the Caithness flagstones visible 
on the west coast of the island of Hoy, Orkney 

In accordance with his claasificatiou the Caithness flagstone senes and 
associated strata were grouped with the lower diMsion of the system in the 
official publications of the Geological Snrc’ey But after his retirement from 
the Survey, the palseobotamcal c\iden(e threw new hght upon the problem 
The researches of Dr Kidston and Mr P Maciiair showed that the assemblage 
of plants found in the Caithness flagstones differed from those met with in 
the Lower Old Red Sandstone south of the Grampian Cham, and ought to 
be referred to a middle division The tnple classification baied upon the 
plants harmonised with that advanced by Dr Traquair, based upon the fishes 
The value of this evidence was appreciated by the Geological Survey m 1902 
and the three-fold grouping of the system has been adopted m the official 
publications since that date 

Turning now to volcanic geology wc enter a sphere of research in which 
Archibald Qeikie laboured with great success This branch of geological 
enquiry roused his enthnsiasm, and led him to study volcanic phenomena m 
the British Isles and other lands As his knowledge of voloamc activity lu 
lUfferent geological periods increased, he showed great aptitude m modifjnng 
hw opinions m accordance with fresh evidence 

In mapping the areas assigned to him in Mid -Lothian, West Lothian and 
Kfe m his early official life, he frankly acknowledged his obligations to the 
clear deecnptioiw of Giarles Maclaren, whose work was far in advance of its 
time These descnptions proved the occurrence of volcamc action in Old 
Red Sandstone and Calcifcrous Sandstone time His own fiield work in the 
Bathgate Hills showed that volcanoes were active at intervals dunng the 
Carboniferous Limestone period on higher horizons than those of the Arthur’s 
Seat volcano He recorded the prevalence of later intrusive dykes traversing 
the Carbomferous strata From his own researches and the work of other 
investigators, he prepareil a paper on the " Chronology of the Trap Rocks of 
Scotland,” published in the ‘ Transactions of the Royal Society of Edinburgh’ 
IS 1861 In the map illustrating this communication the Trap Rocks ore 
referred to the Old R^ Sandstone, Carboniferous, Oolitic and Tertiary periods 
In accordance with the classification of Edward Forbes, the extensive basaltic 
plateaux of the West Highlands were assigned to the Jurassic penod, except 
the lavas at Ardtun, in Mull, which are associated with the well-known leaf 
beds deecnbed by the Duke of Argyll This grouping was corrected in an 
important paper that appeared m the ‘ Proceedings of the Royal Society of 
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liidinburgli lU 1867 m wbioh be Miggeeted that the basaltic plateaux, 
extending from the hiorth of Ireland along the West Coast of Scotland to 
the Faroe lelands and Iceland were all erupted probably during the Tertiary 
period bieu at that date he amphaHised the importance of the system of 
mtrusive dykes which in his opimon was possibly the most striking mam 
festation of Tertiary volcanic a* tivity 

While mapping the vohanic area m Fife between Hurntisland and the 
Saline Hills he visited the Au\ergne in Central France with its extimt but 
recent volcanoes to increase lus knowledge of volcanic phenomena In 1868 
he visitcl the wlcnnic district of the hifel in Germany and in 1870 at the 
request of Poulett Scrojic author of the well known volume on Geology 
and iiXtimt Volcanoes of Central hranco he undertook an examination of 
the volcanic districts cf Southern Italy and the Lipan Islands He was 
in pressed by the contiast between the comparatively low craters of the 
Phlegri an Fields wlim the iruptive matenals consist mainly of tuffs with 
f(w lava flows and the great crater wall of Monte Somma whose lavas ate 
piled on each other to a great height and pierced by mnumerable vertical 
lykes filling fissures made at successive eruptions \n attack of malanal 
feiet pieventul him from latr^mg out Ins intention of examining the Iipari 
Islands 

Another stage m hu pursuit of the study of volcamc phenomena in Scotland 
IS marked by an important paper contributed to the Royal Society of Bdin 
burgh in 1879 o/i the Carboniferous Volcanic Rocks of the Firth of Forth 
Basin— their Structure in the Field and under the Microscope 

As his field work proceeded m the Lothians and Fife he felt the necessity of 
applying the mioroeiope to the study of the igneous rocks m order to gam 
definite knowledge regarding their internal compoeition and structure He 
realised that much new light might be thrown on the history of volcanic action 
m this region by this fiehl of enquiry 

In his historical sketch be notes with pleasure that the igneous rocks of the 
Edinburgh distnct furnished Hutton with the evidence whereby he established 
the Igneous origin of wlunstono (basalt) and led to the famous expenments 
of Hall which laid the foundations of experimental geology 

The volcanic masses were grouped by hun in four sub-divisiona (1) Necks 
or Vents (2) Intrusive Sheets and Dykes (3) Ckmtemporanoous Lavas 
(4) Tuffs A notable feature of this communication was the prominence given 
to the numerous necks or vents occurring in the Lothians Fife and Stirhng 
shire, from which proceeded showers of oshes and sheets of lava Most of 
them were regarded as belonging to different stages of Lower Carboniferous 
time while others were supposed to be later than the folding and faulting of 
the Carboniferous sediments and were refened to the Permian period The 
oocnrrence of these vents and their wide distribution is one of the valuable 
contributions made by Archibald Oeikie to Scottish volcamc geology 
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In the petrographioal part of this paper he acLiion Icdgi h AUport s rtsearehes 
on the Carbomferuua Uolentes round hdinbargh and gives an outline of 
his own investigatioas Subsequent petiographical work has shown that 
he did valuable pioneer work m this bramh of mqmr\ for he uas the first 
to describe many important features of flu luieroscopic characters of these 
rocks 

Vrrhibald Oeikie s discoscrv < f proofs of volcanic action duiing Peniiiuii 
time in bcotlaiid is of special interest A\hile mapping the MauihUne district 
in \vtshue he reiorded n senes of contemporaneous Inin* and tuffs under 
lymg the Permian sandstones of that region and fornmig a ring of higher 
ground betiieon tin ( arlioiuferous and Permian sedinunts This discover> 
iMiH announced lit the Geological Magazine in Idbb Similar tvpes of lava 
Mere mapped bi him in tin Thoridiill basin in 1868 where tluv are also asso 
ciated with Pirmian sandstones He hid special imphasis on the ociurreuce 
ol vohamt necks in evelUnt preservation m Ajrslure wluch he refctiod to 
this period Sumo of the smaller ones nso through the ring of Permian lavas 
while others otciir in the upper division of the Coal Measures Tin v aie filled 
with agglomerate pierced in some case* by igneous iiitnwions 

In desi nbing the volcanic phenomena of Permian age hi siiggesteii that 
the great senes of volcanic vents in hiOsl Fife probably belong! d to this periotl 
He also suggested that the coarse agglomeiates of the Arthur s Seat volcano 
and till associated igmous rocks which iii Ins opinion marked a second period 
of volcanic activity were probably erupted dunng Permian tune But the 
subsequent detailed mapping of the Ueological Survey led him to accept 
Maclareiia later interpretation tonfiniied bv Professor Judd that these 
coarse agglomerates otciirnd wilhm the vent from winch the lavas and tuffs 
of the hiU had been descharged during one petioil of volcanic action in Lower 
Carbomferoiu time 

Another great opportunity of extending lus know ledge of volcanic plieiioiuena 
occurred to Archibald Geilne m 1879 He had arranged to give a course of 
lectures at the Lowell Institute Boston in the autumn of that )ear and he 
resolved to spend the summer in troversing the extensive lava fields drained 
by the Snake River m Idaho on thi Pacific slope of the Uiutcd States The 
vast floods of lava in that wgion with no visible cones and craters were 
explained by Richthofen as bemg due to fissure eruptions Hitherto Geikie 
had regarded the Scottish volcanic plateaux as having issued from local vents 
but this visit widened his conceptions The great lava plain looked as if it 

had been filled with molten rock which had kept its level and wound m and 
out along the bays and promontories of the mountain slopes as a sheet of water 
would have done The Snake River has cut a gorge through this plain which 
1 xpoees a succession of sheets of basalt to a depth of sev eral himdred feet No 
central cone from which these lavas might have been erupted was visible 
only a few cinder cones of secondary origin appeared at wide intervals on the 



xxxiv Obituary Notu-en of Fellows deceased 

basaltic plaui The saggestion then occurral to him that the Tertiary toU aino 
plateaux of Weatem Europe might have had a similar ongm 
Inspired by this conception, he revisited the West Highlands at intervals 
for several years to continue h» investigations among the Tertiary igm*ous 
rocks He was also impelled to do so by the remarkable interpretation of tlie 
volcanic history of that region adcanced by Prof Judd In a paper fom- 
inunicated to the fteological Society on ‘The Am lent Volcanoes of the 
Highlands ’ in 1874, Prof Judd deaepbed the basal wrecks of five great extinct 
Tertiary volcanoes (Skye, Mull, Rum, Ardnamurrhan and St Kilda) the one 
m Mull was estimated bv him to have reached a height of 14,600 feet They 
indicated throe periods of volcanic activity The first was marked bv the 
extrusion of acid lavas and tuffs connected with plutonic masses of granite, 
the second by basaltic lavas and tuffs related to <leep seated masses of gsbbro, 
and the third by the discharge of lavas from small sporadic cones after the great 
rentrsl volcanoes had become extinct 

\t last, after a quartet of a century of intermittent labour m tins subject, 
Archibald Qeikie presented, in 1888, to the Royal Society of Edinburgh his 
great memoir on ‘ The History of Volcanic Action during the Tertiarv' Penod 
in the British isles ’ In the preparation of this monograph he at know ledges 
the assistance he received from several of his colleagues A prominent feature 
of it IS the elaborate description of the system of basic dykes, the importance 
of which he tecogmsed early m his career His mam conthisions may thus lie 
briefly summarised 

Owing to enormous honrontal tension a series of more or less parallel fissutLs 
arose m Tertiary time in a tract of country, inoludmg tbe north of England and 
Ireland, the southern half and the west coast of Scotland -a total area of about 
40,000 square miles Molten matenal rose up these fiasuroe, thereby giving 
rise to the numerous basic dykes which ate the distinctive feature of the volcanic 
region The basalt plateaux are supposed to be due to streams of lava lysumg 
from these fissures and from vents occurrmg along these lines of weakness 
After these sheets of lava had accumulated to a great thickness, they were 
injected by laccobtic masses of gabbro, and sills and veins of dolente At a 
later penod the gabbros and basalt lavas were alike disrupted and pierced by 
acid Igneous rocks, ranging from granites and granophyres to porphynes and 
felsites Crustal movements again ensued whereby another senes of flssures 
was ostabhshed, now filled with basic dykes that traverse ahke the ba.sslt 
plateaux, the later gabbros granophyres and granites 
It IS interesting to observe that these mam conclusions were confirmed by 
Dr. Harker m the course of his detailed mapping of the central mountam group 
of Skye for the (geological Survey But from the recent exhaustive memoir 
issued by the Gteological Survey on the ‘ Tertiary and Post- Tertiary Geology of 
Mull, Loch Alme and Oban,' it is evident that the volcamo history of Mull is 
much more compbeated than Sir A Geikie or Professor .Tudd imagined Mull 
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i» r^iarded as a volcanic centre of exteeme complexity which ' has repeatedly 
served as a focus of fissure eruptions , but it is doubtful whether the lavas still 
spared by erosion are not in the mam, the products of a central volcano, an 
idea always linked with the name of Professor Judd 

His last contribution to this branch of geology was his comprehensive 
treatise on the Ancient Volcanoes of Great Bntain which appeared in 1697 
It presented a summary of the knowledge then ascertained regardmg these 
volcanoes, and embodied the results of hu own researches and of others who 
had worked at volcamc problems m the field and m the laboratory It traversed 
a wide field of enqmry for the opening chapters of the treatise are devoted to 
the discussion of the general pniuiples and methods of mvcstigatiou of volcanic 
phenomena which are followed by detailed descriptions of the proofs of volcamc 
activity m Bntain ranging from pre Cambnan to Tertiary time 

In the traverses with Murchison in the North West and Central Highlands m 
1860 Archibald Geikie had to deal with problems of fundamental importance 
connected with the geology of the Highlands The researches of Maccullocb, 
Murchison and bedgwiok, Hay Cunningham and Hugh Miller showeii that the 
belt of quartzites and limestones in the West of Sutherland and Boss are 
succeeded eastwards by metamorphic rocks that stretch across the Great Glen 
to the eastern border of the Highlands Accepting Salter s determination of the 
foenls found in these limestones by Mr C W Peach, Murchison regarded 
these strata as Silurian (now known to be Cambnan by Mr A Macconochie s 
discovery of the OUnelltu fauna m the 1 ucoid beds) He contended that these 
Stlunan strata pass oot^ormably below and are overlam by, the metamorphic 
rocks to the east and inferred that this metamorphic senes must belong to the 
same system This interpretation meant a radical change m the geological 
map of Scotland for the area occupied by these altered strata amounts to about 
11,000 square miles 

Professor Nicol, on the other hand maintained that no conformable upward 
bucoession from the fossiUferous limestones and associated strata to the over 
lying schists is to be found He held that the line of junction is a hue of fault 

everywhere indicated by proofs of fracture, contortion of the strata and 
powerful Igneous action ” 

It fell to the lot of Archibald Geikie to traverse rapidly with Murchison the 
hne of junction m the county of Ross where, owing to stupendous m versions 
and overthrosts, the prevalent dip of the foesiUferous strata and the Eastern 
Sohista IS towards the east south-east He was misled by the apparent super 
poation and especially by certam decepfave sections m which the Eastern 
Schists rest with similar dip and stnke upon the undisturbed SilunMi rocks 
Eventually he accepted Murchison’s mterpretatum 

The resulte of these traverses were embodied m a joint paper (ommunicated 
to the Geological Soaety, London m 1861, ‘ On the Altered Rocks of the 
Western Islands of Scotland, and the North Western and Central Highlands * 
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Murchison’s interpretation of the stmotnm was therein described and illustrated 
by sections m such oonmcing form that it met with general acceptance for 
many years 

In 1878 the tontroveisy was reopened, and Murchison’s position was shown 
to be untenable by several investigatots Dr Hicks, Prof Bonney, and 
Dr Callaway made important rontnbutiona to the problem 

Prof Lapworth grasped the true solution of the geological structure of that 
region In 1883 he began a senes of articles in the ‘ Geological M agasin e on 
‘ The Secret of the Highlands, based on his detailed mapping of the Durness 
FateboU region in 1882, but owing to severe illness this senes was never 
completed He therem demonstrated the inversion of the Silnnan strata on 
the east side of Loch EireboU and the unconformable junction of the basal 
quartzite with the old Axchnan floor on the east side of the fold at Ant Sron 
From his paper on The Close of the Highland Controversy (' Geol Mag 
1886) and from the Obituary Notice of CSiarlee Lapworth,’ by Prof Watte 
and Six Jethro leall (‘ Proc Roy Soo ,’ 1921), it is clear that he recognised 
that the Archsean Queus had been dnven over tiie fosuhferous quartzites on 
Ben Amaboll by a gently mohiuid overthrust fault Along this plane of 
movement and at other locahties, the original rocks had been crushed and 
tolled out into types which he termed mylonites On the shore at Heihm, 
on the east side of Loch EireboU, he observed that the serpuhto gnt had been 
repeated many tunes by clean-cut faults a striking illustration of imbnc^ 
structure All these phenomena were shown in the field in 1883 to Sir Jethro 
Teall by Prof Lapworth 

The Durness Eueboll region was mapped by Peach and Home in 1883-84, 
when they reached concluuona practicaUy identical with those of Prof 
Lapworth regarding the stratigrajdiy and metamorphism of the rocks, in 
complete ignorance of bis results (see “ Close of the Highland Cmitroveny, ’ 
p 98 ‘ Geol Mag 1886) It was then proved in the course of the geological 
survey work that under extreme lateral pressure the rocks behaved like bnttle, 
rigid bodies , they snapped and were dnven westwards m successive shcss, 
so that crystalline gneiss and schist are made to rest upon fossiliferous strata 
of Silurian age It was farther shown that the Eastern Schists were dnven 
westwards by the Moine thrust— the most easterly and most powerful of the 
senes— for a mimmum distance of ten miles over all underlying thrust masses, 
till they rest directly upon the Silunan (Cambrian) limestone m ^ Durness 
basm 

The evidence proving these conclusions was carefully inspected m the field 
by Archibald Geiloe, who had never had an opportumty of examining the 
EireboU sections He was completely convinced Uiat Murchison’s mterpre- 
tation of the structure most be abandoned, and he took the earliest opportunity 
of making a public declaration to thu elect A report givmg the results of 
the work hy Peach and Home, with a preface by Qeilne containing a frank 



Str Archibald Getkie 


xxxvu 


confession th&t he had been muled and that he had accepted the conclusions 
of hu colleagues appeared in Nature November 13th 1884 
In deahng with the geological stroctnie of the Silurian rocks of the Southern 
Uplands he acoepte 1 the order of succession adopted by Nicol and Murchison 
and was largely influenced m holdmg thu opimon by the doctrine of Colonies 
This theory was introduced by Barrande the dutinguuhed palaeontologist 
to explain the intercalation of fossils belonging to higher zones m lower 
portions of the Silurian succession m Bohemia These precursory fosaihferous 
bands were termed Colomes The dutnbution of the bands of graptohte 
shale m the Southern Uplands as mapped by the Geological Survey was rogauded 
aa an instance of the prtiursory appearance of the higher graptohte forms 
m the Moffat region and their disappearance in the Lead Hills district 

But the researches of Prof lapworth furnished the kev to the solution 
of the structure of the Cham He demonstrated a definite faunal sequence m 
the graptobtes which is perswtent though the strata may be inverted by foldmg 
He further proved a great variation in the character of the contemporaneous 
sedimentary deposits the black shales of (he Moffat region ranging from 
Aronig to I landovery time about three hundred feet m thickness being repre 
sented m the Qirvan area by several thousand feet of sedimentary deposits 

Reference must be made to his tenure of the Chair of Geology for eleven 
years m Edinburgh Uni versity By his lectures which were given in a clear ana 
attractive form and especially by his class excursions he was an inspirmg 
teacher Edinburgh is an ideal centre for practical training in field geology 
but in addition at the end of each session he earned out a long i xcursion 
lasting a week or ten lays to examine special problems in the field Receptive 
students who took part in these excursions felt the influence of hts personality 
He thus desenbes the impression produced on one of hw former students by 
these practical demonstrations 

‘ These students rambles and the love of geology which they fostered bav« 
dwelt ever since those days in Sir Wilbam Herdinan s memorv and though He 
has become eminent in another field of natural science he has assure 1 me that 
it was the remembrance of his expenence m the Geology Class at Edinburgh 
and Its excursions which led him in recent years to found and endow a Professor 
ship of Geology in the Umversity of Liverpool It is not always that a teacher 
lives to see the fruition of his labours Ci rtainly no incident connected with 
my professional career has given me keener pleasure than this generous b lx rality 
of a former student 

Archibald Geikic s eminent services as an exponent of geological science 
m his class books and text books demand spee lal mention His experience 
m the field during his early c flicial career enabled him to test the truth of the 
principles laid down by Hutton and illustrated by Playfair regarduig the evo 
lution of the earth s surface features The potency of the ordinary agents of 
denudation m hollowing out valleys was not admitted by some of the leading 

3?2 
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geologubi of that tune Even Sir Cbarle* Lyell who wa« the great exponent 
of the unifonmtanan echool contended towards the close of his career ^at the 
principal vallejs in almost every great hydrographical basin have been dne 
to other ca ises besides the mete excavating power of nvers 

Qeikie was an ardent foUower of the views of Mutton and Playfair He was 
impressed with the retnari: of Desmarest when pointing out the value of 
Hutton B contributions to the natnial history of the earth and the physical 
geography of Scotland It is to Scotland that Hutton s opponents must go 
to amend his results and s ibstitnte for them a more rational exi lanation 
Gleikie was convinced that Scottish top« graphy famished no gronn Is for such 
opposition He produced in 1866 hu volume on The Scenery of Scotland 
vie«ed in Connection with its Physical Qeology which gave an excellent 
popular descnption of the Huttoiuan principles of earth-sculpture as illustrated 
by the country he knew best He showed with great clearness and artistic 
style how the ordinary agents of denudation— ram nvers the sea thewmi and 
moving ice acting upon different types of rock ha 1 carved out the dutmctive 
vaneties of Scottish scenery As the volume was based on personal acquaintance 
with the physical features of the country and a knowledge of its geological 
stnicture then ascertained it immeliately arrested attention Its success was 
marked it tan through three editions the later editions incorporating the more 
important advsncai in Scottish geology 

In view of the success of this volume he then projected a senes of ednea 
tional works on Physical Geography and Geologv to meet the pubhe demand 
In 1873 he contnbited to Macmillans elementary science senes a pnmer 
on each of these subjects a task which cost him excessive labour His aim 
in writing the Physical Geography Pniner was to stimulate habits of observa 
tion of the common phenomena of every-day expencnce It ranks as one of 
his best e lucational achievements These pnmers were followed by class books 
on the same subjects for which there has been a greet demand The great 
educational value of these pubhcations is beyond doubt Iheir success is due 
to his teaching being permeated with the Huttonian conceptions of natural 
forces now in operation and to the exquisite hterary form in which the lessons 
ore presented 

These pnmen and class books were meant to be the precursors of his great 
Text book of Geology the first edition of which appeared m 1882 This 
volume was intended for the use of students and professional workers in the 
science and so well did it meet the requirements of the time that the whole 
issue was disposed of m a comparatively short penod One of the valuable 
features of the book was his analyau of the researbh done in other countnes 
in each of the great divisions of the geological record It reflected extensive 
reading and the careful prejiaration of brief summanee of the results achieved 
He made a strennous effort to keep each successive edition abreast of die 
research of the time and in dealing with his own record he frankly abandoned 
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positions which he had previously held when new evidence proved that they 
were erroneous The fourth edition, published m 1903, after his retirement 
from the Survey, is notable for copious references to the geological hterature 
of other countnes, which coat him enormous labour It is also notable for the 
quahfication which he attached to Huttonian teaching, as he thought unifor- 
nutananism had been pushed too far 

“ It has often been insisted upon that the Present is the key to the Past , 
and in a wide sense this assertion is eminently true AMiik, however, the 
present eondition of things is thus employed, we must obviously be on out 
guard against the danger of unconsciously assuming that the phase of nature’s 
operations which we now witness has been the same in all past time 
For aught we can tell, the present is an era of quietude and alow change com- 
pared with some of the eras that have preceded it " 

A reprint of the fourth edition of the text-book was issued m 19*24 

His active brain and fertile pen enabled him to produce several biographies 
in the midst of other onerous labours He completed the ‘ Ijfe of Edward 
Forbes,’ begun by Dr Wilson , he wrote the ‘Memoirs of James David Forbes,’ 
of Murchison, of Ramsay, who succeeded Murchison as Director-General of the 
Geological Survey The Life of Murchison is of permanent interest to geolo- 
gists from his vmd sketches of the Founders of Geology in Scotland and 
England, and from his description of the achievements of Sedgwick and 
Murchison m establishing the Cambrian, Silurian and Devoman systems 
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Coi LEAGUES of Prof Barton who met him during the late summer ot 1925 
saw m him the hue figure of a man apparently in robust health brimful of 
energy both mental an I physical and with the prospect of many years of 
un hmmished activity bcfort him His most intimate relations and even he 
himself w( re equally in happy ignorance of any cause of trouble and yet on 
September 23rd having just returned from a holiday in North Moles spent 
in walking and cLmbing as was his wont he died without a moment s warning — 
a tragic but not unhappy < nding to a hfe of strenuous endeavour crowned by 
no mean (tucoess Nearly one half if his lifetime was spent in a gnm struggle 
to got his foot on the first rung of the ladder of distinction This once accom 
phshed although his circumstanoes permitted him for the first linu to enjoy 
some of the simple pleasures of life there seemed to be but bttle relaxation of his 
efforts Hib subsequent continuous rise in his ptofesmon and his happy family 
relationships must however have made the second half of his lifetime- m 
glowing contrast to the fust— a period of increasing satisfaction and joy 
Edwm Henry Barton was born in Nottingham in 1858 his father died 
young and tus mother was left to battle alone to keep herself and her three 
children This commi ncement of his carter under conditions of such poverty 
that he was obliged to leavi mhool and earn something towards his own hvug 
must of course have had a great influence on hw outlook on life and on his 
prospects Most ordinary boys of his age would have regarded freedom from 
book work as some compensation for his changed position Barton however 
whether spurred on by ambition urged by his devout mother or guided by a 
natural liking for study denied himself the usual pleasures of boyhood and 
devoted ail his spare tunc to the improvement of his education 

In those days there was httle encouragement to or opportunity for a youth 
to atten 1 evemng clasecs but the opi mng of the University ( ollege of Notting 
ham m 1881 provi led Barton then a man of 23 with fat ilities which he eagerly 
grasped Entering the College as on evening student immediately after its 
doors were opened so well did he use his opportunities that in the course of 
some years he passed the Loudon Matnculation and Intermodiato Science 
examinations The bare statement of such elementary sucoeasea u not 
impressive but in the ease of one who had been taken from school at an early 
age and whose enwgy was absorbed by d«ly toil ' such achievements were 
a proof of exceptional industry determination and self-denial During the 
whole of this penod the absence of all ttfhal pleasures from Barton s hfe may 
be inferred tie delights of cncket football and all other games were unknown 
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to him An en^jincer'a employ^ by day, a student by mght, at the age of 32 
his youth was passing or had passed, and although his sterling quahtics had 
raised him from a ]umor position in a drawing office to that of chief draughts- 
man, he had nut yet embarked on his real Iife’s-work But the tide in his 
affairs, which ultimately led him to fame, was now reaching its flood Havmg 
saved a little money, ho determined to give up his occupation as a draughtsman 
and to become a day student of the University College in order to pass the 
London BSo exanunntion This aim he acuimpfashed, taking 2hd Class 
Honours in Physios after one year’s work, and shortly afterwards he was granted 
an 1851 Exhibition The tide had turned He was now launoheil on his 
career as a man of science Under Prof Rtlcker at the Royal College of Science, 
London, and then, under Prof Hertz iii the University of Bonn he rommenwd 
his training in research work On his return fropi Germany m 1893 he was 
appointed Junior Demonstrator m Physics under Prof V\ H Heaton in 
Umversity College, Nottingham, two years later, having meanwhile taken 
the London Umversity D Sc degree, ho was made a Semor Lecturer m the 
Physics Department, and fannlly in 1906 he was appointed to the Chair of 
Experimental Physics 

During the 32 years in which he was engaged in teaehing, bis published 
research work gradually raised him from obscurity to a high position m the 
scientific world That his work was of very great value was proved by hia 
election to the Fellowship of the Royal Society m 1916, a coveted honour, so 
difficult to obtain, especially by a provincial Profesaor, who has few opportunities 
of making himself known except in pnnt The poor, self-educated vouth who 
entered the Nottingham College in 1 881 thus took his position among the leading 
physicists of his day He had brought credit and distinction to the institution 
which had helped him to nse , his example and his teaching encouraged many 
of his students to devote themselves to science Between him and his colleagues 
the most cordial relationships invariably obtamed in all matters of aiodcmic 
work , always kmdly, gemal, and ready to help others, his uiflnem c was of the 
best, but his lack of S 3 mipatby with all games a result of his studious boyhood - 
prevented him, perhaps, from establishing those numerous comradeships 
which come so easily to the average Bnton who engages in outdoor sports 
Barton’s tastes were less combative , he was interested in sound, not only ns a 
theoretical physicist and as theauthor of a well known “ Text Book of Sound,” 
but also as a player of many kinds of muaical instruments , he was also a 
lover of nature, fond of his garden end of the country-side He iiiamcJ at 
the age of 35 and left two sons, both of whom, as rising }>hysK.uts, hid fair to 
follow in their father's footsteps 

Hu first two papers, the result of work with Hertz m the Bonn laboratory, 
were pubhsbedm the ‘Proceedmgs’ of the Royal Souety and dealt w ith elcctncal 
inteifMenoe phenomena somewhat analogous to Newton's nngs, but exhibited 



xln Obituary IfoUces of Felhm deceased 

by high frequency waves passing along parallel wires with short circuited ends 
and hontaimng portions which cause partial reflexion All his other publics 
tions appeared in The Philosophical Magazine commencing with a senes 
(1897 1900) on the absorption of electnc waves by a terminal bndge on their 
attenuation and their reflexion at the oscillator and on the reflexion and trans 
mission by ronde nsers of electnc waves along wires 
His researches hitherto had been inspired by his early work with Hertz but 
m 1901 Barton began to turn his attention to the subject on which he became 
so great an authonty namely that of acoustic and other mechanical vibrations 
The first result was a theoretical paper on the refraction of sound by wind 
this was followed by several others on the practical investigation of the air 
pressures used lu plajong brass instruments and of the relations between the 
vibrations of a stnng an 1 those which eonsoqncntly occur lo the bndge sound 
box and coutained air < f the instrument on which the stneg is mounted The 
mathematical treatment of the lateral vibration of bars and of the spherical 
radiation and vibrations in conical pipes m 1908 was Icdlowed by another 
senes of important practical and theoretical studies of the vibration curves 
of violin stnngs and of the belly and bndge of the instrument and also of 
the air therein contained with the aid of optical levers fixed on the bridge 
or other mote lively parts of the belly he magnified the vibrations and 
recorded them on a photographic plate He also earned out a mathematical 
an I exiwrimental stu ly of the range and sharpness of resonance under sustained 
foremg and their vanations with pitch the results of which rendered clearer 
many pomts m the theory and praetice of brass instruments A suggestion 
made by Ecclcs at the Bntiah Association meeting m 1912 that the bending 
of the waves round the earth in long-distance wireless telegraphy is due to a 
higher velocity of propagation in the upper regions of the atmosphere owing 
to the ionization there present led Barton to an expenmcntal investigation 
of this possibility although his results did not settle the question they favoured 
rather than hsfavoured h ccles views This work however only interrupted 
for a short time his researches on acoustics and other vibrations to which he 
returned in 1917 In that year he commenced with Miss Browning the expen 
mental investigation of the vibrations of coupled— or of double-cord^ 
pendulums and the results illustrated many important points in the phenomena 
of induotively-conpled electnc circuits The joint authors then passed on to 
the study of double-cord pendulums in which the masses of the bobs or else 
the lengths of their suspensions were unequal — systems which were somevHiat 
analogous to coupled electnc circuits with different inductances or different 
penods The results obtained when the masses of the bobs end the periods 
of the separate vibrations a ere both unequal were also inves^ated This 
work led to the experimental study of forced nbratioiis which fJay an important 
part in many branches of phyncs A smgle heavy driving penduluna was first 
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used to actuate a number of light ones of graduated lengths, all auapendod 
from the same tightly-atretched cord Following up this idea a similar set of 
pendulum “ resonators ” was employed to show the effects on them of two 
simultaneous harmonic forcings of different periods The photographic records 
which were obtamed enabled the authors to assert that their results were 
nowhere in conflict with the resonance theory of audition, and that it was quite 
unnecessary to assume the existence of a larger number of separate vibra- 
tors and nerves than are actually present m the human ear 
The conception of tn-colour vision due to Young, and developed by 
Helmholtz and Maxwell, was then studied lu a similar manner with a system 
of three-light pendulums, the effects of stimulus on these responders bemg 
photographically recorded and compared with the facts of colour vision The 
conclusion amveii at was that with cortespondmg mechanisms actually present 
in the retina, “ colour vision would be m the main as we now find it ” 

In 1912 papers on “tnple pendulums with mutual interaction and the 
analogous electrical dreuits” were followed by others on the dampings of 
pendulum vibrations, in which it was shown that the relations between viscosity 
and damping could be cmploynl for the companson and determination of the 
viscosities of hquids In his last paper, published in November, 1925, he 
returned again to the study of musical instruments, and analysed with the 
aid of photographic records the sound change# of the trumpet and cornet 

F S K 
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It wm with considewble suipme that hi* Ounbruige Inenda and ooUeaguea 
learned, towarda the cloae of the Eaater vacation, of the death of the Vmmnty 
Profetaor of Mineralogy, on April 16, at the home of iua aieter Mn G T 
Pilcher, Treen, Godalniiag Surrey Bor although he had more or leaa recently 
sufiered from attaoka of bronchitu, he had made good recovenea, and there 
appeared every proapeot of hia well-known excellent oonatitotion aaaeiting 
ite^ for aome yean to come Yet, after a alight further indupontion iMxl 
when he had apiuirently quite thrown it oB, he waa found to have ^ed during a 
reet m hia room at Treen, probably from heart failure, and m a manner which 
seema to have been peaceful and painleea He waa m bia eightaeth year, baving 
been bom on January 16, 1847, the aecond aon of the Rev Jolm Lewis, at 
Uanwyddelan m Montgomeryshire He had occupied the Chair of Mineralogy 
at Cambndge for 46 yean, and had been a Fellow of Onel College, Oxford, for 
exactly 67 years -euiely a combination of service in both the ancient Umvet- 
aities which u rare if not umque 

As a boy, William J Lewie waa educated at Llanrwat School, and thence went 
up to Jesus College, Oxford, the traimng ground of so many duitingnuhed 
Welshmen, as a scholar m October, 1866 Here he took up eapeaally mathe- 
matics and natural science, and obtained first classes in Mathematuisl Hodeia- 
tions in 1867 m the Finals m 1868, and m Natural Science m 1869, finishing 
this portoon of tus career by his Section m April, 1869, to a Fellowihip at 
Onel, and by winning the ^mor Mathematical Scholarehip in 1871 

Dunng the years 1870 and 1871, however, he wae an assutant masUa 
Cfiieltenham College, where he taught mathematics and natural seme*) M 
his Onel Fellowship dates practically from 1872 Now he was greatly mterested 
in the lectures of Prof Nevil Story Hasfcelyne while at Oxford, and bmag 
attracted by the fame of W H Miller, the Frofessoi of Minoralogy at Cambndge 
since 1832 the father of modern orystalhgraphy, whose method of deeotibing 
orystaie is still unsurpassed and universally current, he went to Cambndge in 
1874 to study under that famous crystaJlographer He afterwards studied 
mineralogy for several months at the University of Bonn, and on rctamihg in 
1876 obtained an appointment at ^ mineral department of the Bntuh Moseum, 
then at Bkomsbury, under hia former teacher, Nevil Story Meekelyne, who 
was then acting ee keeper of the siinerab Two yean later, m 1877, senoos 
lung tnniUe davefopad, and he wisdly reegned the pontuw, being snooeeded by 
Sir Ltatrus Fletoher, and proceeded to wanner clunstes abroad. Ilus $ifp 
proved to have been taken just in tune, for his health became eventually quite 
leetored It was dunng this enforced aheence from England that he aoeon- 
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pWud two (dw edipte expeclitioiu, ood oaniad out the obseivetioue oi the 
polmation (tf the eorone which were publuhed in the ROyel Aetronomical 
Sodety’s Soiu Edipu Yqlajne 

In 1879 Lewie retorned to Cembnclge, and acted as MiQer a deputy dunug 
the latter’s illneea He waa inoorpomted as a member of Tnnity College, and 
i^r sojourning for a tune in outude lodgings was given lootma m College, and 
resided there for ttte rest of hie life In February, 1881, he was elected to 
succeed Miller, who had died after holding the Chair of Mineralogy for nearly 
fifty years, 1832-81 This professorship had been founded m 1808 the first 
occupant of the chair having been Dr B D Clarke In 1822 the latter was 
succeed by J S Henslow, who, six years later, m 1828, was followed by the 
celebrated Maater of Tnmty, William Whewell, who, however only occupied 
the chair for four years, until 1832, when Miller snrceeded him and elaborated 
the Mdlenan System of CrystaDographio Notation, which had already been 
suggested by Whewell, to whom the oonoeption is fundamentally due It waa 
first woriced out m its present form and detail, however, by Miller, and pnbbebed 
IB hie 1839 ' Treatiae on Crystallogtaphy ” 

In the year 1876 the Crystallological Society was founded, with Lewis as its 
secretary, and he continued to hold the honorary post unUl 1883, when the 
Society waa amalgamated with the Mineralogioal Society He became Librarian 
of the Mmeralogtcal Society m 1890, the library b«ng housed m the New 
Mnseums at Cambridge, and was President of the Society during the three 
yean 1909-12 In 1909 he waa also elected a Fellow of the Boyal Society 

In 1884 Lewis inaugurated a most useful Scholastic Agency in Cambridge, as 
a private venture, long befme the official Appointmento Board was formed or 
thought of, and numerous young university men have owed their start in the 
hard life of the world, on leaving the ‘ Varsity,” to this paternal institution, 
which was devised by its kindly founder for this eapeoial purpose It was 
rendered even more valuable by being oombmed with an insurance schems on 
partdbulaily favourable terms, the advantages of which were entirely on the 
stde of the student 

The collection of minerals at the New Museums, Cambridge, is one of very 
considerable interest, both intrinsically and histonoally, and was much enlarged 
dunng the long period Lewis’s occupancy of the chair Not only was be 
conatantly adding to it the results of his many visits to the mineral districts 
of the Alpa, especially the Binnenthal, but it was notably enriched by the 
pmobasa ol the Joseph Came collection, and by the gift dunng his lifetune by 
tha Bar Dr Thomas Wiltshire, formerly Frofessor of Qeology and Mineralogy 
at Bing’s College, London, of a fine ooUeotton acquired during many yean 
Ity hwu ^ 

Jputing one of toe later of thcae mineral hunting expeditions m the Alps, in 
toft wiipifttr 1919, when seventy two yean old, Lewis went out alone one 
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a{t«nioon from the little hotel at Binn for a stroll to the Langenbach quarry 
Am he fli 1 not return for the evening meal a search party went out to seek hun 
jUNt before darkness fell but were unable to find him Next morning about 
ten 0 clock some villagers at work near the quarry heard shoute and eventually 
iiATOvered him sitting near the edge of the quarry with a broken leg The 
piarry was half filled up with old snow and ice and about three o clock in the 
afternoon LewiH was standing on some of it when it suddenly gave way and 
he found himself largely buried in it with a mass of ice pinning down one of 
h M legs which it had broken and with a still larger mass threatening to fall 
01 his head and chest if he made the least moTOment So there he lay all night 

unable to make anyone hear hia calls for assistance the search party hanng 
taken the wrong direction With truly wonderful endurance he kept his head 
and consciniisness an 1 in the early morning after the night s freesmg had 
more or less fixed the threatemng ice maaaes he gradually managed to free his 
leg and although it was badly broken to crawl out of danger and to bind on to 
it a splint improvised from a tree branch lying fortunately within reach and 
then to crawl to the edge of the quarry from which he was eventually able to 
attract the attention of the working party He was then got down to the mn 
where the leg was roughly si t F ventually be was taken to a hospital at Berne 
where the leg had to be again broken and reset and where he had to remain 
many weeks In the end however he made a perfect recovery 
As regards his scientific writings Lewis is chiefly known by his book A 
Treatise on Crystallography published by the Cambridge University Frees in 
1599 in the Cambndge Oeological Senes It is essentially a mathematical and 
geometrical textbook of crystal morphokgy and from this point of view is 
still pro eminent The subject of crystal twinning is especially well treated 
for f ewiS was quite an oxi eptional authority on crystal twins His ongfnal 
memoirs consist of two (his earbest) published in the Journal of the Chemical 
Society m 1876 concerning the crystallographic characters of oigaruo 
substances three in the Proceedings of the Cambridge Philosophical Society 
in 1882 and 1883 six later ones in the Philosophical Maganne and ten in the 
Mineralogical Magasme ( Proceedings of the Mmeralogiral Society ) They 
are mostly descriptions of new characters or occurrences of known minerals 
and of I rgamo substances and inorganic salts But three others call for special 
mention The first concerned The Analysis of the Bhombohedral System '' 
a paper read before the Crystallological Society m 1678 and was important as 
oilenng a better geometrical method of dealmg with thombohedral crystals 
The second was a paper to the Cambndge Philosophical Society in 18M on 
The Measurement of a Bead of natmum by the late Prof Hilfer and is 
noteworthy from the fact that ^ records that MtUer had in 1874 oonstnicted a 
two-oircle goniometer (which is still in the mmerSlogioal laboratory at Cam 
bndge>— thus long before its more recent so-called invention by Fedorov m 
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18^ »nd, independently, by V Qoldsohnudt m 1893 and ita use by the 
V Qoldeohmidt school —and had used it m the autumn of 1874 to measure the 
facets on Uua more or less gphencal bead of fused and recrystallized platinum, 
by a theodohtio method The notes left by Miller were put together and 
interpreted by Lewis in the 1882 paper in question The third memoir is one of 
1898, read to the Mmeralogical Swiety, on ‘ Some Twins of Calcite and a 
Simple Method of Drawing Rhombohedral t'ryetals, and of Deduting the 
Relations of their Symbols,” the nature of which is well indicated by its title, 
and further illustrates the two lines of work, twinning and rliombohedral 
geometry, to which Lewis specially devoted himself 

In April, 1906, Ijewis was m Italy, and was present at the great eruption of 
Yesuviue from tlie 7th to the 12th of that month, the period of greatest violence, 
and has left a manuscript giving a vmd description of the wonderful and 
terrible phenomena as seen both from Naples and from the actual »lo()es of 
the mountain, together with sketches of the scene at various times and moasure- 
raents of the great pillar and cauliflower- or umbrella shaped cloud above the 
crater The height of the pillar vaneJ from 2 2 to 2 7 times the height of 
the moiutain, and the top of the cauliflower he gives as no less than 4 6 tunes 
the height of the niountaui Naples streets were inch-deep in ash-duit He 
ascended several of the actual lava streams and measured their width and 
rapidity of advance The great cauliflower doud he describes as brightly 
ruddily illuminated below by the red-hot lava, and above by the continuous 
lig^htmng, while the repeated ejection of lapilli was each tune like the simul- 
taneous discharge of thousands of rorkets Moreover, the temble roaring of 
the mountain and the rattle of the falling stones were blended with the ini essant 
peals and rollings of the thunder, the whole forming a veritable itilerno of 
terrifying grandeur and magnificence 

Besides his scientific publications, Lewis wrroto a book on ‘‘ The Hi<(t«rv of 
the Parish of North Wraxball, Wilts, writh a Life of the late Rector Francis 
Harrison ” (published by the 8 P C K in 1913), the latter being for msn\ years 
a close friend and also a Fellow of Dnel It is an interesting work which, 
obviously, entailed much histonral and antiquanan research, mrludea some 
good stones of the old days at Oriel, and shows Lewis m an altogether new light 
He was, indeed, capable of forming a few great fnendshipe, and when he endow ed 
a scholarship at Onel he attached to it the name of his fnend, Francis Hamson 
Notable instances of further fnendships were those with the late Sir Lazarus 
Fletcher, Henry Jackson, the former Vice-Master of Tnnity and Regius 
Professor of Greek, and Sir James Frazer, 0 M , another Fellow of Trinity 

Still another side of Lewis’s character was his affection for, and great kindness 
to, children, and no more sincere tuoumets of bis loss were present at his 
fnncial than two little boys and Uwur mother (the war widow of the grandson 
of another old friend, Dr Harper, Fellow and Principal of Jesus College, Oxon). 



xlvui Obituat'y Notuxs of FfUows dececued 

wbo had spent many happy [Jay hoots at tea parties with their land old host 
in his rooms at Tnmty 

Lewis was never mamed, and, one of the last of the Fellows of the old rigune, 
he was at his death much the Semor Fellow of Onel It was fitting, therefore, 
that his funeral, on April 20, should take [Jaoe at Oxford, the service at Onel, 
and the interment at Holywell Cemetery Ihere was also a Cambridge 
memorial service at Trinity on April 28 

Perhaps no better mdication of Lewis’s kmdhness and generous thought for 
others could be afforded than to mention in conoludmg this notice, that while 
spendmg his long night s vigil after his accident m Switrerland, immovably 
wedged between blocks of ice and with a broken leg he elaborated a pi%a for 
Hcholaishipa at Bedford College the details of which he wrote to his sister, 
Mrs Pilcher the next day after his rescue Moreover, he actually earned 
out hiH scheme by founding three of them, for the daughters of Welsh clergymen, 
and coupled them mth the name of his httie never forgotten nephew, Lewis 
Pil( her who died as the result of an accident some years ago His fnends m 
the Minerslogical Society will also remember the effective, yet tactful, manner 
in which he led and organized the very timely temporary aid afforded to Belgian 
colleagues dunng the war and to the aged Prof Victor von Lang, a former 
colleague at the Mineral department of the British Museum m the evil days 
of Austna just after the armistice Moreover, during the war he returned 
his salary as professor to the Umvemty All this, however, was merely the 
expression of Lewis a nature and it is this mpretmion ot him which mil render 
his memory honoured and ever green to those who knew him beet 
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